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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 68 ]. This is test number [ 167 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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System solved Failed

Rubi % 100. ( 68) %0.(0)

Mathematica | % 100. ( 68 ) %0.(0)
Maple % 85.29 (58) | % 14.71 (10)
Maxima % 88.24 (60) | %11.76 (8)
Fricas % 88.24 (60) | %11.76 (8)
Sympy % 30.88 (21) | % 69.12 (47 )
Giac % 55.88 (38) | % 44.12 (30)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 95.59 1.47 2.94 0.
Maple 70.59 7.35 7.35 14.71
Maxima 72.06 13.24 2.94 11.76
Fricas 60.29 27.94 0. 11.76
Sympy 30.88 0. 0. 69.12
Giac 32.35 19.12 4.41 4412




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.



System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.11 85.13 0.91 66.5 1.
Mathematica 0.74 72.43 0.85 53. 0.92
Maple 0.08 115.67 1.1 55.5 1.08
Maxima 111 155.37 2.04 82. 1.28
Fricas 1.62 390.7 4.44 197. 3.76
Sympy 4. 54.52 0.99 36. 1.06
Giac 1.21 262.11 2.13 77. 2.11

1.4 list of integrals that has no closed form an-
tiderivative

1.5

known antiderivative

Rubi {}

Mathematica {}

Maple {}
Maxima {}
Fricas {}
Sympy {}
Giac {}

1.6

verification

list of integrals solved by CAS but has no

list of integrals solved by CAS but failed

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {45}

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.




1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.
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from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi
A grade: {112 B4 5,600 T6) 17 5 19} 201 21 22 25, 2, 25 26,27
[28, 29} 30} 31} 32} [33, 34} 35}, 36} 37} B8, [39} 20, [11} [£2, 43, 4} 45} [0 [£7, 48 [£9} 50, 51, 52, 53, 54,
55} [56} (57} [58} (59} 160} [6 11,621 [63} [64} (6.3} (66} [6 7, [68] }
B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { [T}, [4,5L6) 78 0,10, T, 12 952627
125,29} 50, B1] 523 33} 34} 35} 561 37 B8, B0} 20} 1, (12 3, 4, 5, 6, 7 8,49, 50, 1) 2, 53, 5

(55,564 [57 584594 60461162} (63} (64,65} [66] }
B grade: {[3]}

C grade: {[67,[68]}

F grade: { }

2.1.3 Maple

A grade: {[I}[2}[3}[4}[51[6}7} 89} 10 l
[28, 330} BT} 32} 33, 34}[36, 8} 40, L} 42, i) 46, 50} 1, 524 63, 571 68, B 11 661

B grade: {[29[69[60}[64[65] }

C grade: {[35},[47}[54}[55}[56| }

F grade: { [37,[39} [43} 45} 48} 49} 62} 63} 67} [68] }

RE
E

..[;
p_n
O‘l

21.4 Maxima

A grade: {lllﬂlﬂllﬂllﬂl.
[34}[35}36} [37} [38, 39} [40} [41} 42} 44}, [46} [47} [49} [50} 52} (63} [5 7} [58} 593 (60} [64} (6.5} [66]

B grade: {[1} [2}[4[17 22} 54} [55] [56[61] }

C grade: {}



14
F grade: (515,18} £} 52,63 57,68

2.1.5 FriCAS

A grade: (11305780, [T} 12} 7 17 7 18 19,23 27 25 20) 27 28, 29,57 B2 3 B
/L1223 76} 53, 54 50,57, 55 59,60, 61} 64,65} 60

B grade: { 2P} D)3 6} 20) 21,22 0} 5 0, 50 1 52 55 2 63 6768

C grade: { }

F grade: { B7) 57,0} 3,5 A0 )

2.1.6 Sympy

A grades [0V 7) 225202627 25,29, 53 ) 57 55 5 0, )
B grade: { }

C grade: { }

F grade: () [15,6,79}(I1} 12} 13, T4, 16,18,
P2 3, 8 25} 40, 4718, 10,60, B3, 52} 53, 54

2.1.7 Giac

A grade: (3B 5 1 2 6 7 5 2, 25 P 0 1 )
B grade: {7810 5 2123 E8 59 60 BT 66
C grade: {[54}[55,[56|}

F grade: { [613) [20} (25} 26} 28} 29} 30} B1} (32} [34} 35} 36} 87} [38} [3%} [40} [43) [£3} (47 48} 49} 50} 51
(6243162463, 67,68}

,
GAG8)

B
=
RS
BB
EH

[€%)

,{;
Ch

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ———— ,
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 34 34 31 45 108 69 36 65
normalized size | 1 1. 0.91 1.32 3.18 2.03 1.06 1.91
time (sec) N/A 0.036 0.033 0.013 0.985 1.795 1.032 1.299
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Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 67 74 149 539 0 101
normalized size | 1 1. 0.97 1.07 2.16 7.81 0. 1.46
time (sec) N/A 0.039 0.069 0.027  1.001 1.785 0. 1.289
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 15 15 31 14 18 31 19 36
normalized size | 1 1. 2.07 0.93 1.2 2.07 1.27 24
time (sec) N/A 0.015 0.01 0.005 1106  1.759 0.233 1.312
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 53 53 45 40 117 159 0 55
normalized size | 1 1. 0.85 0.75 2.21 3. 0. 1.04
time (sec) N/A 0.02 0.031 0.018  1.044 1.784 0. 1.243
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 23 27 32 104 0 32
normalized size | 1 1. 0.92 1.08 1.28 4.16 0. 1.28
time (sec) N/A 0.036 0.014 0.013 1184  1.674 0. 1.266
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 70 70 74 529 0 0
normalized size | 1 1. 1.06 1.06 1.12 8.02 0. 0.
time (sec) N/A 0.035 0.066 0.021 1.088  1.728 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 38 58 54 166 0 146
normalized size | 1 1. 0.9 1.38 1.29 3.95 0. 3.48
time (sec) N/A 0.091 0.042 0.02 1.249  1.644 0. 1.32
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 40 55 80 140 78 163
normalized size | 1 1. 0.78 1.08 1.57 2.75 1.53 3.2
time (sec) N/A 0.051 0.101 0.03 1.095 1.764 2175 1.234
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Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 99 99 101 90 128 1125 0 131
normalized size | 1 1. 1.02 0.91 1.29 11.36 0. 1.32
time (sec) N/A 0.088 0.218 0.044 1.642  1.764 0. 1.399
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 27 34 51 66 60 73
normalized size | 1 1. 0.87 1.1 1.65 213 1.94 235
time (sec) N/A 0.028 0.022 0.009 1.038  1.813 0.546 1.301
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 86 51 76 225 0 78
normalized size | 1 1. 1.1 0.65 0.97 2.88 0. 1.
time (sec) N/A 0.043 0.072 0.029 1.675  1.668 0. 1.365
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 37 37 33 34 42 138 0 47
normalized size | 1 1. 0.89 0.92 1.14 3.73 0. 1.27
time (sec) N/A 0.061 0.02 0.033 1.318  1.848 0. 1.302
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 94 86 82 1058 0 0
normalized size | 1 1. 1.07 0.98 0.93 12.02 0. 0.
time (sec) N/A 0.071 0.23 0.038 1145  2.021 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 46 69 49 216 0 170
normalized size | 1 1. 0.81 1.21 0.86 3.79 0. 2.98
time (sec) N/A 0.126 0.089 0.035 1.109  2.002 0. 1.296
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 79 79 55 93 135 234 92 250
normalized size | 1 1. 0.7 1.18 1.71 2.96 116  3.16
time (sec) N/A 0.077 0.164 0.047 1169 1.839 4.046 1.376
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Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 160 160 184 157 219 2429 0 224
normalized size | 1 1. 1.15 0.98 1.37 15.18 0. 1.4
time (sec) N/A 0.143 0.303 0.065 1.729  1.818 0. 1.266
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 33 33 33 28 84 97 44 76
normalized size | 1 1. 1. 0.85 2.55 2.94 1.33 2.3
time (sec) N/A 0.03 0.008 0.008  1.143 1.7 1.026 1.324
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 125 125 136 86 123 369 0 128
normalized size | 1 1. 1.09 0.69 0.98 2.95 0. 1.02
time (sec) N/A 0.072 0.121 0.04 1.671  1.826 0. 1.242
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 55 55 49 55 68 231 0 68
normalized size | 1 1. 0.89 1. 1.24 4.2 0. 1.24
time (sec) N/A 0.094 0.033 0.052 1.32 1.663 0. 1.274
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 136 136 204 149 138 2395 0 0
normalized size | 1 1. 1.5 1.1 1.01 17.61 0. 0.
time (sec) N/A 0.114 0.355 0.06 1.352 1.8 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 91 91 92 120 78 404 0 302
normalized size | 1 1. 1.01 1.32 0.86 4.44 0. 3.32
time (sec) N/A 0.219 0.081 0.052 1.338  1.693 0. 1.254
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 67 67 67 52 170 329 94 146
normalized size | 1 1. 1. 0.78 2.54 491 1.4 2.18
time (sec) N/A 0.044 0.026 0.055 1.197 1.87 12101 1.301
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Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 8 20 5 20
normalized size | 1 1. 1. 0.88 1. 2.5 0.62 2.5
time (sec) N/A 0.011 0.002 0.006 1112 1.746 0.334 1.3
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 8 26 8 20
normalized size | 1 1. 1. 0.88 1. 3.25 1. 2.5
time (sec) N/A 0.012 0.004 0.006 1.15 1.67 43.394 1.244
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 33 33 33 56 50 135 0 0
normalized size | 1 1. 1. 1.7 1.52 4.09 0. 0.
time (sec) N/A 0.078 0.026 0.033 1.251  1.687 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 21 21 21 27 32 95 17 0
normalized size | 1 1. 1. 1.29 1.52 4.52 0.81 0.
time (sec) N/A 0.032 0.01 0.026  1.322 1.727 1.398 0.
Problem 27 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 14 18 30 15 36
normalized size | 1 1. 1. 1.08 1.38 2.31 1.15  2.77
time (sec) N/A 0.015 0.004 0.005 1118 1.688 1.423 1.26
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 44 63 72 29 0
normalized size | 1 1. 1. 1.52 2.17 2.48 1. 0.
time (sec) N/A 0.03 0.023 0.01 1.237  1.718 2.557 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B C A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 39 94 65 96 46 0
normalized size | 1 1. 0.85 2.04 1.41 2.09 1. 0.
time (sec) N/A 0.053 0.042 0.013 1195  1.705  4.47 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 67 67 71 70 97 606 0 0
normalized size | 1 1. 1.06 1.04 1.45 9.04 0. 0.
time (sec) N/A 0.045 0.081 0.037 1176  1.886 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 27 32 105 0 0
normalized size | 1 1. 1. 1.08 1.28 4.2 0. 0.
time (sec) N/A 0.032 0.015 0.023 1.224  1.738 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 49 44 85 158 0 0
normalized size | 1 1. 0.86 0.77 1.49 2.77 0. 0.
time (sec) N/A 0.031 0.035 0.027  1.235  1.795 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 14 18 41 22 36
normalized size | 1 1. 1. 0.93 1.2 2.73 1.47 2.4
time (sec) N/A 0.017 0.005 0.006  1.007 1.67  4.362 1.327
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 75 75 74 82 85 653 0 0
normalized size | 1 1. 0.99 1.09 1.13 8.71 0. 0.
time (sec) N/A 0.049 0.071 0.033 1162  1.885 0. 0.
Problem 35, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 67 67 77 74 82 0 0 0
normalized size | 1 1. 1.15 1.1 1.22 0. 0. 0.
time (sec) N/A 0.022 0.067 0.055 113 0. 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 23 33 41 178 0 0
normalized size | 1 1. 0.92 1.32 1.64 7.12 0. 0.
time (sec) N/A 0.038 0.021 0.02 1155  1.838 0. 0.
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Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 81 0 92 0 0 0
normalized size | 1 1. 0.91 0. 1.03 0. 0. 0.
time (sec) N/A 0.07 0.116 0.079 1.152 0. 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 43 43 36 40 50 217 0 0
normalized size | 1 1. 0.84 0.93 1.16 5.05 0. 0.
time (sec) N/A 0.063 0.028 0.079 1.147  1.837 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 150 150 138 0 169 0 0 0
normalized size | 1 1. 0.92 0. 1.13 0. 0. 0.
time (sec) N/A 0.08 0.601 0.101 1.203 0. 0. 0.
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 67 67 52 67 84 374 0 0
normalized size | 1 1. 0.78 1. 1.25 5.58 0. 0.
time (sec) N/A 0.1 0.048 0.106 1.277  1.763 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.022 5.239 0.698 0. 0. 0. 0.
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.026 7.997 0.7 0. 0. 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 95 95 94 0 0 0 0 0
normalized size | 1 1. 0.99 0. 0. 0. 0. 0.
time (sec) N/A 0.104 0.14 0.802 0. 0. 0. 0.
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Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 38 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.052 5.809 0.707 0. 0. 0. 0.
Problem 45| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 131 131 148 0 0 0 0 0
normalized size | 1 1. 1.13 0. 0. 0. 0. 0.
time (sec) N/A 0.187 0.359 0.759 0. 0. 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 40 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.061 8.301 0.706 0. 0. 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 100 110 115 0 0 0
normalized size | 1 1. 1.12 1.24 1.29 0. 0. 0.
time (sec) N/A 0.07 0.164 0.102 1.282 0. 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 128 128 116 0 0 0 0 0
normalized size | 1 1. 0.91 0. 0. 0. 0. 0.
time (sec) N/A 0.155 0.249 0.089 0. 0. 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 200 200 182 0 234 0 0 0
normalized size | 1 1. 0.91 0. 1.17 0. 0. 0.
time (sec) N/A 0.206 0.956 0.11 1.319 0. 0. 0.
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 46 74 46 462 0 0
normalized size | 1 1. 1.02 1.64 1.02 10.27 0. 0.
time (sec) N/A 0.094 0.057 0.028 1.233 1.877 0. 0.
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Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 67 67 54 90 0 567 0 0
normalized size | 1 1. 0.81 1.34 0. 8.46 0. 0.
time (sec) N/A 0.13 0.122 0.073 0. 1.868 0. 0.
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 113 113 97 152 95 1045 0 0
normalized size | 1 1. 0.86 1.35 0.84 9.25 0. 0.
time (sec) N/A 0.225 0.152 0.102 1.332  1.851 0. 0.
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 71 71 60 54 93 333 0 0
normalized size | 1 1. 0.85 0.76 1.31 4.69 0. 0.
time (sec) N/A 0.045 0.697 0.053 1199  1.834 0. 0.
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C B A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 113 113 62 136 1195 382 0 185
normalized size | 1 1. 0.55 1.2 10.58 3.38 0. 1.64
time (sec) N/A 0.101 0.124 0.045 1.617 1.86 0. 1.318
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C B B F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 39 66 945 319 0 134
normalized size | 1 1. 0.72 1.22 17.5 591 0. 2.48
time (sec) N/A 0.053 0.029 0.033 1.555 1.97 0. 1.306
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C B A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 37 37 25 36 698 143 0 53
normalized size | 1 1. 0.68 0.97 18.86 3.86 0. 1.43
time (sec) N/A 0.017 0.004 0.031 1.608  1.722 0. 1.218
Problem 57, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 19 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.036 1.473 0.033 0. 0. 0. 0.
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Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 14 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.04 10.197 0.047 0. 0. 0. 0.
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 346 346 104 831 656 251 269 2074
normalized size | 1 1. 0.3 2.4 1.9 0.73 0.78 599
time (sec) N/A 0.424 0.503 0.02 1161 1979 2144 1.83
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 167 167 72 303 393 169 151 782
normalized size | 1 1. 0.43 1.81 2.35 1.01 0.9 4.68
time (sec) N/A 0.188 0.19 0.013 1155 1802 0.714 1.505
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 50 63 149 112 65 282
normalized size | 1 1. 0.93 1.17 2.76 2.07 1.2 5.22
time (sec) N/A 0.047 0.061 0.01 1111  1.622 0.558 1.455
Problem 62, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 124 124 127 0 0 547 0 0
normalized size | 1 1. 1.02 0. 0. 4.41 0. 0.
time (sec) N/A 0.29 0.492 0.02 0. 1.842 0. 0.
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 182 182 199 0 0 759 0 0
normalized size | 1 1. 1.09 0. 0. 4.17 0. 0.
time (sec) N/A 0.382 1.755 0.021 0. 1.9 0. 0.
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 537 537 381 1815 867 468 0 2920
normalized size | 1 1. 0.71 3.38 1.61 0.87 0. 5.44
time (sec) N/A 0.704 0.686 0.016 1.241  1.795 0. 3.72
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Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 261 261 118 659 498 296 0 954
normalized size | 1 1. 0.45 2.52 1.91 1.13 0. 3.66
time (sec) N/A 0.319 0.375 0.013 1119  1.785 0. 2.309
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 85 85 65 133 184 159 95 173
normalized size | 1 1. 0.76 1.56 2.16 1.87 112 2.04
time (sec) N/A 0.08 0.077 0.011 1.075  1.773 1.589 1.417
Problem 67, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 232 232 231 0 0 1538 0 0
normalized size | 1 1. 1. 0. 0. 6.63 0. 0.
time (sec) N/A 0.518 0.064 0.018 0. 2.038 0. 0.
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 329 329 211 0 0 2033 0 0
normalized size | 1 1. 0.64 0. 0. 6.18 0. 0.
time (sec) N/A 0.692 0.498 0.018 0. 2.149 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules
integrand size

is given. The larger this ratio is, the harder

the integral was to solve. In this test, problem number [54] had the largest ratio of [ 0.75 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand N
# | grade steps unique antideri\jative leaf size togrand leaf 528
used rules leaf size

1 A 3 3 1. 12 0.25

2 A 4 4 1. 12 0.333

3 A 2 2 1. 10 0.2

4 A 3 3 1. 8 0.375

5 A 3 3 1. 12 0.25

6 A 4 4 1. 12 0.333

7 A 5 5 1. 12 0.417
Continued on next page




Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand —
# | grade steps unique antldem./atlve leaf size togrand leaf size
used rules leaf size

3 A 3 3 1. 14 0.214
9 A 6 5 1. 14 0.357
10 A 3 3 1. 12 0.25
11 A 5 4 1. 10 0.4
12 A 5 4 1. 14 0.286
13 A 6 6 1. 14 0.429
14 A 7 6 1. 14 0.429
15 A 4 4 1. 14 0.286
16 A 10 5 1. 14 0.357
17 A 3 2 1. 12 0.167
18 A 8 4 1. 10 0.4
19 A 8 4 1. 14 0.286
20 A 9 5 1. 14 0.357
21 A 12 6 1. 14 0.429
22 A 3 2 1. 12 0.167
23 A 2 2 1. 8 0.25
24 A 2 2 1. 8 0.25
25 A 5 5 1. 8 0.625
26 A 3 3 1. 12 0.25
27 A 2 2 1. 12 0.167
28 A 3 3 1. 12 0.25
29 A 4 3 1. 12 0.25
30 A 5 5 1. 8 0.625
31 A 3 3 1. 12 0.25
32 A 4 4 1. 12 0.333
33 A 2 2 1. 12 0.167
34 A 5 5 1. 12 0.417
35 A 3 2 1. 8 0.25
36 A 3 3 1. 12 0.25
37 A 5 3 1. 10 0.3
38 A 5 4 1. 14 0.286
39 A 8 3 1. 10 0.3
40 A 8 4 1. 14 0.286
41 A 0 0 0. 0 0.
42 A 0 0 0. 0 0.
43 A 3 3 1. 20 0.15
44 A 0 0 0. 0 0.
45 A 5 5 1. 22 0.227
46 A 0 0 0. 0 0.
47 A 3 2 1. 12 0.167
48 A 5 3 1. 14 0.214
49 A 8 3 1. 14 0.214
50 A 5 5 1. 16 0.312
51 A 7 6 1. 18 0.333

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;; %
used rules leaf size

52 A 12 6 1. 18 0.333
53 A 4 4 1. 18 0.222
54 A 12 9 1. 12 0.75
55 A 8 7 1. 10 0.7
56 A 4 4 1. 8 0.5
57 A 0 0 0. 0 0.
58 A 0 0 0. 0 0.
59 A 16 4 1. 18 0.222
60 A 10 4 1. 16 0.25
61 A 4 4 1. 14 0.286
62 A 10 5 1. 18 0.278
63 A 11 6 1. 18 0.333
64 A 23 6 1. 18 0.333
65 A 13 5 1. 16 0.312
66 A 5 4 1. 14 0.286
67, A 13 5 1. 18 0.278
68 A 14 6 1. 18 0.333
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Chapter 3

Listing of integrals

3.1 fx3 cosh (a + bxz) dx
Optimal. Leaf size=34

x2sinh (a + bxz) cosh (a + bxz)

2b 2b?

[Out] -Cosh[a + b*x~2]/(2%b"2) + (x"2xSinh[a + b*x~2])/(2%*Db)

Rubi [A] time = 0.036081, antiderivative size = 34, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, e .

0.25, Rules used = {5321, 3296, 2638}

integrand size

x2sinh (a + bxz) cosh (a + bxz)

2b 202

Antiderivative was successfully verified.

[In] Int[x~3*Cosh[a + b*x"2],x]

[Out] -Cosh[a + b*x~2]/(2%¥b"2) + (x"2xSinh[a + b*x~2])/(2%xDb)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x_)"(m )]1*(b_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 3296

Int[((c_.) + (@_)*x_))"(m_.)*sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*xx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

27
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Rubi steps

1
f x3 cosh (a + bxz) dx = 5 Subst ( f x cosh(a + bx) dx, x, x2)
x2sinh (a + bxz) Subst ( f sinh(a + bx) dx, x, x2)

- 2b 2b
cosh (a + bxz) x% sinh (a + bxz)
T R 2

Mathematica [A] time = 0.0330678, size = 31, normalized size = 0.91

bx? sinh (a + bxz) — cosh (a + bxz)
2b?

Antiderivative was successfully verified.

[In] Integrate[x~3*Cosh[a + b*x72],x]

[Out] (-Coshl[a + b*x"2] + b*x"2*Sinh[a + b*x"2])/(2%b"2)

Maple [A] time = 0.013, size = 45, normalized size = 1.3

(bx2 - 1) b +a (bx2 + 1) o bx?-a

4 b2 42

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cosh(b*x"2+a),x)

[Out] 1/4%(b*x~2-1)/b"2%exp(b*x~2+a)-1/4*(b*x"2+1) /b~ 2*exp (-b*x"2-a)

Maxima [B] time = 0.985214, size = 108, normalized size = 3.18

1 1 (b2x4e“ - 2bx%e" + Ze”)e(bxz) (b2x4 +2bx? + 2)e(_bx2‘”)
—x4cosh(bx2+a)——b +
4 8 b3 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cosh(b*x~2+a),x, algorithm="maxima"

[Out] 1/4xx"4*xcosh(b*x™2 + a) - 1/8%xb*x((b"2*x"4*e"a - 2*b*xx"2%e"a + 2*e"a)*e” (b*x
“2)/b"3 + (b72%x"4 + 2%b*x"2 + 2)*e” (-b*x"2 - a)/b"3)

Fricas [A] time = 1.79538, size = 69, normalized size = 2.03

bx? sinh (bx2 + a) — cosh (bx2 + u)
22

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~3*cosh(b*x"2+a),x, algorithm="fricas")

[Out] 1/2*(b*x"2*sinh(b*x"2 + a) - cosh(b*x™2 + a))/b~2

Sympy [A] time = 1.03247, size = 36, normalized size = 1.06

x2 sinh (a+bx2) cosh (a+bx2)
o - o forb #0

x* cosh (a)
4

otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*cosh(b*x**2+a),x)

[Out] Piecewise((x**2*xsinh(a + b*x**x2)/(2xb) - cosh(a + b*xx*x*x2)/(2xb**x2), Ne(b, O
)), (x**4xcosh(a)/4, True))

Giac [A] time = 1.29896, size = 65, normalized size = 1.91

(bxz—l)e(bxzw) B (bx2+1)e(_bx2_g)

b b
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cosh(b*x~2+a),x, algorithm="giac")

[Out] 1/4%x((b*x"2 - D*xe”(b*x"2 + a)/b - (b*xx"2 + 1)*e”~(-b*x"2 - a)/b)/b



30

3.2 fxz cosh (a + bxz) dx

Optimal. Leaf size=69

\/me"Exf (\/Ex) B \/me"Erfi (\/Ex) x sinh (u + bxz)

85372 sz 20

[Out] (Sqrt[Pil*Erf[Sqrt[bl+*x])/(8%b~(3/2)*E~a) - (E~a*Sqrt[Pi]l*Erfil[Sqrt[b]l*x])/
(8%b~(3/2)) + (x*Sinh[a + b*x~2])/(2*b)

Rubi [A] time = 0.0386214, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, e .

integrand size
0.333, Rules used = {5325, 5298, 2204, 2205}
\/me "Exf (\/Ex) \/me"Erfi (\/Ex) x sinh (u + bxz)

8p372 sz 20

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[a + b*x~2],x]

[Out] (Sqrt[Pil*Erf[Sqrt[bl*x])/(8*xb~(3/2)*E~a) - (E"a*Sqrt[Pi]*Erfi[Sqrt[b]l*x])/
(8%b~(3/2)) + (x*Sinh[a + b*x~2])/(2*b)

Rule 5325

Int[Cosh[(c_.) + (d_.)*(x_ )" (m_ )I*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[(e”
(n - D*x(exx)"(m - n + 1)*Sinh[c + d*x"n])/(d*n), x] - Dist[(e"n*(m - n + 1
))/(d*n), Int[(e*xx) (m - n)*Sinh[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x]
&& IGtQ[n, 0] && LtQ[0, n, m + 1]

Rule 5298

Int[Sinh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, x], x] - Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]l*Erfi[(c + d*x)*Rt[b*Logl[F], 2]11)/(2*d*Rt[bxLog[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t [Pil*Erf [(c + d*x)*Rt[-(b*Log[F1), 211)/(2*d*Rt[-(b*LoglFl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps
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xsinh (u + bxz) f sinh (u + bxz) dx

fxz cosh (a + bxz) dx =

2b 2b
; 2 —a—bx? a+bx?
:xs1nh(a+bx)+fe dx_fe+ dx
2b 4b 4b
e~+/merf (\/Ex) e"y/merfi (\/Ex) xsinh (a + bxz)
- 8b32 T s - 2b

Mathematica [A] time = 0.0685663, size = 67, normalized size = 0.97

\/mt(cosh(a) - sinh(a))Erf (\/Ex) — y/nt(sinh(a) + cosh(a))Erfi (\/Ex) + 4ybx sinh (a + bxz)
8b3/2

Antiderivative was successfully verified.

[In] Integrate[x~2*Cosh[a + b*x~2],x]

[Out] (8qrt[Pi]l*Erf[Sqrt[b]*x]*(Cosh[a]l - Sinh[a]) - Sqrt[Pil*Erfi[Sqrt[b]*x]*(Co
sh[a] + Sinh[a]) + 4*Sqrt[b]*x*Sinh[a + b*x~2])/(8%b~(3/2))

Maple [A] time = 0.027, size = 74, normalized size = 1.1

B —a_ [ 3 a,bx? a.f 1
€ "xe € TT e'e” X e\t
- Ef( ) 2 - Ef( - )—
10 + 3 rf (xVb| b2 + 1D 5p ot V-bx =

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh(b*x"2+a),x)

[Out] -1/4xexp(-a)/b*x*exp(-b*x72)+1/8*%exp(-a) /b~ (3/2)*Pi~(1/2)*erf (x*xb~(1/2))+1/
4xexp (a)xexp (b*x~2) *x/b-1/8*exp(a) /b*Pi~ (1/2)/(-b) ~(1/2) *erf ((-b) ~(1/2)*x)

Maxima [B] time = 1.0014, size = 149, normalized size = 2.16

1x3 cosh (bx2 N a) ~ l b 2 (2 bx3e® — 3Xe”)e(bx2) . 2 (2 b3 + 3x)e(—bx2_a) i 3 \Eerf (\/Ex) o-0) . 3 \/Eerf(\/jl
24 v b : V-bb?
b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(b*x"2+a),x, algorithm="maxima")

[Out] 1/3%x"3*cosh(b*x~2 + a) - 1/24*b*x(2*(2*b*x"3*e"a - 3*x*e~a)*e” (b*x~2)/b"2 +
2% (2xb*x~3 + 3*x)*e” (-b*x"2 - a)/b"2 - 3*xsqrt(pi)*erf (sqrt(b)*x)*e~(-a)/b~
(6/2) + 3xsqrt(pi)*erf (sqrt(-b)*x)*e~a/(sqrt(-b)*b~2))

Fricas [B] time = 1.78534, size = 539, normalized size = 7.81

2 bx cosh (bx2 + a)2 + 4 bx cosh (bx2 + a) sinh (bx2 + a) + 2 bxsinh (bx2 + a)2 + ﬁ(cosh (bxz + a) cosh (a) + (cos
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(b*x~2+a),x, algorithm="fricas")

[Out] 1/8%(2xbxx*cosh(b*x”2 + a)~2 + 4xbxx*cosh(b*x”2 + a)*sinh(b*x"2 + a) + 2%bx
x*sinh(b*x”2 + a)~2 + sqrt(pi)*(cosh(b*x"2 + a)*cosh(a) + (cosh(a) + sinh(a
))*sinh(b*x"2 + a) + cosh(b*x"2 + a)*sinh(a))*sqrt(-b)*erf(sqrt(-b)*x) + sq
rt(pi)*(cosh(b*x"2 + a)*cosh(a) + (cosh(a) - sinh(a))*sinh(b*x~2 + a) - cos
h(b*x~2 + a)*sinh(a))*sqrt(b)*erf(sqrt(b)*x) - 2%bx*x)/(b~2*cosh(b*x~2 + a)

+ b~ 2*sinh(b*x"2 + a))

Sympy [F] time = 0., size = 0, normalized size = 0.
fxz cosh (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(b*x**2+a),x)

[Out] Integral(x**2*cosh(a + b*x**2), x)

Giac [A] time = 1.28893, size = 101, normalized size = 1.46

xelt?+a) s o(-bP=a) ([ erf (—\/l_ox) e merf (—\/—_bx) e
+

4b 4b 8 b3 8v—bb

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(b*x~2+a),x, algorithm="giac")

[Out] 1/4*x*e”(b*x"2 + a)/b - 1/4xx*e”(-b*x"2 - a)/b - 1/8*sqrt(pi)*erf (-sqrt(b)*
x)*e”(-a)/b~(3/2) + 1/8xsqrt(pi)*erf(-sqrt(-b)*x)*e~a/(sqrt(-b)*b)
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3.3 fx cosh (a + bxz) dx

Optimal. Leaf size=15

sinh (a + bxz)
2b

[Out] Sinh[a + b*x~2]/(2%b)

Rubi [A] time = 0.0149193, antiderivative size = 15, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 10, e e =

0.2, Rules used = {5321, 2637}

integrand size

sinh (a + bxz)
2b

Antiderivative was successfully verified.

[In] Int[x*Coshl[a + b*x"2],x]
[Out] Sinh[a + b*x~2]/(2%*Db)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*xM_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Coshl[c + d*xx])
“p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]

Rubi steps

1
f x cosh (a + bxz) dx = 5 Subst ( f cosh(a + bx) dx, x, xz)

sinh (a + bxz)
=

Mathematica [B] time = 0.0097035, size = 31, normalized size = 2.07

sinh(a) cosh (bxz) cosh(a) sinh (bxz)
+
2b 2b

Antiderivative was successfully verified.

[In] Integrate[x*Coshl[a + bxx"2],x]

[Out] (Cosh[b*x~2]*Sinh[a])/(2%b) + (Cosh[a]l*Sinh[b*xx~2])/(2x*b)
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Maple [A] time = 0.005, size = 14, normalized size = 0.9

sinh (bxz + a)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(b*x~2+a),x)

[Out] 1/2*sinh(b*x~2+a)/b

Maxima [A] time = 1.10586, size = 18, normalized size = 1.2

sinh (bx2 + u)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x~2+a),x, algorithm="maxima"

[Out] 1/2*sinh(b*x"2 + a)/b

Fricas [A] time = 1.75891, size = 31, normalized size = 2.07

sinh (bx2 + a)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x~2+a),x, algorithm="fricas")

[Out] 1/2*sinh(b*x"2 + a)/b

Sympy [A] time = 0.233205, size = 19, normalized size = 1.27

{sinh (a+bx2) for b 40

2b
2
x4 cosh (a .
L@ Htherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x**2+a) ,x)

[Out] Piecewise((sinh(a + b*xx**x2)/(2%b), Ne(b, 0)), (x**x2xcosh(a)/2, True))

Giac [A] time = 1.31239, size = 36, normalized size = 2.4
(bx2+a) _ e(—hxz—a)

4b

e




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x~2+a),x, algorithm="giac")

[Out] 1/4*%x(e”(b*x"2 + a) - e~ (-b*x"2 - a))/b

35
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3.4 f cosh (a + bxz) dx

Optimal. Leaf size=53

\/me "Erf (\/Ex) \/me*Erfi (\/Ex)
Wb ab

[Out] (8qrt[Pi]l*Erf[Sqrt[b]*x])/(4*Sqrt[b]l*E~a) + (E"a*Sqrt[Pil*Erfi[Sqrt[b]*x])/
(4%Sqrt [b])

Rubi [A] time = 0.0199063, antiderivative size = 53, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 8, e

integrand size
0.375, Rules used = {5299, 2204, 2205}

ﬁe‘“Erf (\/Ex) . \/Ee”Erﬁ (\/Ex)
4Vb 4b

Antiderivative was successfully verified.

[In] Int[Coshl[a + b*x~2],x]

[Out] (Sqrt[Pil*Erf[Sqrt[bl*x])/(4*Sqrt[b]l*E~a) + (E"a*Sqrt[Pi]x*Erfi[Sqrt[bl*x])/
(4%Sqrt [b])

Rule 5299

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, x], x] + Dist[1/2, Int[E"(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]l*Erfi[(c + d*x)*Rt[b*Logl[F], 2]11)/(2*d*Rt[bxLogl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 211)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

1 2 1 2
_ —ab b
fcosh(a+bx2) dx = Efe a=bx dx+§fe“+" dx
e~ "/merf (\/Ex) e*+/rerfi (\/Ex)
= +
4Vb 4Vb

Mathematica [A] time = 0.0305932, size = 45, normalized size = 0.85

V7t ((cosh(a) - sinh(a))Exf (Vbx) + (sinh(a) + cosh(a))Exfi (Vbx))
4V
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Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x~2],x]

[Out] (Sqrt[Pi]=(Erf[Sqrt[b]l*x]*(Cosh[a] - Sinh[a]) + Erfil[Sqrt[b]*x]*(Cosh[a] +
Sinh[a])))/(4*Sqrt[b]l)

Maple [A] time = 0.018, size = 40, normalized size = 0.8

@Erf (x\/E) % + eufErf(\/—_bx) \/L—_b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x~2+a),x)

[Out] 1/4*erf(xxb”~(1/2))*Pi~(1/2)*exp(-a)/b~(1/2)+1/4xexp(a)*Pi~(1/2)/(-b)~(1/2)*
erf ((-b)~(1/2)*x)

Maxima [B] time = 1.04418, size = 117, normalized size = 2.21

1 (2 xe®®*a) 5 pl-0P-a) B \rerf (\/Ex) o= ) \merf (\/—_bx) e

-=b + + x cosh (bx% +a
e w o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a),x, algorithm="maxima")

[Out] -1/4xb*(2*xxxe” (b*x"2 + a)/b + 2xx*e” (-b*x"2 - a)/b - sqrt(pi)x*erf(sqrt(b)*x
)*e”(-a) /b~ (3/2) - sqrt(pi)*erf(sqrt(-b)*x)*e~a/(sqrt(-b)*b)) + xxcosh(b*x~
2 + a)

Fricas [A] time = 1.78378, size = 159, normalized size = 3.

VrV=b(cosh (a) + sinh (a)) erf (\/—_bx) — mVb(cosh (a) - sinh (a)) erf (\/Ex)

4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a),x, algorithm="fricas")

[Out] -1/4x(sqrt(pi)*sqrt(-b)*(cosh(a) + sinh(a))*erf (sqrt(-b)*x) - sqrt(pi)*sqrt
(b)*(cosh(a) - sinh(a))*erf(sqrt(b)*x))/b

Sympy [F] time = 0., size = 0, normalized size = 0.

fcosh (a + bxz) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x**2+a),x)

[Out] Integral(cosh(a + bxx**2), x)

Giac [A] time = 1.24289, size = 55, normalized size = 1.04

) \merf (—\/Ex) o= ) \merf (—\/—_bx) e
4+b 4v-b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a),x, algorithm="giac")

[Out] -1/4x*sqrt(pi)*erf(-sqrt(b)*x)*e”~(-a)/sqrt(b) - 1/4xsqrt(pi)*erf(-sqrt(-b)*x
)*e~a/sqrt (-b)
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cosnl\a x2
35 [k

X
Optimal. Leaf size=25

% cosh(a)Chi (be) + % sinh(a)Shi (bxz)

[Out] (Cosh[al*CoshIntegral[b*x~2])/2 + (Sinh[a]*SinhIntegral [b*x~2])/2

Rubi [A] time = 0.0358257, antiderivative size = 25, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, e -

0.25, Rules used = {5319, 5317, 5316}

integrand size

% cosh(a)Chi (be) + % sinh(a)Shi (b xz)

Antiderivative was successfully verified.

[In] Int[Coshl[a + b*x"2]/x,x]
[Out] (Cosh[al*CoshIntegral [b*x~2])/2 + (Sinh[a]*SinhIntegral [b*x~2])/2

Rule 5319

Int[Cosh[(c_) + (d_)*(x_)"(m_)]/(x_), x_Symbol] :> Dist[Cosh[c], Int[Cosh[
d*x"nl/x, x], x] + Dist[Sinh[c], Int[Sinh[d*x"nl/x, x], x] /; FreeQ[{c, d,
n}, xJ

Rule 5317

Int[Cosh[(d_.)*(x )" (n_)]1/(x_), x_Symbol] :> Simp[CoshIntegral[d*x"n]/n, x]
/; FreeQ[{d, n}, x]

Rule 5316
Int[Sinh[(d_.)*(x )" (n_)]1/(x_), x_Symbol] :> Simp[SinhIntegral[d*x"n]/n, x]

/; FreeQ[{d, n}, x]

Rubi steps

cosh (a + bx?) cosh (bx?) . sinh (bx?)
f —— % dx = cosh(@) f —— = dx + sinh(a) f ——dx

= % cosh(a)Chi (bxz) + % sinh(a)Shi (bxz)

Mathematica [A] time = 0.0139756, size = 23, normalized size = 0.92

2 (cosh(@Chi (%) + sinh(@)Shi (122))

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x~2]/x,x]
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[Out] (Cosh[al*CoshIntegral[b*x~2] + Sinh[al*SinhIntegral [b*x~2])/2

Maple [A] time = 0.013, size = 27, normalized size = 1.1

e "Ei (1, bxz) e"Ei (1, —bxz)
- 4 - 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x"2+a)/x,x)

[Out] -1/4xexp(-a)*Ei(1,bxx"2)-1/4*exp(a)*Ei(1,-b*x"2)

Maxima [A] time = 1.18385, size = 32, normalized size = 1.28

1 1
i (_hr2) p(-a il nt 2\ ,a
4E1( bx2) e >+4E1(bx )e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)/x,x, algorithm="maxima"

[Out] 1/4*Ei(-b*x"2)*e"(-a) + 1/4%Ei(b*x"2)*e”a

Fricas [A] time = 1.67374, size = 104, normalized size = 4.16
1 1
. 2 . 2 . 2 . 2 .
2 (El (bx ) + Ei (—bx )) cosh (a) + 1 (El (bx ) - Ei (—bx )) sinh (a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)/x,x, algorithm="fricas")

[Out] 1/4*%(Ei(b*x"2) + Ei(-b*x"2))*cosh(a) + 1/4x(Ei(b*x"2) - Ei(-b*x"2))*sinh(a)

Sympy [F] time = 0., size = 0, normalized size = 0.

2
fCOSh (a + bx ) 0
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x**2+a)/x,x)

[Out] Integral(cosh(a + b*x**2)/x, x)

Giac [A] time = 1.26568, size = 32, normalized size = 1.28

}L Ei (—bxz) e 4 31 Ei (bxz) e



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)/x,x, algorithm="giac")

[Out] 1/4*Ei(-b*x"2)*e"(-a) + 1/4*Ei(b*x"2)*e"a

41
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cosnl\a x2
36 [t

X2

Optimal. Leaf size=66

cosh (a + bxz)

X

—%\/Ee‘“ VbErf (\/Ex) + %\Ee“\@Erﬁ (\/Ex) -

[Out] -(Cosh[a + b*x~2]/x) - (Sqrt[b]*Sqrt[Pi]l*Erf[Sqrt[bl*x])/(2*xE~a) + (Sqrt[b]
*E~axSqrt [Pi]*Erfi[Sqrt [b]*x])/2

Rubi [A] time = 0.0351556, antiderivative size = 66, normalized size of antiderivative =
-19 number of rules

1., number of steps used = 4, number of rules used = 4, integrand size

0.333, Rules used = {5327, 5298, 2204, 2205}

integrand size

cosh (a + bxz)

—%\Ee‘“\/gErf(\/Ex) ; %ﬁea\/l—?Erﬁ (\/Ex) -

Antiderivative was successfully verified.

[In] Int[Coshl[a + b*x"2]/x"2,x]

[Out] -(Cosh[a + b*x~2]/x) - (Sqrt[b]l*Sqrt[Pi]+*Erf [Sqrt[bl*x])/(2*E~a) + (Sqrt[b]
*E~axSqrt [Pi]*Erfi [Sqrt [b]l*x])/2

Rule 5327

Int[Cosh[(c_.) + (d_)*(x_)"(n_)]1*((e_.)*(x_))"(m_), x_Symbol] :> Simp[((ex
x)~(m + 1)*Cosh[c + d*x"n])/(ex(m + 1)), x] - Dist[(d*n)/(e"n*(m + 1)), Int
[(exx)~(m + n)*Sinh[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] && IGtQ[n, O]
&% LtQ[m, -1]

Rule 5298

Int[Sinh[(c_.) + (d_.)*(x_ )" (n_ )], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, x], x] - Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erfi[(c + d*x)*Rt[bxLog[F], 2]1])/(2*d*Rt[b*Log[F], 2]), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 211)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps
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> 2
fCOSh(z—;bx) dx = _M + (2b) fsinh (a+bx?) dx

2
= _M — bfe_a_bxz dx + bfeﬂ+bx2 dx
X

cosh (a + bxz)

v — %‘/Ee‘“ﬁerf(\/gx) + %\/Ee”ﬁerﬁ (\/Ex)

Mathematica [A] time = 0.06609, size = 70, normalized size = 1.06

rVbx(sinh(a) - cosh(a))Erf (\/Ex) + y/mVbx(sinh(a) + cosh(a))Erfi (\/I_yx) —2cosh (u + bxz)
2x

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x~2]/x72,x]

[Out] (-2*Cosh[a + b*xx~2] + Sqrt[b]l*Sqrt[Pi]*x*Erf [Sqrt[b]*x]*(-Cosh[a] + Sinh[al
) + Sqrt[b]*Sqrt [Pi]*x*Erfi[Sqrt[b]*x]*(Cosh[a] + Sinh[a]))/(2*x)

Maple [A] time = 0.021, size = 70, normalized size = 1.1

—a,—bx? —a a,bx?
_e e _e ﬁ\/l_?Erf(x\/E)—ee
2 2x

2x

+ ¢ bZ\/EErf(\/—_bx) 1

I

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x"2+a)/x"2,x)

[Out] -1/2x%exp(-a)/x*exp(-bxx~2)-1/2%exp(-a)*b~(1/2)*Pi~ (1/2)*erf (x*xb~(1/2))-1/2%
exp(a)*exp(b*xx~2) /x+1/2%exp(a) *b*xPi~ (1/2) /(-b) ~(1/2)*erf ((-b) ~(1/2) *x)

Maxima [A] time = 1.08783, size = 74, normalized size = 1.12

1 \merf (\/Ex) e ) \merf (\/—_bx) e’ - cosh (bx2 + a)
] R a7 :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)/x"2,x, algorithm="maxima")

[Out] -1/2#*(sqrt(pi)*erf(sqrt(b)*x)*e~(-a)/sqrt(b) - sqrt(pi)*erf(sqrt(-b)*x)*e”a
/sqrt(-b))*b - cosh(b*x"2 + a)/x

Fricas [B] time = 1.72823, size = 529, normalized size = 8.02

ﬁ(x cosh (bx2 + a) cosh (a) + x cosh (bx2 + a) sinh (a) + (x cosh (a) + x sinh (a)) sinh (bx2 + a))\/—_b erf (\/—_bx)




44

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)/x"2,x, algorithm="fricas")

[Out] -1/2%(sqrt(pi)*(x*cosh(b*x~2 + a)*cosh(a) + x*cosh(b*x~2 + a)*sinh(a)
cosh(a) + x*sinh(a))*sinh(b*x~2 + a))*sqrt(-b)*erf(sqrt(-b)*x) + sqrt(pi)*(
x*cosh(b*xx”2 + a)*cosh(a) - x*cosh(b*x"2 + a)*sinh(a) + (x*cosh(a) - x*sinh
(a))*sinh(b*x~2 + a))*sqrt(b)*erf(sqrt(b)*x) + cosh(b*x~2 + a)~2 + 2x*cosh(b
*x"2 + a)*sinh(b*x”2 + a) + sinh(b*x"2 + a)72 + 1)/(x*cosh(b*x"2 + a) + x*s
inh(b*x™2 + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f cosh (a + bx2)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x**2+a)/x**2,x)

[Out] Integral(cosh(a + bxx**2)/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

2
f cosh (}l:;c + a) 0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)/x"2,x, algorithm="giac")

[Out] integrate(cosh(b*x"2 + a)/x"2, x)

+ (x*
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cosnta x2
3.7 fde

x3

Optimal. Leaf size=42

cosh (a + bxz)

1 . 1 ,
Sbsinh(a)Chi (bx2) + sbeosh(@Shi (022) - =

[Out] -Coshl[a + bxx"2]/(2*x"2) + (b*CoshIntegral [b*x~2]*Sinh[a])/2 + (b*Cosh[a]*S
inhIntegral [b*x~2])/2

Rubi [A] time = 0.0905614, antiderivative size = 42, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 12, e

0.417, Rules used = {5321, 3297, 3303, 3298, 3301}

integrand size

cosh (a + bxz)

1 . . 1 _
Eb sinh(a)Chi (bxz) + Eb cosh(a)Shi (bxz) - o2

Antiderivative was successfully verified.

[In] Int[Coshl[a + b*x"2]/x"3,x]

[Out] -Coshl[a + b*x72]/(2%xx72) + (b*CoshIntegral[b*x~2]*Sinh[a])/2 + (b*Cosh[a]*S
inhIntegral [b*x~2])/2

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*x(M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQIm, n - 1] || (IntegerQlp] && GtQ[Simplify
[(m + 1)/n], 0]1))

Rule 3297

Int[((c_.) + (d_.)*(x_)) " (m_)*sinl(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + fx*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int([(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3303

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral[(cxf*fz)/d + f*xfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - c*xfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(cxf*xfz)/d + f*xfz*x]/d, x] /; FreeQ[{c, 4, e, f, fz
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}, x] && EqQ[d*(e - Pi/2) - cxf*fz*xI, 0]

Rubi steps

cosh (a + bx? 1 h(a + b
f¥ dx = = Subst fw dx, x, x>
x3 2 x2

cosh (a + bx?) 1 inh
_cosha+bd) 1 [,
2x2 2 X
cosh (a + bxz)

- ) b cosh(a)) Subst f SN o 2]+ Losinh(a)) Subst f cosh(b
2x? 2 x 2 X

h 2
= _%}C:bx) + %bChi (bxz) sinh(a) + %b cosh(a)Shi (bxz)

Mathematica [A] time = 0.0415767, size = 38, normalized size = 0.9

% bsinh(a)Chi (bx?) + b cosh(a)Shi (bx?) -

cosh (a + bxz)
2

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x~2]/x73,x]

[Out] (-(Cosh[a + b*x72]/x72) + b*CoshIntegral [bxx~2]*Sinh[a] + b*Cosh[a]*SinhInt
egral [bxx~2])/2

Maple [A] time = 0.02, size = 58, normalized size = 1.4

ote e bEi(1,bx%)  eaeh?  e"bEi(1,-bx?)
— + — —
42 4 42 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x"2+a)/x"3,x)

[Out] -1/4xexp(-a)/x"2%exp(-b*x~2)+1/4*exp(-a)*b*Ei(1,b*x"2)-1/4*exp(a)*exp(b*x~2
)/x"2-1/4xexp(a) *b*Ei(1,-b*x"2)

Maxima [A] time = 1.24887, size = 54, normalized size = 1.29

cosh (bx2 + a)

2 (B (b)) — i () ) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)/x"3,x, algorithm="maxima")

[Out] -1/4*(Ei(-bxx"2)*e~(-a) - Ei(b*x"2)*e"a)*b - 1/2*cosh(b*x"2 + a)/x"2
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Fricas [A] time = 1.64399, size = 166, normalized size = 3.95

(bszi (bxz) — bx?Ei (—bxz)) cosh (a) + (bszi (bxz) + bx?Ei (—bxz)) sinh (a) — 2 cosh (bx2 + u)
4 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)/x"3,x, algorithm="fricas")

[Out] 1/4*((b*xx"2*Ei(b*x"2) - b*x"2*xEi(-b*x"2))*cosh(a) + (b*xx"2*Ei(b*x"2) + b*x~
2xEi (-b*x"2))*sinh(a) - 2*cosh(b*x™2 + a))/x"2

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh (a + bxz)

dx
x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x*x2+a)/x**3,x%)

[Out] Integral(cosh(a + b*x**2)/x**3, x)

Giac [B] time = 1.32038, size = 146, normalized size = 3.48

(bx2 + a)szi (—bxz) et — gb?Ei (—bxz) e — (bx2 + a)szi (bxz) e + ab?Ei (bxz) ot + p2elt?+) | p2,(-b3a)
- 4 bp2x2?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)/x"3,x, algorithm="giac")

[Out] -1/4*%x((b*x"2 + a)*b”"2*Ei(-b*x"2)*e”(-a) - a*b™2xEi(-b*x"2)*e"(-a) - (b*x"2
+ a)*b " 2*Ei(b*x"2)*e"a + axb"2xEi(b*x"2)*e"a + b"2%e” (b*x"2 + a) + b 2xe” (-

bxx~2 - a))/(b™2*x"2)
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2
38  [x’cosh (a + bxz) dx
Optimal. Leaf size=51

cosh? (a + bxz) x% sinh (a + bxz) cosh (a + bxz) o
I T R 1b i)

[Out] x~4/8 - Coshl[a + bxx"2]"2/(8%b"2) + (x"2*Cosh[a + b*x~2]*Sinh[a + b*x"2])/(
4xDb)

Rubi [A] time = 0.0513967, antiderivative size = 51, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 14, e -

0.214, Rules used = {5321, 3310, 30}

integrand size

cosh? (11 + bxz) x% sinh (a + bxz) cosh (a + bxz) x4
8b? 4b 8

Antiderivative was successfully verified.

[In] Int[x"3*Cosh[a + b*x"2]"2,x]

[Out] x~4/8 - Coshl[a + bxx"2]"2/(8*b"2) + (x"2*Cosh[a + b*x"2]*Sinh[a + b*x"2])/(
4x*b)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 0]1))

Rule 3310

Int[(Cc_.) + (d_)*(x_))*x((b_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :>
Simp[(d*(b*Sin[e + f*x])™n)/(f72*n"2), x] + (Dist[(b"2*%(n - 1))/n, Int[(c
+ d*x)*(b*Sinle + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
*Sinfe + f*xx])"(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1
]

Rule 30
Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQ[m, -1]

Rubi steps

1
fx3 cosh? (a + bxz) dx = 5 Subst (fxcoshz(a +bx)dx, x, xz)

2 2 2 2\ o 2
_ _cosh ;Z; bx ) .\ x* cosh (a + bx42 sinh (a + bx ) s 31 Subst (fxdx, . xz)
4 cosh® (a + be) x% cosh (a + bx2) sinh (a + bx2)

e 812 * 1b
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Mathematica [A] time = 0.100742, size = 40, normalized size = 0.78

cosh (2 (a + bxz)) — 2bx? (sinh (2 (a + bxz)) + bxz)
- 1602

Antiderivative was successfully verified.

[In] Integrate[x~3*Coshl[a + b*x~2]72,x]

[Out] -(Cosh[2*(a + bxx"2)] - 2%b*xx"2*%(b*x"2 + Sinh[2*(a + b*x"2)]))/(16%xb"2)

Maple [A] time = 0.03, size = 55, normalized size = 1.1

! (2 bx? — 1) 02 bx2+2a (2 b2 + 1) o2 bx?-2a
—_— + —_
8 32 b2 32 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cosh(b*x"2+a)”"2,x)

[Out] 1/8%x74+1/32%(2xb*x~2-1) /b~ 2%exp (2*¥b*xx~2+2%a) -1/32* (2%b*x~2+1) /b~ 2*exp (-2*b

*xx"2-2%a)

Maxima [A] time = 1.0953, size = 80, normalized size = 1.57

1 (2 bx2ea) — o2 a))e(z br?) (2 b2 + 1)6(—2 bx?-2a)
—xt+ _
8 32 b2 32 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cosh(b*x"2+a)”2,x, algorithm="maxima")

[Out] 1/8%x"4 + 1/32%x(2xb*xx"2%e”(2*%a) - e~ (2*a))*e” (2xb*x"2)/b"2 - 1/32%(2*xb*x"2

+ 1)*e” (-2%b*xx"2 - 2%a)/b"2

Fricas [A] time = 1.76402, size = 140, normalized size = 2.75

2 b%x* + 4 bx? cosh (bx2 + a) sinh (bx2 + u) — cosh (bx2 + a)z — sinh (bx2 + a)z
16 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cosh(b*x"2+a)~2,x, algorithm="fricas")

[Out] 1/16%(2xb"2*x"4 + 4xbxx"2xcosh(b*x"2 + a)*sinh(b*x"2 + a) - cosh(b*x"2
~2 - sinh(b*x"2 + a)~2)/b"2

+ a)
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Sympy [A] time = 2.17481, size = 78, normalized size = 1.53

_x4 sinh2 (a+bx2) . 4 COSh2 (a+bx2) N 22 sinh (u+bx2) cosh (a+bx2) 3 coSh2 (5;+bx2) for b 40
5 ) 4p 8b
x4 cosh2 (a)

4

otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*cosh(b*x**2+a)**2,x)

[Out] Piecewise((-x**4*xsinh(a + b*xx**2)*%*2/8 + x*x4dkxcosh(a + bkxx**2)**2/8 + x*k*x2%
sinh(a + b*x**x2)*cosh(a + b*x**2)/(4%b) - cosh(a + bxx**x2)**x2/(8*b*x*x2), Ne(
b, 0)), (x**4*xcosh(a)**2/4, True))

Giac [B] time = 1.23386, size = 163, normalized size = 3.2

4 (bx2 + a)2 -8 (bx2 + a)a +2 (bx2 + a)e(2 b2420) _ 5 o205 +2a) o (bx2 + a)e(_z b2-2a) 4 o po(-203%-20) _ (20x*+2a) _

32b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cosh(b*x~2+a)~2,x, algorithm="giac")

[Out] 1/32%(4*x(b*x"2 + a)”2 - 8*x(b*x"2 + a)*a + 2% (b*x"2 + a)*e” (2%b*x"2 + 2*a) -
2xaxe” (2xb*xx"2 + 2%a) - 2% (b*x"2 + a)*e” (-2%b*xx"2 - 2%a) + 2xaxe” (-2*b*xx"2
- 2%a) - e (2*%b*x"2 + 2%a) - e~ (-2%b*x"2 - 2*a))/b"2
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2
39  [x?cosh (a + bxz) dx
Optimal. Leaf size=99

\/ge_Z”Erf (\/E\/Ex) \/gezaErﬁ (\/E\/Ex) x sinh (251 + 2bx2) x3
32b3/2 32b3/2 8b 6

[Out] x°3/6 + (Sqrt[Pi/2]*Erf[Sqrt[2]*Sqrt[bl*x])/(32%b~(3/2)*E~(2%a)) - (E~(2*a)
*xSqrt [Pi/2] *Erfi [Sqrt [2] *Sqrt [b]*x])/(32%¥b~(3/2)) + (x*Sinh[2*a + 2*b*x~2])
/ (8xb)

Rubi [A] time = 0.0876185, antiderivative size = 99, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 14, e .

integrand size
0.357, Rules used = {5341, 5325, 5298, 2204, 2205}

3 B (V2VB) (5ot (VAVE) asinh 20+ 26) 8
272 3262 8b °

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[a + b*x~2]"2,x]

[Out] x73/6 + (Sqrt[Pi/2]*Erf [Sqrt[2]*Sqrt[b]l*x])/(32%b~(3/2)*E~(2*%a)) - (E~(2*a)
*xSqrt [Pi/2] *Erfi [Sqrt [2]*Sqrt [b]*x])/(32%xb~(3/2)) + (x*Sinh[2*a + 2*b*x~2])
/ (8%Db)

Rule 5341

Int[((a_.) + Cosh[(c_.) + (d_)*x_)"(m )]*x(M_.))"(p)*((e_.)*(x_)) " (m_.),
x_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cosh[c + d*x"n])”"p, x], x
1 /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rule 5325

Int[Cosh[(c_.) + (d_)*(x_)"(n_)]1*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[(e~
(n - 1)*(e*x)"(m - n + 1)*Sinh[c + d*x"n])/(d*n), x] - Dist[(e"n*(m - n + 1
))/(d*n), Int[(e*x) (m - n)*Sinh[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x]
&% IGtQ[n, 0] && LtQ[O, n, m + 1]

Rule 5298

Int[Sinh[(c_.) + (d_.)*(x_ )" (n_ )], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, x], x] - Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Log[F], 2]1)/(2*d*Rt[bxLog[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[F]), 21), x] /; Fr
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eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

fxz cosh? (a + bx2) dx = f (%2 + %xz cosh (Za + 2bx2)) dx

¥l
= — + = fxz cosh (211 + 2bx2) dx
6 2
_x®  xsinh (Za + bez) [ sinh (2a + 2bx2) dx
% " 80 ) 8
3  xsinh (Za + bez) f p~20-2b2 5 f 2r+2b gy
% " 8b T 1 1eb
3 e‘z"\/gerf (\/5\/53() ez"\/gerﬁ (\/Ex/gx) xsinh (Za + bez)
% " 3207 B 32037 " 8b

Mathematica [A] time = 0.218033, size = 101, normalized size = 1.02

3v27m(cosh(2a) - sinh(2a))Erf (\/E\/Ex) — 3V2n(sinh(2a) + cosh(2a))Erfi (\/E\/Ex) + 8vbx (3 sinh (2 (a + bxz)) + 41
192032

Antiderivative was successfully verified.

[In] Integrate[x~2*Cosh[a + b*x72]72,x]

[Out] (3*Sqrt[2*Pil*Erf [Sqrt[2]*Sqrt[b]l*x]*(Cosh[2*a] - Sinh[2*a]) - 3*Sqrt[2+Pi]
*Erfi[Sqrt [2]*Sqrt [b] *x]*(Cosh[2*a] + Sinh[2*a]) + 8xSqrt[b]*x*(4*b*x~2 + 3
*Sinh[2*(a + b*x~2)]1))/(192%b~(3/2))

Maple [A] time = 0.044, size = 90, normalized size = 0.9

B e 20ye2 bx? o204 71\/5 3 20,02 bx? 020\ /7
i v Ef( 2 b)b‘z e Ef( —Zb)
6 60 e V2w b7z + 160 T X

1
V-2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh(b*x"2+a)~2,x)

[Out] 1/6*x73-1/16%exp(-2*a)/bxx*exp(-2*b*x~2)+1/64*exp(-2*a)/b~(3/2)*Pi~(1/2)*2~
(1/2)xerf (x*x27(1/2)*b~(1/2) ) +1/16*exp (2*a) /bxx*exp (2¥b*x~2) -1/32*exp(2*a) /b
*Pi~(1/2)/(-2%b) = (1/2) *xerf ((-2%b) = (1/2) *x)

Maxima [A] time = 1.64222, size = 128, normalized size = 1.29

1, V24 erf (\/5\/—_bx) 2D \2\n erf(\/zx/gx) o290 (20%42a) | (-2b2%-24)
- +

+
64 \—bb 64b; 16b 16b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(b*x"2+a)”2,x, algorithm="maxima")
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[Out] 1/6*x~3 - 1/64x*sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(-b)*x)*e”~(2*a)/(sqrt(-b)*b
) + 1/64*sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(b)*x)*e”(-2*a) /b~ (3/2) + 1/16%x*
e (2xb*x"2 + 2%a)/b - 1/16%x*e” (-2%b*x~2 - 2%a)/b

Fricas [B] time = 1.76446, size = 1125, normalized size = 11.36

32 b%x3 cosh (bxz + a)z + 12 bx cosh (bxz + a)4 + 48 bx cosh (bx2 + a) sinh (bx2 + a)3 + 12 bx sinh (bx2 + a)4 +3.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(b*x~2+a)~2,x, algorithm="fricas")

[Out] 1/192x%(32%b~2*x"3*cosh(b*x"2 + a)~2 + 12xb*x*cosh(b*xx™2 + a)~4 + 48xb*x*cos
h(b*x"2 + a)*sinh(b*x"2 + a)”~3 + 12*b*x*sinh(b*x"2 + a)~4 + 3*sqrt(2)*sqrt(
pi)*(cosh(b*x~2 + a) 2*xcosh(2*a) + (cosh(2*a) + sinh(2xa))*sinh(b*x~2 + a)~
2 + cosh(b*x™2 + a) " 2*xsinh(2*a) + 2*(cosh(b*x"2 + a)*cosh(2*a) + cosh(b*x"2
+ a)*sinh(2*a))*sinh(b*x~2 + a))*sqrt(-b)*erf(sqrt(2)*sqrt(-b)*x) + 3*sqrt
(2) *sqrt (pi) *(cosh(b*x™2 + a) 2*cosh(2*a) + (cosh(2*a) - sinh(2+*a))*sinh(b*
X"2 + a)”2 - cosh(b*x™2 + a) " 2*sinh(2*a) + 2x(cosh(b*x~2 + a)*cosh(2*a) - ¢
osh(b*x72 + a)*sinh(2*a))*sinh(b*x”2 + a))*sqrt(b)*erf (sqrt(2)*sqrt(b)*x) +
8x (4*b~2*x~3 + 9xb*x*cosh(b*x”2 + a)~2)*sinh(b*x”"2 + a)~2 - 12xb*x + 16%(4
*b~2%x"3*cosh(b*x"2 + a) + 3*b*x*cosh(b*x~2 + a)~3)*sinh(b*x~2 + a))/(b~2*c
osh(b*x™2 + a)”2 + 2*b"2xcosh(b*x"2 + a)*sinh(b*x"2 + a) + b~ 2*sinh(b*x~2 +
a)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.

f 2 cosh? (11 + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(b*x**2+a)**2,x)

[Out] Integral(x**2*cosh(a + bxx**2)**2, x)

Giac [A] time = 1.39855, size = 131, normalized size = 1.32

\/5‘/H erf (_\/z\/—_bx) e@D  \2y[merf (—\/E\/Ex) o290 (20%+2a) | (-2b2%-24)
+ - +

64\ _bb b 16b 16b

1

43
6x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(b*x~2+a)~2,x, algorithm="giac")

[Out] 1/6*x73 + 1/64xsqrt(2)*sqrt(pi)*erf (-sqrt(2)*sqrt(-b)*x)*e”(2*a)/(sqrt(-b)*
b) - 1/64*sqrt(2)*sqrt(pi)*erf (-sqrt(2)*sqrt(b)*x)*e”(-2*a)/b~(3/2) + 1/16%
xxe” (2xb*xx"2 + 2%xa)/b - 1/16%x*e” (-2%b*x~2 - 2%a)/b



54

3.10 f x cosh? (a + bxz) dx

Optimal. Leaf size=31

sinh (a + bxz) cosh (a + bxz) 2
4b 7

[Out] x~2/4 + (Cosh[a + b*x"2]*Sinh[a + b*x"2])/(4%xDb)

Rubi [A] time = 0.0282266, antiderivative size = 31, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, e

0.25, Rules used = {5321, 2635, 8}

integrand size

sinh (a + bxz) cosh (a + bxz) 2
4b 7

Antiderivative was successfully verified.

[In] Int[x*Cosh[a + b*x~2]"2,x]
[Out] x"2/4 + (Cosh[a + b*x~2]*Sinh[a + b*x~2])/(4*b)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*x(M_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*x])
“p, xJ, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)])"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Ix(b*Sinf[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*x(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[2*n
]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps

1
fxcoshz (a + bxz) dx = > Subst (f cosh?(a + bx) dx, x, xz)

2\ 2
_ cosh (a + bx A)l:mh (a + bx ) N i Subst (fl dox xz)
2 cosh (a + bxz) sinh (a + bxz)

=—+
4 4b

Mathematica [A] time = 0.0221609, size = 27, normalized size = 0.87

2 (a + bx2) + sinh (2 (a + bxz))
8b




Antiderivative was successfully verified.

[In] Integrate[x*Coshl[a + bxx"2]72,x]

[Out] (2*%(a + b*x~2) + Sinh[2*(a + b*x~2)])/(8%Db)

Maple [A] time = 0.009, size = 34, normalized size = 1.1

1 (cosh (bx2 + a) sinh (bx2 + a) e g
2b 2 T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(b*x~2+a)~2,x)

[Out] 1/2/b*x(1/2*cosh(b*xx”2+a)*sinh(b*x"2+a)+1/2xb*xx"2+1/2%a)

Maxima [A] time = 1.03834, size = 51, normalized size = 1.65

1 ) 6(2 bx2+2 a) e(—2 bx2-2 a)

25 T T 6r T 160

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x”2+a)”~2,x, algorithm="maxima")

[Out] 1/4*x72 + 1/16%e”(2*%bxx"2 + 2*a)/b - 1/16%e” (-2%b*x~2 - 2xa)/b

Fricas [A] time = 1.81328, size = 66, normalized size = 2.13

bx? + cosh (bx2 + a) sinh (bx2 + a)
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x~2+a)~2,x, algorithm="fricas")

[Out] 1/4*%(b*x"2 + cosh(b*x~2 + a)*sinh(b*x"2 + a))/b

Sympy [A] time = 0.546164, size = 60, normalized size = 1.94
_x2 sinh24(u+bx2) + x2 coshi(u+bx2) N sinh (u+ble(;osh (u+bx2) for b 40
2 cosh? (a) .
X cosh \@ otherwise

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x**2+a)**2,x)
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[Out] Piecewise((-x**2*xsinh(a + b*x**2)**%x2/4 + x*x*2*cosh(a + b*xx**x2)**x2/4 + sinh(
a + bxx**2)*cosh(a + b*x*xx2)/(4*xb), Ne(b, 0)), (x**2xcosh(a)**2/2, True))

Giac [B] time = 1.30069, size = 73, normalized size = 2.35

{2 g 0

16b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x"2+a)~2,x, algorithm="giac")

[Out] 1/16%(4xb*xx"2 - (2%e”(2%bxx"2 + 2%a) + 1)*e~(-2%b*x"2 - 2%a) + 4*xa + e~ (2%b
*x~2 + 2%a))/b
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3.11 fcosh2 (a + bxz) dx

Optimal. Leaf size=78

\/ge‘Z“Erf (V2vix) \/gezaErﬁ(‘/E‘/Ex) x

8Vb 8vb 2

[Out] x/2 + (Sqrt[Pi/2]+*Erf[Sqrt[2]*Sqrt[bl*x])/(8xSqrt[b]l*E~(2+a)) + (E~(2*a)*Sq
rt [Pi/2] *Erfi [Sqrt [2]*Sqrt [b]l*x])/(8*Sqrt [b])

Rubi [A] time = 0.0429458, antiderivative size = 78, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 10, e =

0.4, Rules used = {5301, 5299, 2204, 2205}

\/ge‘Z“Erf (V2vix) \/gezuErﬁ(‘/E‘/Ex) x

8Vb 8vb 2

integrand size

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x~2]"2,x]

[Out] x/2 + (Sqrt[Pi/2]*Erf [Sqrt[2]*Sqrt[b]*x])/(8*Sqrt[b]*E~(2*a)) + (E~(2*a)*Sq
rt [Pi/2] *Erfi [Sqrt [2]*Sqrt [b]*x])/(8*Sqrt [b])

Rule 5301

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)"(m_)]1*(b_.))"(p_), x_Symbol] :> Int[Ex
pandTrigReduce[(a + b*Cosh[c + d*x"n])"p, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[n, 1] && IGtQ[p, 1]

Rule 5299

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E"(c + d*x"n)
, x], x] + Dist[1/2, Int[E"(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]1]1)/(2*d*Rt[-(bxLogl[Fl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps
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fcosh2 (a + bxz) dx = f(% + %cosh (2a + bez)) dx
- 1fcosh (211 + 2bx2) dx
2 2
— JZ_C + j_Lfe—Za—bez dx + }l f62u+2bx2 dx
X 6‘2“\/§erf(\/§\/5x) 32“\/§erﬁ (\/E\/Ex)

= — 4+ +

2 8vVb 8vVb

Mathematica [A] time = 0.072337, size = 86, normalized size = 1.1

\/m(cosh(2a) — sinh(2a))Erf (\/Ex/gx) + /rt(sinh(2a) + cosh(2a))Erfi (ﬁ\/gx) +4v2bx
8v2Vb

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x~2]72,x]

[Out] (4xSqrt[2]*Sqrt[bl*x + Sqrt[Pi]*Erf [Sqrt[2]*Sqrt[b]*x]*(Cosh[2*a] - Sinh[2x¥
al) + Sqrt[Pil*Erfi[Sqrt[2]*Sqrt[b]*x]*(Cosh[2*a] + Sinh[2*a]))/(8*Sqrt[2]*
Sqrt [b])

Maple [A] time = 0.029, size = 51, normalized size = 0.7

-2a 2a
Xy ﬂErf (x\/E\/E) L 48 ﬁErf( -2 bx) !
2 16 b 8 V=2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x"2+a)~2,x)

[Out] 1/2%x+1/16%exp(-2%a)*Pi~(1/2)*27(1/2) /b~ (1/2)*erf (x*2~(1/2)*b~(1/2))+1/8xex
p(2%a) *Pi~(1/2)/ (-2xb) ~ (1/2) *erf ((-2%b) ~(1/2) *x)

Maxima [A] time = 1.67488, size = 76, normalized size = 0.97

VR (BVT) 9 R ()2
16 V-b 16 Vb '

N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x"2+a)~2,x, algorithm="maxima")

[Out] 1/16xsqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(-b)*x)*e”(2*a)/sqrt(-b) + 1/16*sqrt(
2)*sqrt (pi)*erf (sqrt (2) *sqrt(b)*x)*e~(-2%a)/sqrt(b) + 1/2%x
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Fricas [A] time = 1.66845, size = 225, normalized size = 2.88

V2+/mV-b(cosh (2 a) + sinh (2 a)) erf (\/E\/—_bx) — V2+/mVb(cosh (2 a) - sinh (2 a)) erf (\/E\/Ex) —8bx

16b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x"2+a)~2,x, algorithm="fricas")

[Out] -1/16%(sqrt(2)*sqrt(pi)*sqrt(-b)*(cosh(2*a) + sinh(2*a))*erf (sqrt(2)*sqrt(-
b)*x) - sqrt(2)*sqrt(pi)*sqrt(b)*(cosh(2*a) - sinh(2+*a))*erf (sqrt(2)*sqrt(b
)*x) - 8%b*x)/b

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh? (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x**2+a)**2,x)

[Out] Integral(cosh(a + b*x**2)**2, x)

Giac [A] time = 1.36541, size = 78, normalized size = 1.

V2+/merf (—\/E\/—_bx) e??  \[merf (—\/E\/Ex) e(-29)
) 16 V=0 B 16 Vb ’

1
—Xx
2
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(b*x~2+a)~2,x, algorithm="giac")

[Out] -1/16%sqrt(2)*sqrt(pi)*erf (-sqrt(2)*sqrt(-b)*x)*e~(2*a)/sqrt(-b) - 1/16%sqr
t(2) *sqrt (pi)*erf (-sqrt(2) *sqrt (b) *x) *e~ (-2%a) /sqrt(b) + 1/2xx
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COSZQ x2
312 [,

X

Optimal. Leaf size=37

1 . 1 . ) log(x)
2 2
1 cosh(2a)Chi (be ) + 1 sinh(2a)Shi (be ) +

[Out] (Cosh[2*a]*CoshIntegral[2*b*x~2])/4 + Logl[x]/2 + (Sinh[2*a]*SinhIntegral [2x
bxx~2])/4

Rubi [A] time = 0.0607286, antiderivative size = 37, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 14, e e =

0.286, Rules used = {5341, 5319, 5317, 5316}

integrand size

1 . 1 . . log(x)
2 2

1 cosh(2a)Chi (2bx ) + 1 sinh(2a)Shi (be ) +

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x~2]72/x,x]

[Out] (Cosh[2*a]*CoshIntegral [2xb*xx~2])/4 + Logl[x]/2 + (Sinh[2*a]*SinhIntegral [2*
bxx~2]) /4

Rule 5341

Int[((a_.) + Cosh[(c_.) + (d_)*x_)"(m )]*x(M_.))"(p)*((e_.)*(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cosh[c + d*x"n])"p, x], x
1 /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rule 5319

Int[Cosh[(c_) + (d_)*(x_ )" (m_)]/(x_), x_Symbol] :> Dist[Cosh[c], Int[Cosh[
d*x"nl]/x, x], x] + Dist[Sinh[c], Int[Sinh[d*x"n]/x, x], x] /; FreeQl[{c, d,
n}r, xJ

Rule 5317

Int[Cosh[(d_.)*(x )~ (n_)]/(x_), x_Symbol] :> Simp[CoshIntegral[d*x"n]/n, x]
/; FreeQ[{d, n}, x]

Rule 5316
Int[Sinh[(d_.)*(x )~ (n_)]/(x_), x_Symbol] :> Simp[SinhIntegral[d*x"n]/n, x]

/; FreeQ[{d, n}, x]

Rubi steps



61

f cosh? (a + bxz) J f[ 1  cosh (Za + bez)] ;
—_— Jdx= | | —+ x

2x 2x

dx

_ log(x) N 1 f cosh (211 + 2bx2)
2 X

1 cosh be 1 sinh (2bx2
og;(x) — cosh(2a) f —)dx+ Esinh(Za) f #dx

1 : log(x) L. .
=7 cosh(2a)Chi (bez) =+ sinh(2a)Shi (bez)

Mathematica [A] time = 0.0196797, size = 33, normalized size = 0.89

(Cosh(Zu)Chi (bez) + sinh(24)Shi (bez) +2 log(x))

N

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x"2]72/x,x]

[Out] (Cosh[2*a]*CoshIntegral [2xb*xx~2] + 2*Log[x] + Sinh[2*a]*SinhIntegral [2*b*x~
21)/4

Maple [A] time = 0.033, size = 34, normalized size = 0.9

In(x) €2°Ei(1,2bx2) €?°Ei(1,-2bx?)

2 8 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x"2+a)"2/x,x)

[Out] 1/2*1n(x)-1/8*exp(-2*a)*Ei(1,2*¥b*x~2)-1/8*exp(2*a)*Ei(1,-2xb*x~2)

Maxima [A] time = 1.3177, size = 42, normalized size = 1.14

1 1 1
i 2\ »(2 ; 2\ (-2
o B (2022) @0 + S Fi (-22%) 29 + - log (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~2/x,x, algorithm="maxima")

[Out] 1/8*Ei(2xb*x~2)*e~(2%a) + 1/8*Ei(-2*xb*xx~2)*e~(-2%a) + 1/2xlog(x)

Fricas [A] time = 1.84838, size = 138, normalized size = 3.73

(Ei (2b22) + Ei (-2b22)) cosh (2a) + - (E1 (26x?) - Ei (-2b22)) sinh (2a) + % log (x)

| =

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cosh(b*x"2+a)~2/x,x, algorithm="fricas")

[Out] 1/8*%(Ei(2*b*x72) + Ei(-2*b*x"2))*cosh(2*a) + 1/8*(Ei(2%b*x~2) - Ei(-2*b*x"2
))*sinh(2xa) + 1/2%log(x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f cosh? (zz + bxz)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x**2+a)**2/x,x%)

[Out] Integral(cosh(a + b*x**2)**2/x, x)

Giac [A] time = 1.30248, size = 47, normalized size = 1.27

é Ei (2 bxz) 6@ 4 % Ei (—2 bxz) e(=29) 4 31 log (bxz)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(b*x~2+a)~2/x,x, algorithm="giac")

[Out] 1/8%Ei(2xbxx~2)*e~(2%a) + 1/8+Ei(-2*b*x"2)*e”(-2*%a) + 1/4*log(b*x~2)
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COSZQ x2
313 [,

x2

Optimal. Leaf size=88

—lﬁe‘Z“@Erf (\/EN/Ex) + %\/geZ”\/EErﬁ (\6\/53() - M

2

[Out] -(Cosh[a + b*x~2]72/x) - (Sqrt[b]*Sqrt[Pi/2]*Erf [Sqrt[2]*Sqrt[b]*x])/(2*E"~(
2%a)) + (Sqrt[b]l*E~(2*a)*Sqrt[Pi/2]*Erfi[Sqrt[2]*Sqrt[b]l*x])/2

Rubi [A] time = 0.0709632, antiderivative size = 88, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 14, e o e

0.429, Rules used = {5331, 5617, 5314, 5298, 2204, 2205}

integrand size

2 2
1 1 cosh” (a + bx
~5) 5 VB (V2vox) + 5\/§e2”\/EErﬁ (V2vx) - cosh {a+ )
Antiderivative was successfully verified.

[In] Int[Coshl[a + b*x"2]72/x"2,x]

[Out] -(Cosh[a + b*x~2]72/x) - (Sqrt[b]*Sqrt[Pi/2]*Erf [Sqrt[2]*Sqrt[b]l*x])/(2*E"~(
2xa)) + (Sqrt[b]l*E~(2*a)*Sqrt [Pi/2]*Erfi[Sqrt[2]*Sqrt[b]l*x])/2

Rule 5331

Int[Cosh[(a_.) + (b_)*(x_)"(n )] (p)*(x_)"(m_.), x_Symbol] :> -Simp[Coshl[
a + bxx"n]"p/((n - 1)*x"(n - 1)), x] + Dist[(b*n*p)/(n - 1), Int[Cosh[a + Db
*x"n] " (p - 1)*Sinh[a + b*x"n], x], x] /; FreeQ[{a, b}, x] && IntegersQ[n, p
] &% EqQm + n, 0] &% GtQlp, 1] && NeQ[n, 1]

Rule 5617

Int[Cosh[w_]~(p_.)*(u_.)*Sinh[v_]~(p_.), x_Symbol] :> Dist[1/27p, Int[u*Sin
h[2*v]~p, x], x] /; EqQlw, v] && IntegerQ[p]

Rule 5314

Int[((a_.) + (b_.)*Sinh[u_]1)~(p_.), x_Symbol] :> Int[(a + b*Sinh[ExpandToSu
m[u, x]1)7p, x] /; FreeQ[{a, b, p}, x] && BinomialQ[u, x] &% !BinomialMatc
hQ[u, x]

Rule 5298

Int[Sinh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E"(c + d*x"n)
, x], x] - Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Log[F]1), 211)/(2*d*Rt[-(b*Log[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

h2 2
IM cosh’ ( )+(4b)fcosh a+bx)smh(a+bx)d

( ) (2b)fs1nh2a+bx))d
cosh? ( + bxz)

+ (2b) f sinh 211 + 2bx ) dx
( ) bfe—Za—bez dx+bf€2”+2bx2 dx
cosh? ( + bxz) 1 ~ . [n 1 m

=- 2\/1_76 2a Eerf(x/i\/gx) + E\/Eez“ Eerﬁ (\/E\/I_?x)

Mathematica [A] time = 0.229898, size = 94, normalized size = 1.07

\/Z_n\/Ex(sinh(Za) — cosh(2a))Erf (\/E\/Ex) + \/Z_N\/Ex(sinh(Za) + cosh(2a))Erfi (\/E\/Ex) —4cosh? (a + bxz)
4x

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x~2]72/x72,x]

[Out] (-4*Coshl[a + b*x"2]72 + Sqrt[b]*Sqrt[2*Pi]*x*Erf [Sqrt[2]*Sqrt [b]*x]*(-Coshl[
2%a] + Sinh[2xa]) + Sqrt[b]*Sqrt[2*Pi]*x*Erfi[Sqrt[2]*Sqrt [b]*x]*(Cosh[2*a]
+ Sinh[2*a]))/(4*x)

Maple [A] time = 0.038, size = 86, normalized size = 1.

—2a,-2bx? —211 211 2bx 2a
Lot VIV it (e2VB) - S SV (V)

2x 4x

1
V-2b
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x"2+a)~2/x"2,x)

[Out] -1/2/x-1/4%exp(-2%a)/x*exp(-2*%bxx~2)-1/4*exp(-2%a)*b~ (1/2)*Pi~(1/2)*2~(1/2)
xerf (xx27(1/2)*b~(1/2))-1/4*xexp (2*a) /x*exp (2¥b*x~2) +1/2*exp (2*a) *b*Pi~(1/2)
/ (=2xb) ~(1/2) *erf ((-2%b) ~ (1/2) *x)

Maxima [A] time = 1.14477, size = 82, normalized size = 0.93

\V2Vbx2e20T (—%, 2 bxz) \V2V-bx2e@9T (—%, -2 bxz) 1

8x B 8x C2x

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cosh(b*x~2+a)~2/x72,x, algorithm="maxima")

[Out] -1/8x*sqrt(2)*sqrt(b*x~2)*e”(-2%a)*gamma(-1/2, 2xb*x72)/x - 1/8%sqrt(2)*sqrt
(-bxx~2) *e” (2%a) *xgamma (-1/2, -2*b*x~2)/x - 1/2/x

Fricas [B] time = 2.0208, size = 1058, normalized size = 12.02

cosh (bx2 + a)4 +4 cosh (bx2 + a) sinh (bx2 + a)3 + sinh (bx2 + a)4 + \/zﬁ(x cosh (bx2 + u)z cosh (2a) + x cos

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~2/x72,x, algorithm="fricas")

[Out] -1/4*(cosh(b*x"2 + a)~4 + 4*cosh(b*x”™2 + a)*sinh(b*x”2 + a)~3 + sinh(b*x"2
+ a)”4 + sqrt(2)*sqrt(pi)*(x*cosh(b*x"2 + a) 2xcosh(2xa) + x*cosh(b*x"2 + a
)" 2xsinh(2*a) + (x*cosh(2*a) + x*sinh(2*a))*sinh(b*x"2 + a)~2 + 2x(x*cosh(b
*x"2 + a)*cosh(2*a) + x*cosh(b*x”2 + a)*sinh(2*a))*sinh(b*x~2 + a))*sqrt(-b
)*xerf (sqrt(2) *sqrt (-b) *x) + sqrt(2)*sqrt(pi)*(x*cosh(b*x~2 + a) 2xcosh(2x*a)
- x*cosh(b*x~™2 + a) 2xsinh(2*a) + (x*cosh(2*a) - x*sinh(2*a))*sinh(b*x~2 +
a)”2 + 2*x(x*cosh(b*x~2 + a)*cosh(2*a) - x*cosh(b*x~2 + a)*sinh(2+*a))*sinh(
bxx~2 + a))*sqrt(b)*erf (sqrt(2)*sqrt(b)*x) + 2x(3*cosh(b*x™2 + a)~2 + 1)*si
nh(b*x”™2 + a)~2 + 2*xcosh(b*x"2 + a)~2 + 4x(cosh(b*x"2 + a)”3 + cosh(b*x"2 +
a))*sinh(b*x~2 + a) + 1)/(x*cosh(b*x"2 + a)~2 + 2xx*xcosh(b*x~2 + a)*sinh(b
*x72 + a) + x*sinh(b*x"2 + a)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f cosh? (a + bxz)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*xx**2+a)**2/x**2,x)

[Out] Integral(cosh(a + bxx**2)*x2/x*x2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f cosh (bx2 + a)2

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~2/x"2,x, algorithm="giac")

[Out] integrate(cosh(b*x"2 + a)~2/x72, x)
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COSZQ x2
314 [,

x3
Optimal. Leaf size=57
cosh (2 (a + bxz)) 1

1 1
. . 2 . 2
5sinh(2a)Chi (2b2) + >b cosh(24)Shi (2bx?) - e -z

[Out] -1/(4*x"2) - Cosh[2*(a + b*x72)]/(4*x"2) + (b*CoshIntegral [2*b*x~2]*Sinh [2%
al)/2 + (bxCosh[2*a]*SinhIntegral [2*¥b*x~2])/2

Rubi [A] time = 0.125971, antiderivative size = 57, normalized size of antiderivative =
number of rules

1., number of steps used = 7, number of rules used = 6, integrand size = 14,
0.429, Rules used = {5341, 5321, 3297, 3303, 3298, 3301}

integrand size

2
%b sinh(2a)Chi (bez) + %b cosh(2a)Shi (bez) - cosh (24(::; bx )) - 41?

Antiderivative was successfully verified.

[In] Int[Coshl[a + b*x~2]72/x3,x]

[Out] -1/(4*x~2) - Cosh[2x(a + b*x"2)]/(4*x72) + (b*CoshIntegral [2*b*x~2]*Sinh [2x*
al)/2 + (b*Cosh[2*a]*SinhIntegral [2xbxx~2])/2

Rule 5341

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*xM_.))"(p)*((e_)*x(x))"(m_.),
x_Symbol] :> Int[ExpandTrigReduce[(e*x)”m, (a + b*Cosh[c + d*x"n])"p, x], x
1 /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, 0]

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*x])
“p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 3297

Int[((c_.) + (d_)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sinle + f*xx])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*f)/d + f*x]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £



67

, fz}, x] && EqQ[d*e - cxfxfz*xI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(cxf*fz)/d + f*xfz*x]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] && EqQ[d*(e - Pi/2) - cxfxfzxI, 0]

Rubi steps

+
x3 2x3 2x3

f cosh? (a + bxz) ; f( 1  cosh (Za + bez)] ;
— T dx = J— X

1 1 pcosh (Za + 2bx2)
5

-5 v
1 1 h(2a + 2
Lo fw dx, x, 2
42 4 x?
1 cosh(2(a+bx?)) 1 sinh(2a + 2bx) )
i 12 +§bSubst(f7dx,x,x)
1 cosh (2 (a + bxz)) 1 sinh(2bx) 1. |
= 12 + E(b cosh(2a)) Subst (f —dx, x,x ) + E(b sinh(2a))
1 cosh (2 (a + bxz)) 1o o 1 (o
=1z 12 + EbChl (be ) sinh(2a) + Eb cosh(2a)Shi (be )

Mathematica [A] time = 0.088959, size = 46, normalized size = 0.81

cosh? (a + bxz)]

1, : :
5 |5inh(2a)Chi (2bx%) + b cosh(2)Shi (2bx?) - 2

Antiderivative was successfully verified.
[In] Integrate[Cosh[a + b*x"2]72/x73,x]

[Out] (-(Cosh[a + b*x72]72/x72) + b*CoshIntegral [2*xb*x~2]*Sinh[2*a] + b*Cosh[2*a]
*SinhIntegral [2xbxx~2])/2

Maple [A] time = 0.035, size = 69, normalized size = 1.2

1 o20020% e 29Ei(1,2bx%) (20620 e27bEi (1,-2bx?)
—_ - + — —_
4 x2 8x2 4 8 x2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x"2+a)~2/x"3,x)

[Out] -1/4/x"2-1/8%exp(-2*a)/x~2*exp (-2*b*x~2)+1/4xexp(-2*a) *b*Ei (1,2%b*x~2)-1/8%
exp(2*a) /x"2%exp (2*¥b*x~2) -1/4*exp (2*a) *b*Ei (1, -2%b*x"2)
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Maxima [A] time = 1.10873, size = 49, normalized size = 0.86

—31 be29T (<1,2b22) + 31 be@OT (-1, -2bx2) - 41?

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(b*x"2+a)~2/x73,x, algorithm="maxima")

[Out] -1/4xbxe”(-2*a)*gamma (-1, 2*%b*x~2) + 1/4*b*e”(2*a)*gamma(-1, -2xb*x~2) - 1/
4/x72

Fricas [A] time = 2.00239, size = 216, normalized size = 3.79

cosh (bx2 + u)z - (bszi (2 bxz) - bx?Ei (—2 bxz)) cosh (2 a) + sinh (bx2 + a)2 - (bszi (2 bxz) + bx?Ei (—2 bxz)) sin
- 4 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~2/x73,x, algorithm="fricas")

[Out] -1/4*(cosh(b*x"2 + a)”2 - (b*x"2*xEi(2*b*xx"2) - b*x " 2*Ei(-2*b*x"2))*cosh(2x*a
) + sinh(b*x™2 + a)”2 - (b*xx"2*Ei(2%b*x"2) + b*xx"2*Ei(-2%b*x"2))*sinh(2*a)

+1)/x72

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f cosh? (a + bxz)

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*xx**2+a)**2/x**3,x)

[Out] Integral(cosh(a + bxx**2)**x2/x*x3, x)

Giac [B] time = 1.29606, size = 170, normalized size = 2.98

2 (bx2 + a)szi (2 bxz) e29 — 2 gb2Ei (2 bxz) el29 — 2 (bx2 + a)szi (—2 bxz) e=29 4 2 ab2Ei (—2 bxz) p-20) _ 22057+
8 h2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x"2+a)~2/x73,x, algorithm="giac")

[Out] 1/8*%(2%(b*x"2 + a)*b~2*xEi(2*b*xx"2)*e” (2*%a) - 2*xa*xb”2xEi (2*b*xx"2)*e” (2%a) -
2% (b*x"2 + a)*b"2xEi(-2*%b*x"2)*xe” (-2%a) + 2*axb " 2xEi(-2*xb*x"2)*e~(-2%a) - b
“2%e” (2%b*x"2 + 2%a) - b7 2*%e” (-2%b*xx"2 - 2%a) - 2xb"2)/(b"2*xx"2)
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315  [x®cosh’ (a + bxz) dx
Optimal. Leaf size=79

cosh® (u + bxz) cosh (a + bxz) x? sinh (u + bxz) x% sinh (a + bxz) cosh? (a + bxz)
1 s 36 " 60

[Out] -Cosh[a + b*x~2]/(3%b"2) - Coshla + b*x~2]"3/(18%b"2) + (x"2*Sinh[a + b*x"2
1)/(3%b) + (x"2*Cosh[a + b*x~2] " 2%Sinh[a + b*x~2])/(6%b)

Rubi [A] time = 0.0771761, antiderivative size = 79, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 14, e -

0.286, Rules used = {5321, 3310, 3296, 2638}

integrand size

cosh® (a + bxz) cosh (a + bxz) x2sinh (a + bxz) x2 sinh (a + bxz) cosh® (a + bxz)
- - + +
1802 32 3b 6b

Antiderivative was successfully verified.

[In] Int[x"3*Cosh[a + b*x"2]"3,x]

[Out] -Cosh[a + b*x"2]/(3%b"2) - Cosh[a + b*xx~2]"3/(18*b"2) + (x"2*Sinh[a + b*x"2
1)/(3%b) + (x~2xCosh[a + b*x~2]"2*Sinh[a + b*x~2])/(6%b)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x)" (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*x])
“p, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 0]1))

Rule 3310

Int[(C(c_.) + (d_)*(x_))*x((b_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :>
Simp[(d*(b*Sin[e + f*x])™n)/(£f72+%n"2), x] + (Dist[(b"2*%(n - 1))/n, Int[(c
+ d*x)*(b*Sinle + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
*Sinfe + f*xx])"(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1
]

Rule 3296

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*xx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 2638
Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, x]

Rubi steps
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1
fx3 cosh® (a + bxz) dx = 5 Subst (fxcosha(a + bx) dx, x, xz)

3 2 2 2 2\ o 2
_ _COSh 1(85;:- bx ) . X cosh (a + ba;b) sinh (a + bx ) s % Subst (fxcosh(a 4 ) de x4
cosh® (a + bxz) x? sinh (a + bxz) x2 cosh? (a + bxz) sinh (a + bxz) Subst ( [ sinh(
=- + + -
1802 3b 6b "
cosh (a + bxz) cosh® (a + bxz) x% sinh (a + bxz) 2 cosh? (a + bxz) sinh (a + be)
ST 3 s 36 " 6b

Mathematica [A] time = 0.163931, size = 55, normalized size = 0.7

—3bx? (9 sinh (a + bxz) + sinh (3 (a + bxz))) + 27 cosh (a + bxz) + cosh (3 (a + bxz))
- 7262

Antiderivative was successfully verified.

[In] Integrate[x~3*Cosh[a + b*x72]73,x]

[Out] -(27*Cosh[a + b*x"2] + Cosh[3*(a + b*x"2)] - 3*b*x~2*(9%Sinh[a + b*x~2] + S
inh[3%(a + b*x~2)]))/(72%b~2)

Maple [A] time = 0.047, size = 93, normalized size = 1.2

(3 bx? — 1) 30x?+3a (3 bx? — 3) ob?+a (3 bx? + 3) o br?-a (3 bx? + 1) e 3bx*-3a

14412 * 1612 1612 14412

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cosh(b*x"2+a)~3,x)

[Out] 1/144%(3xb*x”~2-1) /b~ 2xexp (3*b*x~2+3%a)+3/16* (b*x"2-1) /b~ 2*exp(b*x~2+a)-3/16
* (b*x~2+1) /b~ 2%exp (~b*x"2-a) -1/144* (3xbxx~2+1) /b~ 2*exp (-3*b*x~2-3%*a)

Maxima [A] time = 1.16948, size = 135, normalized size = 1.71

(3 bx2eB) — (3 ”))6(3 B?) g (bxze” - e”)e(bxz) 3 (bx2 + 1)6(_bx2_”) (3 bx? + 1)6(_3 b?-3a)

14412 * 1612 1612 14412

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cosh(b*x~2+a)~3,x, algorithm="maxima"

[Out] 1/144%(3%b*xx"2*e”(3*a) - e~ (3*a))*e” (3*%b*x"2)/b"2 + 3/16x(b*xx"2*%e"a - e a)*
e” (bxx"2)/b"2 - 3/16*%(b*xx"2 + 1)*e”(-b*x"2 - a)/b"2 - 1/144%(3*xb*xx"2 + 1)*e
~(-3%b*x"2 - 3%a)/b"2

Fricas [A] time = 1.83854, size = 234, normalized size = 2.96

3 bx?sinh (bx2 + a)3 — cosh (bx2 + u)3 -3 cosh (bx2 + a) sinh (bx2 + a)2 +9 (bx2 cosh (bx2 + a)2 +3 bxz) sinh (bx2 +
72 b2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cosh(b*x~2+a)~3,x, algorithm="fricas")

[Out] 1/72%(3%b*x"2*sinh(b*x~2 + a)~3 - cosh(b*x"2 + a)~3 - 3*cosh(b*x"2 + a)*sin
h(b*x™2 + a)~2 + 9*x(b*x"2*cosh(b*x™2 + a)~2 + 3*b*x"2)*sinh(b*x"2 + a) - 27
xcosh(b*x~2 + a))/b™2

Sympy [A] time = 4.04589, size = 92, normalized size = 1.16

x2 sinh® (a+bx2) x% sinh (u+bx2) cosh? (a+bx2) sinh? (u+bx2) cosh (a+bx2) 7 cosh® (a+bx2)
L + 20 + 302 T forb #0
%h@ otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*cosh(b*x**2+a)**3,x)

[Out] Piecewise((-x**2*xsinh(a + b*xx**2)**3/(3%b) + x**2%sinh(a + b*x**2)*cosh(a +
bxx*x*2)*%x2/(2%b) + sinh(a + b*xx**x2)**x2xcosh(a + b*x**2)/(3*%b**2) — 7xcosh(
a + bxx**x2)**x3/(18%b*x*x2), Ne(b, 0)), (x**dxcosh(a)**3/4, True))

Giac [B] time = 1.37563, size = 250, normalized size = 3.16

3 (bx2 + a)e(3 b2+3a) _ 3 ae(3 b2+3.0) +27 (bx2 + a)e(bx2+”) -27 ue(bx2+“) -27 (bx2 + a)e(_bxz_“) +27 ae(_bx 2-a) _ 3 (bx
144 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cosh(b*x"2+a)~3,x, algorithm="giac")

[Out] 1/144x(3*(b*x~2 + a)*e” (3*b*x~2 + 3*a) - 3*xaxe” (3*b*x~2 + 3*a) + 27*x(b*x~2
+ a)*xe”" (b*x"2 + a) - 27xa*xe” (b*x"2 + a) - 27+ (b*x"2 + a)*e " (-b*x"2 - a) + 2
Txaxe™ (-b*x"2 — a) - 3*(b*x"2 + a)*e ™ (-3*b*x"2 - 3*a) + 3*a*e” (-3*b*x"2 - 3

*a) — e " (3xb*x"2 + 3%a) - 27*e"(b*x"2 + a) - 27*xe”(-b*x"2 - a) - e~ (-3*xbxx”

2 - 3*%a))/b"2
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316  [x?cosh’ (a+bx?) dx

Optimal. Leaf size=160

3+/me "Exf (\/Ex) \/§€_3HErf(\/§‘/l_7x) 3+/re"Erfi (\/Ex) \/§e3ffErﬁ (\/§\/Ex) 3xsinh (a + bxz) x sinh (3¢
T 9632 T sz 9612 * 8b * 2

[Out] (3*Sqrt[Pil+*Erf [Sqrt[bl*x])/(32%b~(3/2)*E~a) + (Sqrt[Pi/3]*Erf[Sqrt[3]*Sqrt
[b]l*x])/(96%b~(3/2)*E~(3%a)) - (3*E"a*Sqrt[Pi]*Erfi[Sqrt[b]*x])/(32%b~(3/2)
) - (E"(3*a)*Sqrt[Pi/3]*Erfi[Sqrt[3]*Sqrt[bl*x])/(96*b~(3/2)) + (3*x*Sinh[a

+ b*x72])/(8*b) + (xxSinh[3*a + 3xbxx~2])/(24*b)

Rubi [A] time = 0.143131, antiderivative size = 160, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 5, integrand size = 14, number of rules

= 0.357, Rules used = {5341, 5325, 5298, 2204, 2205}

integrand size

3+/me "Erf (\/Ex) \/§€_3aErf (‘/5‘/595) 3+/re"Erfi (\/Ex) \/ge?’”Erﬁ (‘/5‘/595) 3xsinh (a + bxz) xsinh (3¢
+ - - + +
32b3/2 96b3/2 32b3/2 96b3/2 8b 24

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[a + b*x"2]73,x]

[Out] (3*Sqrt[Pil+*Erf [Sqrt[bl*x])/(32%b~(3/2)*E~a) + (Sqrt[Pi/3]*Erf[Sqrt[3]*Sqrt
[b]l*x])/(96%b~(3/2)*E~(3%a)) - (3*E~a*Sqrt[Pi]*Erfi[Sqrt[b]*x])/(32%b~(3/2)
) - (E"(3*a)*Sqrt[Pi/3]*Erfi[Sqrt[3]*Sqrt[bl*x])/(96*b~(3/2)) + (3*x*Sinh[a

+ b*x72])/(8%b) + (x*Sinh[3*a + 3*b*x~2])/(24xb)

Rule 5341

Int[((a_.) + Cosh[(c_.) + (d_)*x_)" (@ )I*xM_.))"(p)*((e_)*x(x))"(m_.),
x_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cosh[c + d*x"n])"p, x], x
1 /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rule 5325

Int[Cosh[(c_.) + (d_)*(x_)"(n )]*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[(e~
(n - 1)*(e*xx)"(m - n + 1)*Sinh[c + d*x"n])/(d*n), x] - Dist[(e"n*(m - n + 1
))/(d*n), Int[(e*x)"(m - n)*Sinh[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x]
&% IGtQ[n, 0] && LtQ[O, n, m + 1]

Rule 5298

Int[Sinh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E"(c + d*x"n)
, x]1, x] - Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Log[F]1), 211)/(2*d*Rt[-(b*Log[F1), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

fxz cosh® (u + bxz) dx = f (sz cosh (a + bxz) + ixz cosh (3a + 3bx2)) dx

= 31 fxz cosh (311 + 3bx2) dx + Z fo cosh (u + bxz) dx
_ Bxsinh (a + bxz) x sinh (3a + 3bx2) f sinh (3a + 3bx2) dx 3 f sinh (a + bxz) dx

+
8b 24b 24b 8b
3xsinh (a + bx?)  xsinh (3a + 3bx? -3a-30% g 34303 gy 3 [ gt g
esilforb) o 30) et [nta et
8b 24b 48b 48b 16b
3 \merf (\/Ex) 3_3u\/§ erf (‘/5\/53() 3e+/[merfi (\/Ex) 6’3”\/2 erfi (‘/3\/595) &
B 9632 T 96172 -

Mathematica [A] time = 0.302752, size = 184, normalized size = 1.15
27+/mt(cosh(a) — sinh(a))Erf (\/l;x) + V37 (cosh(3a) — sinh(3a))Exrf (\/5\/133() - 27+/m sinh(a)Erfi (\/Ex) —Brsin

Antiderivative was successfully verified.

[In] Integrate[x~2*Cosh[a + b*x72]73,x]

[Out] (-27*Sqrt[Pi]*Cosh[a]*Erfi[Sqrt[b]l*x] - Sqrt[3*Pi]*Cosh[3*a]l*Erfi[Sqrt[3]*S
qrt [bl*x] + 27*Sqrt[Pi]*Erf [Sqrt[b]l*x]*(Cosh[a] - Sinh[a]) - 27*Sqrt[Pi]*Er
fi[Sqrt[b]*x]*Sinh[a] + Sqrt[3*Pi]*Erf[Sqrt[3]*Sqrt[b]*x]*(Cosh[3*a] - Sinh
[3%al) - Sqrt[3*Pi]*Erfi[Sqrt[3]*Sqrt[b]*x]*Sinh[3*a] + 108*Sqrt [b]*x*Sinh[

a + b*x72] + 12#Sqrt[b]*x*Sinh[3*(a + bxx~2)])/(288%b~(3/2))

Maple [A] time = 0.065, size = 157, normalized size = 1.

—-30.,.,—3bx? -3a S —a 34.,.,3bx? 3a
VTV3 33 3e ™/ _3 2V,
¢ x ¢ m/_Erf(x\/g\/E)b ;28 X + 632 7TErf(x\/E)b 2 + ¢ xe _S 7TErf(\/:

480 " 288 16b 480b 9 b
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh(b*x"2+a)"3,x)

[Out] -1/48*exp(-3*a)/b*x*exp(-3*b*x~2)+1/288*exp(-3*a) /b~ (3/2)*P1i~(1/2)*37(1/2)*
erf (xx37(1/2)*b~(1/2))-3/16*exp(-a) /b*xx*exp(-bxx~2)+3/32xexp(-a) /b~ (3/2) *Pi
~(1/2) *erf (x*¥b~ (1/2) ) +1/48*exp (3*a) /b*xx*exp (3*b*x~2)-1/96%exp (3*a) /b*xPi~ (1/
2)/(=3%b) ~(1/2) *erf ((-3*b) ~(1/2) *x) +3/16*exp (a) *exp (b*x~2) *x/b-3/32*exp(a) /
bxPi~(1/2)/(-b)~(1/2)*erf ((-b) ~(1/2) *x)

Maxima [A] time = 1.72902, size = 219, normalized size = 1.37

\/§\/E erf (‘/5\/—_57“) B N \/§\/ﬁ erf (\/5‘/535) el30) N xe(3 b2+30) 3 xe(bx2+“) 3 xe(_bxz_“) xe(_3 b2-3a) .

288 Vb 288D Bb | 16b  16b 480D
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(b*x~2+a)~3,x, algorithm="maxima"

[Out] -1/288*sqrt(3)*sqrt(pi)*erf (sqrt(3)*sqrt(-b)*x)*e~(3*a)/(sqrt(-b)*b) + 1/28
8xsqrt (3) *sqrt (pi)*erf (sqrt (3) *sqrt(b)*x)*e”~(-3*a) /b~ (3/2) + 1/48*x*e” (3*bx*

x72 + 3%a)/b + 3/16%x*e” (b*x"2 + a)/b - 3/16*xx*e” (-b*x"2 - a)/b - 1/48*x*e”
(=3*b*x~2 - 3*a)/b + 3/32*sqrt(pi)*erf(sqrt(b)*x)*e”(-a)/b~(3/2) - 3/32*sqr

t (pi)*erf (sqrt(-b)*x)*e~a/(sqrt(-b)*b)

Fricas [B] time = 1.81757, size = 2429, normalized size = 15.18

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(b*x~2+a)”~3,x, algorithm="fricas")

[Out] 1/288*(6*xbxx*xcosh(b*x~2 + a)~6 + 36*b*x*cosh(b*x~2 + a)*sinh(b*x"2 + a)~5 +
6*xb*x*sinh(b*x~2 + a)~6 + 54xb*x*cosh(b*x™2 + a)~4 + 18*(5*b*x*cosh(b*x~2
+ a)”2 + 3*b*x)*sinh(b*x~2 + a)~4 - 54xbxx*cosh(b*x~2 + a)~2 + 24*x(5*b*x*co
sh(b*x”2 + a)~3 + 9*b*x*cosh(b*x"2 + a))*sinh(b*x~2 + a)~3 + sqrt(3)*sqrt(p
i)*(cosh(b*x~2 + a) " 3*cosh(3*a) + (cosh(3*a) + sinh(3*a))*sinh(b*x~2 + a)~3
+ cosh(b*x™2 + a)~3*sinh(3*a) + 3*(cosh(b*x™2 + a)*cosh(3*a) + cosh(b*x~2
+ a)*sinh(3*a))*sinh(b*x~2 + a)~2 + 3*(cosh(b*x"2 + a) 2*cosh(3*a) + cosh(b
*x"2 + a) 2*sinh(3*a))*sinh(b*x~2 + a))*sqrt(-b)*erf (sqrt(3)*sqrt(-b)*x) +
sqrt (3) *sqrt (pi) *(cosh(b*x~2 + a)~3*cosh(3*a) + (cosh(3*a) - sinh(3*a))*sin
h(b*x"2 + a)~3 - cosh(b*x"2 + a) 3*sinh(3*a) + 3*(cosh(b*x~2 + a)*cosh(3*a)
- cosh(b*x™2 + a)*sinh(3*a))*sinh(b*x”2 + a)~2 + 3x(cosh(b*x~2 + a) " 2*cosh
(3*a) - cosh(b*x"2 + a)” 2+sinh(3*a))*sinh(b*x~2 + a))x*sqrt(b)*erf (sqrt(3)*s
grt(b)*x) + 27*xsqrt(pi)*(cosh(b*x~2 + a)~3*cosh(a) + (cosh(a) + sinh(a))*si
nh(b*x"2 + a)~3 + cosh(b*x"™2 + a) " 3*sinh(a) + 3*(cosh(b*x"2 + a)*cosh(a) +
cosh(b*x~2 + a)*sinh(a))*sinh(b*x~2 + a)~2 + 3*x(cosh(b*x~2 + a) 2*cosh(a) +
cosh(b*x~2 + a)~2*sinh(a))*sinh(b*x~2 + a))*sqrt(-b)*erf (sqrt(-b)*x) + 27%
sqrt(pi)*(cosh(b*x~2 + a) 3*cosh(a) + (cosh(a) - sinh(a))*sinh(b*x"2 + a)~3
- cosh(b*x™2 + a)~3*sinh(a) + 3*(cosh(b*x”"2 + a)*cosh(a) - cosh(b*x"2 + a)
*sinh(a))*sinh(b*x"2 + a)~2 + 3*(cosh(b*x"2 + a) " 2*cosh(a) - cosh(b*x"2 + a
)"2xsinh(a))*sinh(b*x~2 + a))*sqrt(b)*erf (sqrt(b)*x) + 18%(5*xbxx*cosh(b*x"2
+ a)~4 + 18*b*xxcosh(b*x”2 + a)~2 - 3*bxx)*sinh(b*x~2 + a)~2 - 6xb*xx + 36%
(b*x*cosh(b*x™2 + a)~5 + 6*xbxx*xcosh(b*x~2 + a)~3 - 3*b*x*xcosh(b*x~2 + a))*s
inh(b*x72 + a))/(b"2*cosh(b*x"2 + a)~3 + 3*b~2*cosh(b*x™2 + a) 2*sinh(b*x~2

+ a) + 3*xb"2xcosh(b*x”2 + a)*sinh(b*x"2 + a)~2 + b~ 2*sinh(b*x"2 + a)~3)

Sympy [F] time = 0., size = 0, normalized size = 0.
f x2 cosh® (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(b*x**2+a)**3,x)

[Out] Integral(x**2*cosh(a + bxx**2)**3, x)
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Giac [A] time = 1.26556, size = 224, normalized size = 1.4

\/éﬁ erf (_\/5\/__173() (39 \/gﬁ erf (—\/5\/53() o(=32) xe(3 b2 +3 a) 3 xe(bx2+a) 3 xe(—bxz—a) xe(—S bx%-3 u)
_ + _ _ _

288 V/bb - i8b 160 16b 18b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(b*x~2+a)~3,x, algorithm="giac")

[Out] 1/288*sqrt(3)*sqrt(pi)*erf (-sqrt(3)*sqrt(-b)*x)*e”~(3*a)/(sqrt(-b)*b) - 1/28
8*xsqrt (3) *sqrt (pi)*erf (-sqrt (3)*sqrt(b) *x)*e~(-3%a) /b~ (3/2) + 1/48*x*e” (3*b
*x"2 + 3%a)/b + 3/16%x*e” (b*x"2 + a)/b - 3/16*x*e” (~b*x~2 - a)/b - 1/48x*x*e
~(=3*%b*xx"2 - 3%a)/b - 3/32xsqrt(pi)*erf (-sqrt(b)*x)*e~(-a)/b~(3/2) + 3/32%s

grt(pi)*erf (-sqrt(-b)*x)*e~a/(sqrt(-b)*b)
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3.17 f x cosh® (a + bxz) dx

Optimal. Leaf size=33

sinh® (a + bxz) sinh (a + bxz)
60 T

[Out] Sinh[a + b*x~2]/(2%b) + Sinh[a + b*x~2]~3/(6%*b)

Rubi [A] time = 0.0303845, antiderivative size = 33, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 12, e o e

0.167, Rules used = {5321, 2633}

integrand size

sinh® (a + bxz) sinh (a + bxz)
60 T

Antiderivative was successfully verified.

[In] Int[x*Cosh[a + b*x~2]"3,x]
[Out] Sinh[a + b*x72]/(2%b) + Sinh[a + b*x~2]~3/(6%b)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*x])
“p, xJ, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x72)"((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
& IGtQ[(n - 1)/2, 0]

Rubi steps

1
fx cosh® (a + bxz) dx = > Subst (f cosh’(a + bx) dx, x, xz)

i Subst (f (1 - xz) dx, x, —isinh (a + bxz))
2b
sinh (a + bxz) sinh® (a + bxz)

- 2b * 6b

Mathematica [A] time = 0.0084844, size = 33, normalized size = 1.

sinh® (a + bxz) sinh (a + bxz)
60 T

Antiderivative was successfully verified.

[In] Integrate[x*Coshl[a + b*xx"2]73,x]
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[Out] Sinh[a + b*x~2]/(2%b) + Sinh[a + b*x"2]"3/(6%b)

Maple [A] time = 0.008, size = 28, normalized size = 0.9

sinh (5% + a) [; . (cosh (022 + a))z]

2b 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(b*x~2+a)~3,x)

[Out] 1/2/b%(2/3+1/3*cosh(b*x"2+a) ~2)*sinh(b*x~2+a)

Maxima [B] time = 1.14262, size = 84, normalized size = 2.55

6(3 bx2+3 a) 3 e(bx2+a) 3 e(—bxz—u) e(—3 bx2-3 u)

18b 166 166 480

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x"2+a)”~3,x, algorithm="maxima")

[Out] 1/48%e”(3*b*x"2 + 3*a)/b + 3/16*%e” (b*x"2 + a)/b - 3/16xe”(-b*x"2 - a)/b - 1
/48%e” (-3xb*x~2 - 3*a)/b

Fricas [A] time = 1.69988, size = 97, normalized size = 2.94

sinh (bx2 + a)3 +3 (cosh (bx2 + a)2 + 3) sinh (bx2 + a)
24 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x~2+a)~3,x, algorithm="fricas")

[Out] 1/24*(sinh(b*x"2 + a)~3 + 3*(cosh(b*x"2 + a)~2 + 3)*sinh(b*x"2 + a))/b

Sympy [A] time = 1.02579, size = 44, normalized size = 1.33
_sinh3 (u+bx2) + sinh (a+bx2) cosh? (u+bx2) forb +0
X COSZ . otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x**2+a)**3,x)

[Out] Piecewise((-sinh(a + b*x**2)*%x3/(3%b) + sinh(a + b*xx**2)*cosh(a + bkxx**2)*x*

2/(2%b), Ne(b, 0)), (x**x2xcosh(a)**x3/2, True))
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Giac [A] time = 1.32362, size = 76, normalized size = 2.3

(9 8(2 bx2+2 11) + 1)6(_3 bx2-3 a) _ 6(3 bx2+3 a) -9 e(bx2+a)

480

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x~2+a)~3,x, algorithm="giac")

[Out] -1/48%((9%e” (2*%b*x"2 + 2%a) + 1)*e”(-3*%b*x"2 - 3%a) - e " (3*b*x"2 + 3*a) - 9
*e” (b*x"2 + a))/b
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3.18 f cosh® (a + bxz) dx

Optimal. Leaf size=125

Sﬁe‘”Erf(\/Ex) \/ge‘3“Erf(\/§\/Ex) 3+/re"Erfi (\/Ex) \/geS“Erﬁ (\/5\/53()
16Vb ' 16vb ’ 16Vb ’ 16V

[Out] (3*Sqrt[Pi]+*Erf [Sqrt[b]*x])/(16%Sqrt[b]*E~a) + (Sqrt[Pi/3]*Erf [Sqrt[3]*Sqrt
[b]*x])/(16%Sqrt [b]*E~(3*a)) + (3*E~axSqrt[Pi]*Erfi[Sqrt[b]*x])/(16%Sqrt [b]
) + (E™(3*%a)*Sqrt [Pi/3]*Erfi[Sqrt [3]*Sqrt [b]l*x])/(16%Sqrt [b])

Rubi [A] time = 0.0721991, antiderivative size = 125, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 8, number of rules used = 4, integrand size = 10, e o e

= 0.4, Rules used = {5301, 5299, 2204, 2205}

3yme "Bt (Vbx) 5o Ert (VB Ex) | SVRE (vbr) 57 Exfi (V3Vbx)

16Vb 16Vb 16Vb 16Vb

integrand size

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x~2]"3,x]

[Out] (3*Sqrt[Pi]+*Erf [Sqrt[b]*x])/(16%Sqrt[b]*E~a) + (Sqrt[Pi/3]*Erf [Sqrt[3]*Sqrt
[b]*x])/(16%Sqrt [b]*E~(3*a)) + (3*E~a*Sqrt[Pi]*Erfi[Sqrt[b]*x])/(16%Sqrt [b]
) + (E™(3*%a)*Sqrt [Pi/3]*Erfi[Sqrt [3]*Sqrt [b]l*x])/(16%Sqrt [b])

Rule 5301

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)"(m )]*x(M_.))"(p_), x_Symbol] :> Int[Ex
pandTrigReduce[(a + bxCosh[c + d*x"n])~p, x], x] /; FreeQ[{a, b, c, d}, x]
&& 16tQ[n, 11 && IGtQlp, 1]

Rule 5299

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, x], x] + Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F )~ ((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erfi[(c + d*x)*Rt[bxLog[F], 2]1])/(2*d*Rt[b*Logl[F], 2]), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F )~ ((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]1)/(2xd*Rt[-(b*LoglFl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps
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fcosh3 (a + bxz) dx = f (Z cosh (a + bxz) + 411 cosh (3a + bez)) dx

= 31 fcosh (3a + 3bx2) dx + chosh (a + bxz) dx

— %fe—?)a—?:bxz dx + % fe3a+3bx2 dx + g fe—u—bxz dx + g fea+bx2 dx

_ 3e‘”ﬁerf(\/5x) 6_3”\/§erf(\/§\/zx) 3e*+/rerfi (\/Ex) 63“\/§erﬁ (‘/5‘/535)
T e 16vb T e 16vb

Mathematica [A] time = 0.120616, size = 136, normalized size = 1.09

\E (3V3(cosh(a) - sinh(a))Exf (Vbx) + (cosh(3a) - sinh(3a))Exf (V3Vbx) + 3v3 sinh(a)Exfi (Vbx) + sinh(3a)Exrfi (
16vb

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x~2]73,x]

[Out] (Sqrt[Pi/3]x*(3*Sqrt[3]*Cosh[a]*Erfi[Sqrt[b]*x] + Cosh[3*al]*Erfi[Sqrt[3]*Sqr
t[b]l*x] + 3*Sqrt[3]*Erf[Sqrt[b]*x]*(Cosh[a] - Sinh[a]) + 3*Sqrt[3]*Erfi[Sqr
t[b]*x]*Sinh[a] + Erf[Sqrt[3]*Sqrt[b]*x]*(Cosh[3*a] - Sinh[3*a]) + Erfi[Sqr

t [3]*Sqrt [b] *x]*Sinh[3*a]))/(16*Sqrt [b])

Maple [A] time = 0.04, size = 86, normalized size = 0.7

)y ) ) g ()

0

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x"2+a)~3,x)

[Out] 1/48xexp(-3*a)*Pi~(1/2)*37(1/2)/b~(1/2)*erf (x*37(1/2)*b~(1/2))+3/16xerf (x*b
~(1/2))*Pi~(1/2) xexp(-a) /b~ (1/2)+1/16%exp(3*a) *Pi~(1/2) / (=3*b) " (1/2) xerf ((-
3*b) " (1/2)*x) +3/16xexp(a) *Pi~(1/2) / (-b) = (1/2) xerf ((-b) ~(1/2)*x)

Maxima [A] time = 1.671, size = 123, normalized size = 0.98

V3 erf (\/5\/—_bx) e®?  \Bymerf (\@\/Ex) e39 3 \/merf (\/Ex) e 3y[merf (\/—_bx) e
48V-b T 48 b T 16 Vb ’ 16 V-b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x"2+a)~3,x, algorithm="maxima")

[Out] 1/48xsqrt(3)*sqrt(pi)*erf (sqrt(3)*sqrt(-b)*x)*e~(3*a)/sqrt(-b) + 1/48*sqrt(
3)*sqrt (pi)*erf (sqrt (3)*sqrt(b) *x) *e~ (-3*a)/sqrt(b) + 3/16*sqrt(pi)*erf (sqr
t(b)*x)*e” (-a)/sqrt(b) + 3/16*sqrt(pi)*erf (sqrt(-b)*x)*e”a/sqrt(-b)
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Fricas [A] time = 1.82555, size = 369, normalized size = 2.95

V3+y/mV-b(cosh (3 a) + sinh (3 a)) erf (\/5\/—_bx) — V3+/mVb(cosh (3 a) — sinh (3 a)) erf (\/5\/59() + 9 y/mV=b(cos

480

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~3,x, algorithm="fricas")

[Out] -1/48%(sqrt(3)*sqrt(pi)*sqrt(-b)*(cosh(3*a) + sinh(3*a))*erf (sqrt(3)*sqrt(-
b)*x) - sqrt(3)*sqrt(pi)*sqrt(b)*(cosh(3*a) - sinh(3*a))*erf(sqrt(3)*sqrt(b

)*x) + 9*sqrt(pi)*sqrt(-b)*(cosh(a) + sinh(a))*erf(sqrt(-b)*x) - 9*sqrt(pi)

*xsqrt (b)*(cosh(a) - sinh(a))*erf (sqrt(b)*x))/b

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh® (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x**2+a)**3,x)

[Out] Integral(cosh(a + b*x**2)*x3, x)

Giac [A] time = 1.24172, size = 128, normalized size = 1.02

V3/merf (—\/5\/—_bx) 3D \fBy[merf (—\/gx/gx) e 3/merf (—\/Ex) e 3y[merf (—\/—_bx) e
B 48V b ) 48Vb ) 16 Vb B 16 V—b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~3,x, algorithm="giac")

[Out] -1/48*sqrt(3)*sqrt(pi)*erf (-sqrt(3)*sqrt(-b)*x)*e”~(3*a)/sqrt(-b) - 1/48*sqr
t (3)*sqrt (pi)*erf (-sqrt(3) *sqrt (b) *x)*e” (-3*a)/sqrt(b) - 3/16%sqrt(pi)*erf(
-sqrt(b) *x)*e~(-a)/sqrt(b) - 3/16%sqrt(pi)*erf (-sqrt(-b)*x)*e~a/sqrt(-b)
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COS3ﬂ x2
310 [,

X

Optimal. Leaf size=55
3 cosh(a)Chi (bxz) + 1 cosh(3a)Chi (Bbxz) + §sinh(a)Shi (bxz) + 1 sinh(3a)Shi (bez)
8 8 8 8

[Out] (3*Cosh[a]*CoshIntegral [b*x~2])/8 + (Cosh[3*a]*CoshIntegral [3*xb*xx~2])/8 + (
3*3inh[a]*SinhIntegral [bxx~2])/8 + (Sinh[3*a]*SinhIntegral [3*b*x~2])/8

Rubi [A] time = 0.0942874, antiderivative size = 55, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 4, integrand size = 14, e -

integrand size
0.286, Rules used = {5341, 5319, 5317, 5316}

g cosh(a)Chi (bxz) + % cosh(3a)Chi (Bbxz) + gsinh(a)Shi (bxz) + é sinh(3a)Shi (3bx2)

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x"2]73/x,x]

[Out] (3*Cosh[a]*CoshIntegral[b*x~2])/8 + (Cosh[3*a]*CoshIntegral [3*b*x~2])/8 + (
3*Sinh[a]*SinhIntegral [b*x~2])/8 + (Sinh[3*a]l*SinhIntegral [3xb*x~2])/8

Rule 5341

Int[((a_.) + Cosh[(c_.) + (d_)*&x )" (@ )]*x(M_.))"(p)*((e_)*(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cosh[c + d*x"n])"p, x], x
1 /; FreeQ[{a, b, ¢, 4, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rule 5319

Int[Cosh[(c_) + (d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Dist[Cosh[c], Int[Cosh[
d*x"n]/x, x], x] + Dist[Sinh[c], Int[Sinh[d*x"n]/x, x], x] /; FreeQl{c, d,
n}, x]

Rule 5317

Int[Cosh[(d_.)*(x_ )" (n_)]/(x_), x_Symbol] :> Simp[CoshIntegral[d*x"n]/n, x]
/; FreeQ[{d, n}, x]

Rule 5316
Int[Sinh[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[SinhIntegral[d*x"n]/n, x]

/; FreeQ[{d, n}, x]

Rubi steps
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+
X 4x 4x

f cosh® (a + bxz) ; f [3 cosh (a + bxz) cosh (Ba + 3bx2)) ;
— Jix = x

dx

fCOSh (3a+3bx ) P fCOSh (a + bx )
4 X 4
(

osh (bx?)

X

cosh 3bx ) sinh bx )

= —(3 cosh(a)) f dx + 1 COSh(3LZ) f dx + (3 smh(a)) f

= gcosh(a)Chi (bx2) + :—Scosh(&z)Chi (3bx2) + S sinh(a)Shi (bx?) + S sinh(Sa)Shi (3bx )

Mathematica [A] time = 0.0333854, size = 49, normalized size = 0.89

(3 cosh(a)Chi (bxz) + cosh(3a)Chi (Bbxz) + 3sinh(a)Shi (bxz) + sinh(34)Shi (Bbxz))

x| =

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x~2]73/x,x]

[Out] (3*Cosh[a]*CoshIntegral [b*x~2] + Cosh[3*a]*CoshIntegral [3xb*x~2] + 3*Sinh[a
1*SinhIntegral [b*x~2] + Sinh[3*a]*SinhIntegral [3*bxx~2])/8

Maple [A] time = 0.052, size = 55, normalized size = 1.

e‘3”Ei(1,3bx2) Se‘”Ei(l,be) e3”Ei(1,—3bx2) Se“Ei(l,—bxz)

16 - 16 16 16

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x"2+a)”~3/x,x)

[Out] -1/16%exp(-3%a)*Ei(1,3%b*xx"2)-3/16%exp(-a)*Ei(1,b*x"2)-1/16*exp(3*a)*Ei(1,-
3xb*x72)-3/16*exp(a)*Ei (1,-b*x"2)

Maxima [A] time = 1.31971, size = 68, normalized size = 1.24

11_6 Ei (3 bxz) eBa) 4 % Ei (—bxz) e 4+ 11_6 Ei (—3 bxz) el3a) 4 % Ei (bxz) e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~3/x,x, algorithm="maxima")

[Out] 1/16%Ei(3*bxx"2)*e~(3%a) + 3/16*Ei(-b*x"2)*xe"(-a) + 1/16*Ei(-3*b*xx"2)*e” (-3
*a) + 3/16*Ei(b*x"2)*e"a

Fricas [A] time = 1.66289, size = 231, normalized size = 4.2

1, . 3 /. . 1. . .
T (El (3 bxz) + Ei (—3 bxz)) cosh (3a) + % (El (bxz) + Ei (—bxz)) cosh (a) + = (E1 (3 bxz) - Ei (—3 bxz)) sinh (3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~3/x,x, algorithm="fricas")

[Out] 1/16%(Ei(3%b*x"2) + Ei(-3%b*x"2))*cosh(3*a) + 3/16%(Ei(b*x~2) + Ei(-b*x"2))
xcosh(a) + 1/16*%(Ei(3*b*xx"2) - Ei(-3%b*x"2))*sinh(3*a) + 3/16*%(Ei(b*x"2) -
Ei(-b*x~2))*sinh(a)

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh® (a + bxz)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x**2+a)**3/x,x)

[Out] Integral(cosh(a + b*x**2)**3/x, x)

Giac [A] time = 1.27431, size = 68, normalized size = 1.24

16 Ei (3 bxz) e + % Ei (—bxz) et + 1l6 Ei (—3 bxz) e3 + % Ei (bxz) e
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(b*x"2+a)~3/x,x, algorithm="giac")

[Out] 1/16%Ei(3*b*xx~2)*e~(3%a) + 3/16*Ei(-b*x"2)*e"(-a) + 1/16*Ei(-3*b*xx"2)*e” (-3
*a) + 3/16%Ei(b*x"2)*e"a
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COS3ﬂ x2
320 [,

x2

Optimal. Leaf size=136

cosh® (a

—gﬁe‘”\/EErf (\/Ex) - %\/?;6‘3“\/5Erf (@\/Ex) + gx/%e"\/EErﬁ (\/Ex) + % 3re3*VbErf (x/E\/Ex) -

[Out] -(Cosh[a + b*x~2]73/x) - (3*Sqrt[b]l*Sqrt[Pi]*Erf [Sqrt[b]*x])/(8*E"a) - (Sqr
t [b] *Sqrt [3*Pi]*Erf [Sqrt [3] *Sqrt [b]l*x])/(8*E~(3*a)) + (3*Sqrt[b]*E~a*Sqrt [P
i]*Erfi[Sqrt[b]l*x])/8 + (Sqrt[b]*E~(3*a)*Sqrt [3*Pi]*Erfi[Sqrt [3]*Sqrt [b]*x]

)/8

Rubi [A] time = 0.113539, antiderivative size = 136, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 5, integrand size = 14, e .

integrand size
0.357, Rules used = {5331, 5618, 5298, 2204, 2205}

cosh® (a

—gﬁe‘“\/gErf (\/Ex) - %\/3_716‘3”\/5Erf (\/gx/zx) + gﬁea\/EErﬁ (\/Ex) + % 3ne3*VbErf (\/Ex/gx) —

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x~2]"3/x"2,x]

[Out] -(Cosh[a + b*x~2]73/x) - (3*Sqrt[b]l*Sqrt[Pi]*Erf [Sqrt[b]l*x])/(8*E~a) - (Sqr
t [b] *Sqrt [3*xPi]*Erf [Sqrt [3] *Sqrt [b]*x])/(8*E~(3*a)) + (3*Sqrt[b]*E~a*Sqrt[P
i]*Erfi[Sqrt[b]*x])/8 + (Sqrt[b]l*E~(3*a)*Sqrt [3*Pi]*Erfi[Sqrt [3]*Sqrt [b] *x]

)/8

Rule 5331

Int[Cosh[(a_.) + (b_)*(x_)"(n )] (p)*(x_)"(m_.), x_Symbol] :> -Simp[Coshl[
a + bxx"n] p/((n - 1)*x"(n - 1)), x] + Dist[(b*n*p)/(n - 1), Int[Cosh[a + b
*x"n] " (p - 1)*Sinh[a + b*x"n], x], x] /; FreeQ[{a, b}, x] && IntegersQ[n, p
] &% EqQm + n, 0] &% GtQlp, 1] && NeQ[n, 1]

Rule 5618

Int[Cosh[w_]~(q_.)*Sinh[v_]~(p_.), x_Symbol] :> Int[ExpandTrigReduce[Sinhl[v
17p*Cosh[w]~q, x], x] /; IGtQ[p, 0] && IGtQ[lq, 0] &% ((PolynomialQ[v, x] &&

PolynomialQ[w, x]) || (BinomialQ[{v, w}, x] && IndependentQ[Cancel([v/w], x
1)

Rule 5298

Int[Sinh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, x], x] - Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]l*Erfi[(c + d*x)*Rt[b*Logl[F], 2]11)/(2*d*Rt[bxLogl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Log[F]1), 211)/(2*d*Rt[-(b*Log[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

3 ’ 3 2
f M dx = _M + (6b) fcosh2 (a + bxz) sinh (a + bxz) dx
X X

3 2
- _M + (6b) f (}1 sinh (u + bxz) + 411 sinh (311 + 3bx2)) dx

cosh® (a + bxz) 1 1
=+ §(3b) fsinh (a + bxz) dx + 5(3b) fsinh (3a + 3bx2) dx
cosh’ (a +bx?) 1 1 1 1
_ _cosifaxbe) ~(3b) f (30302 gy _ _(3p) f 102 4y 4 —(3b) f 02 gy + —(3b) f e
X 4 4 4 4
cosh® (a + bxz) 3 1 3
D é\/ge‘”\/%erf(\/gx) - g\/ze“”\/?;erf(\/g\/gx) + g\/ge“\/Eerﬁ (\/Ex) :

Mathematica [A] time = 0.354669, size = 204, normalized size = 1.5

3ynVbx(sinh(a) — cosh(a))Erf (\/Ex) + V3rVbx(sinh(3a) — cosh(3a))Erf (\@\/Ex) + 3y/mVbx sinh(a)Erfi (\/Ex) + 1

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x~2]73/x72,x]

[Out] (-6*Cosh[a + b*x72] - 2*Cosh[3*(a + b*x"2)] + 3*Sqrt[b]*Sqrt[Pi]*x*Cosh[a]*
Erfi[Sqrt[b]l*x] + Sqrt[b]l*Sqrt[3*Pi]*x*Cosh[3*a]*Erfi[Sqrt[3]*Sqrt[b]l*x] +

3xSqrt [b] *Sqrt [Pi]*x*Erfi [Sqrt [b]*x]*Sinh[a] + 3*Sqrt[b]*Sqrt[Pi]*x*Erf [Sqr

t [b]*x]*(-Cosh[al] + Sinh[a]) + Sqrt[b]l*Sqrt[3*Pil*x*Erfi[Sqrt[3]*Sqrt [b]*x]
xSinh[3*a] + Sqrt[b]*Sqrt[3*Pi]*x*Erf [Sqrt[3]*Sqrt[b]*x]*(-Cosh[3*a] + Sinh
[3*a]))/(8*x)

Maple [A] time = 0.06, size = 149, normalized size = 1.1

3a,3bx2

—a 3a
- 368\/%\/5Erf(x\/5)— S + 3¢ b\/EErf( —3bx)-

8x 8

—-34,-3bx? -3a —a ,—bx?
R i)

8x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x"2+a)~3/x"2,x)

[Out] -1/8%exp(-3*a)/x*exp(-3*b*x"2)-1/8*exp(-3*a)*b~(1/2)*Pi”(1/2)*3" (1/2)*erf (x
*3~(1/2)*b"~ (1/2))-3/8%exp(-a) /x*exp (-b*x~2)-3/8*exp(-a)*b~ (1/2) ¥Pi~ (1/2) *xer

£ (x*b"(1/2)) ~1/8xexp(3%a) /x*exp (3*bxx"2) +3/8%exp (3*a) ¥b*Pi” (1/2) / (-3%b) ~ (1/

2) *erf ((-3xb) ~ (1/2) *x)-3/8*exp (a) xexp (b*x~2) /x+3/8*exp (a) ¥b*Pi~ (1/2) / (-b) ~(
1/2)xerf ((-b)~(1/2)*x)
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Maxima [A] time = 1.35232, size = 138, normalized size = 1.01

\V3Vbx2e(39T (—%, 3 bxz) \V3V-bx2eGOT (—%, -3 bx2) 3 Vbx2e-0T (—%, bxz) 3 V-bx2e"'T (—%, —bxz)

16 x 16 x 16 x 16 x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x"2+a)~3/x72,x, algorithm="maxima")

[Out] -1/16%sqrt(3)*sqrt(b*x”2)*e”(-3*a)*gamma(-1/2, 3*b*x72)/x - 1/16%sqrt(3)*sq
rt (-b*x~2) *e” (3*a)*gamma (-1/2, -3*b*x~2)/x - 3/16*sqrt(b*x~2)*e” (-a)*gamma (
-1/2, bxx"2)/x - 3/16*sqrt(-bxx~2)*e a*gamma(-1/2, -b*x~2)/x

Fricas [B] time = 1.80011, size = 2395, normalized size = 17.61

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~3/x"2,x, algorithm="fricas")

[Out] -1/8*(cosh(b*x"2 + a)~6 + 6*cosh(b*x”2 + a)*sinh(b*x"2 + a)~5 + sinh(b*x"2
+ a)”6 + 3x(5xcosh(b*x"2 + a)~2 + 1)*sinh(b*x"2 + a)~4 + 3*cosh(b*x"2 + a)~
4 + 4x(5xcosh(b*x"2 + a)~3 + 3*cosh(b*x”2 + a))*sinh(b*x"2 + a)~3 + sqrt(3)
xsqrt (pi) * (x*cosh(b*x”2 + a)~3*cosh(3*a) + x*cosh(b*x~2 + a)~3*sinh(3xa) +
(x*cosh(3*a) + x*sinh(3*a))*sinh(b*x"2 + a)~3 + 3*(x*cosh(b*x"2 + a)*cosh(3
*a) + x*cosh(b*x”2 + a)*sinh(3*a))*sinh(b*x™2 + a)~2 + 3*x(x*cosh(b*x"2 + a)
~2*xcosh(3*a) + x*cosh(b*x~2 + a) 2+sinh(3*a))*sinh(b*x~2 + a))*sqrt(-b)xerf
(sqrt(3)*sqrt(-b)*x) + sqrt(3)*sqrt(pi)*(x*xcosh(b*x~2 + a) 3*cosh(3*a) - x*
cosh(b*x~2 + a) 3*sinh(3*a) + (x*cosh(3*a) - x*sinh(3*a))*sinh(b*x~2 + a)~3
+ 3*(x*cosh(b*x~2 + a)*cosh(3*a) - x*cosh(b*x~2 + a)*sinh(3%*a))*sinh(b*x"2
+ a)”2 + 3x(x*cosh(b*x™2 + a) 2*cosh(3*a) - x*cosh(b*x~2 + a) 2*sinh(3*a))
xsinh (b*x~2 + a))x*sqrt(b)*erf (sqrt(3)*sqrt(b)*x) + 3*sqrt(pi)*(x*cosh(b*x~2
+ a) 3*cosh(a) + x*cosh(b*x~2 + a) 3*sinh(a) + (x*cosh(a) + x*sinh(a))*sin
h(b*x"2 + a)~3 + 3*(x*cosh(b*x"2 + a)*cosh(a) + x*cosh(b*x™2 + a)*sinh(a))*
sinh(b*x"2 + a)~2 + 3*x(x*cosh(b*x~2 + a) 2*cosh(a) + x*cosh(b*x~2 + a) 2*si
nh(a))*sinh(b*x"2 + a))*sqrt(-b)*erf(sqrt(-b)*x) + 3*sqrt(pi)*(x*cosh(b*x"2
+ a)~3*cosh(a) - x*cosh(b*x~2 + a) 3*sinh(a) + (x*cosh(a) - x*sinh(a))*sin
h(b*x"2 + a)~3 + 3*(x*cosh(b*x~2 + a)*cosh(a) - x*cosh(b*x~2 + a)*sinh(a))*
sinh(b*x"2 + a)~2 + 3*(x*xcosh(b*x~2 + a) 2*cosh(a) - x*cosh(b*x~2 + a) 2*si
nh(a))*sinh(b*x~2 + a))*sqrt(b)*erf(sqrt(b)*x) + 3*(5*cosh(b*x"2 + a)~™4 + 6
*cosh(b*x™2 + a)”2 + 1)*sinh(b*x"2 + a)~2 + 3*cosh(b*x"2 + a)~2 + 6*(cosh(b
*x72 + a)”b + 2*xcosh(b*x"2 + a)~3 + cosh(b*x™2 + a))*sinh(b*x~2 + a) + 1)/(
x*cosh(b*x"2 + a)~3 + 3*x*cosh(b*x™2 + a) 2*sinh(b*x~2 + a) + 3*x*cosh(b*x~
2 + a)*sinh(b*x”"2 + a)~2 + x*sinh(b*x"2 + a)~3)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f cosh® (a + bxz)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x**2+a)**3/x**2,x)



[Out] Integral(cosh(a + b*x**2)**3/x**2, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

3
f cosh (l;a;z + a) i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~3/x72,x, algorithm="giac")

[Out] integrate(cosh(b*x"2 + a)~3/x72, x)
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COS3ﬂ x2
391 [,

x3
Optimal. Leaf size=91
3 cosh (a + bxz)

3 . ) 3 ) 3 . 3 .
gbsinh(a)Chi (bx?) + < bsinh(3a)Chi (3b22) + <D cosh(@)Shi (bx?) + 5P cosh(3a)Shi (3b22) - o7 -

[Out] (-3*Cosh[a + bxx~2])/(8*x72) - Cosh[3*(a + b*x"2)]/(8%x72) + (3*b*CoshInteg
ral [bxx~2]*Sinh[a])/8 + (3*b*CoshIntegral [3*bxx~2]*Sinh[3*a])/8 + (3xb*Cosh
[a]l*SinhIntegral [bxx~2])/8 + (3*b*Cosh[3*al*SinhIntegral [3*b*x~2])/8

Rubi [A] time = 0.218949, antiderivative size = 91, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 6, integrand size = 14, number of rules

= 0.429, Rules used = {56341, 5321, 3297, 3303, 3298, 3301}

integrand size

2
gb sinh(a)Chi (bxz) + gb sinh(3a)Chi (Bbxz) + gb cosh(a)Shi (bxz) + gb cosh(3a)Shi (Bbxz) 3 COShS(;:: o ) —

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x~2]"3/x"3,x]

[Out] (-3*Cosh[a + b*xx"2])/(8%*x72) - Cosh[3*(a + b*x"2)]/(8%x72) + (3*b*Coshlnteg
ral [b*x~2]*Sinh[a])/8 + (3*b*CoshIntegral [3xb*x~2]*Sinh[3*a])/8 + (3*b*Cosh
[a]*SinhIntegral [b*x~2])/8 + (3*b*Cosh[3*a]l*SinhIntegral [3*xbxx~2])/8

Rule 5341

Int[((a_.) + Cosh[(c_.) + (d_)*x_)" (@ )I*(M_.))"(p)*((e_)*x(x D))" (m_.),
x_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cosh[c + d*x"n])"p, x], x
1 /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[p, 1] && IGtQ[n, 0]

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQIm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 3297

Int[((c_.) + (d_.)*(x_)) " (m_)*sinl(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x) " (m + 1)*Sin[e + fx*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int([(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3303

Int[sin[(e_.) + (f_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQl[{c, 4, e, £}, x] &&
NeQ[d*xe - cx*f, 0]

Rule 3298
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Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - cxfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(c*f*fz)/d + fxfzxx]/d, x] /; FreeQl{c, d, e, f, fz
}, x] &% EqQ[d*(e - Pi/2) - cxf*xfz*xI, 0]

Rubi steps

+
x3 4x3 43

f cosh® (a + bxz) ; f (3 cosh (a + bxz) cosh (Sa + 3bx2)) ;
— Jix= x

1 ¢ cosh (3a + 3bx? 3 cosh (a + bx?
-3 (xs )d“zf—(xs i

1 h b sh b
= — Subst f cosh(3a + 3bx) dx, x, x% | + 3 Subst f cosh(a + bx) dx, x, x?
8 x2 8 x2

3 cosh (a + bx? h (3 (a + bx? inh(a +b
_ COS 8(.:2 X ) _ COS ( 8(;:2 X )) + é(3b) Subst (IW dx, X, xz) + %(317) Suk
h 2 h 2 '
= _3COS 8(;:2+ bx ) _ o8 (38(;; bx )) + %(3[9 cosh(a)) Subst (f sm};(bx) dx, x, xz) + %(319(
h 2 h z
_ _3COS 8(j2+ bx ) ~ COos (38(3?24' bx )) + gbChl (bxz) sinh(a) + gbChl (3bx2) sinh(3a) + gb

Mathematica [A] time = 0.0811908, size = 92, normalized size = 1.01

3bx? sinh(a)Chi (bxz) + 3bx? sinh(34)Chi (3bx2) + 3bx? cosh(a)Shi (bxz) + 3bx? cosh(3a)Shi (bez) —3cosh (a + bx?
8x2

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x~2]73/x73,x]

[Out] (-3*Cosh[a + b*x"2] - Cosh[3*(a + b*x72)] + 3*b*x~2*CoshIntegral [b*x~2]*Sin
h[a] + 3*b*x"2*CoshIntegral [3*b*x~2]*Sinh[3*a] + 3*b*x~2*Cosh[a]*SinhIntegr
al[b*x~2] + 3xb*x"2%Cosh[3*a]*SinhIntegral [3*b*x~2])/(8%x~2)

Maple [A] time = 0.052, size = 120, normalized size = 1.3

¢330 3eEI(1,3022) 3ete ™’ 3eEi(1bx?) 303’ 3e3bEi(1,-30x2) 3t 3el
1622 16 16 x2 16 16 x2 16 1622

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(b*x~2+a)~3/x"3,x)

[Out] -1/16%exp(-3*a)/x"2xexp(-3*b*x~2)+3/16*exp (-3*a)*b*Ei (1,3*b*x"2)-3/16%exp (-
a)/x"2xexp(-b*x~2)+3/16*exp(-a) *b*Ei (1,b*x"2)-1/16*exp(3*a) /x~2*exp (3*b*x~2
)—3/16%exp(3*a) *b*Ei (1, -3*b*x~2)-3/16*exp (a) *exp (b*x72) /x~2-3/16%*exp (a) *b*E
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i(1,-b*x"2)

Maxima [A] time = 1.33815, size = 78, normalized size = 0.86
~2 pet3r (-1,3bx2) - 2 pet-ar (-1, bx2) + 2 per (-1, -bx2) + 2 peor (-1,-3022)
16 ’ 16 ’ 16 ’ 16 ’
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~3/x73,x, algorithm="maxima")

[Out] -3/16%b*e”(-3%*a)*gamma(-1, 3*b*x~2) - 3/16%bxe” (-a)*gamma (-1, b*x~2) + 3/16
xb*e"axgamma (-1, -b*xx72) + 3/16*bxe”(3*a)*gamma (-1, -3*b*xx~2)

Fricas [B] time = 1.69295, size = 404, normalized size = 4.44

2 cosh (bx2 + a)3 + 6 cosh (bx2 + a) sinh (bx2 + a)z -3 (beEi (3 bxz) - bx*Ei (—3 bxz)) cosh (3a) -3 (beEi (bx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~3/x73,x, algorithm="fricas")

[Out] -1/16%(2*cosh(b*x"2 + a)~3 + 6*xcosh(b*x”2 + a)*sinh(b*x"2 + a)~2 - 3*x(b*xx"2
*Ei (3*%b*x72) - b*x"2*Ei(-3%b*x72))*cosh(3*a) - 3*(b*x"2*Ei(b*x"2) - b*x™~2*E
i(-b*x72))*cosh(a) - 3*x(b*x"2*Ei(3*b*x"2) + b*x"2*Ei(-3*b*x~2))*sinh(3*a) -

3% (bxx~2*Ei (b*x~2) + b*x"2xEi(-b*x~2))*sinh(a) + 6xcosh(b*x"2 + a))/x"2

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f cosh® (u + bxz)

x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x**2+a)**3/x**3,x)

[Out] Integral(cosh(a + b*x**2)**3/x**3, x)

Giac [B] time = 1.2537, size = 302, normalized size = 3.32

3 (bx2 + a)bZEi (3 bxz) e®d — 3 gh2Ei (3 bxz) eBa) _3 (bx2 + a)bZEi (—bxz) e + 3 ab2Ei (—bxz) g0 — 3 (bx2 + a)l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(b*x~2+a)~3/x73,x, algorithm="giac")

[Out] 1/16%(3*x(b*x"2 + a)*b " 2*Ei(3*%b*x"2)*e”~(3*a) - 3*axb"2*Ei(3*b*x"2)*e”(3*a) -
3k (b*x~2 + a)*b"2*Ei(-b*x"2)*e~(-a) + 3*axb"2*Ei(-b*x"2)*e”(-a) - 3*x(b*xx"2
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+ a)*b"2*xEi (-3%b*x"2)*e~ (-3*a) + 3*a*xb"2*xEi(-3%b*x"2)*e”(-3*%a) + 3*x(b*xx"2
+ a)*b"2*xEi(b*x"2)*e"a - 3*xaxb"2*Ei(b*x"2)*e"a - b 2xe” (3*%b*x"2 + 3%a) - 3%
b~ 2%e” (b*x"2 + a) - 3*%b"2%e”(-b*x"2 - a) - b72*%e" (-3%b*xx"2 - 3%a))/(b"2*%xx"2
)



93

3.22 f x cosh’ (a + bxz) dx

Optimal. Leaf size=67

7 . .5 .3 .
sinh (a + bxz) N 3sinh (a + bxz) . sinh (a + bxz) N sinh (a + bxz)
14b 100 2b 2b

[Out] Sinh[a + b*x~2]/(2%b) + Sinh[a + b*x~2]~3/(2%b) + (3*Sinh[a + b*x~2]"5)/(10
*b) + Sinh[a + b*x~2]77/(14%Db)

Rubi [A] time = 0.0436878, antiderivative size = 67, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 12, e e =

0.167, Rules used = {5321, 2633}

integrand size

- . .5 . 13 .
sinh (a + bxz) . 3sinh (u + bxz) . sinh (a + bxz) . sinh (a + bxz)
14b 10b 2b 2b

Antiderivative was successfully verified.

[In] Int[x*Cosh[a + b*x"2]"7,x]

[Out] Sinh[a + b*x~2]/(2%b) + Sinh[a + b*x~2]~3/(2%b) + (3%Sinh[a + b*x~2]"5)/(10
*b) + Sinh[a + b*xx~2]"7/(14xb)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*(M_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQIm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x72)"((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, O]

Rubi steps

1
f x cosh’ (a + bxz) dx = 5 Subst ( f cosh’(a + bx) dx, x, xz)

i Subst (f (1 —3x2 4+ 3x% - x6) dx, x,—isinh (a + bxz))
2b
sinh (a + bxz) sinh® (a + bxz) 3sinh’ (a + bxz) sinh’ (a + bxz)

= 2b * 2b * 100 * 140

Mathematica [A] time = 0.025998, size = 67, normalized size = 1.

sinh” (a + bxz) 3sinh’ (a + bxz) sinh® (a + bxz) sinh (a + bxz)
14 100 i 26 T

Antiderivative was successfully verified.
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[In] Integrate[x*Coshl[a + b*xx"2]77,x]

[Out] Sinh[a + b*x"2]/(2xb) + Sinh[a + b*x~2]~3/(2%b) + (3*Sinh[a + b*x~2]75)/(10
*b) + Sinhl[a + b*xx~2]"7/(14xb)

Maple [A] time = 0.055, size = 52, normalized size = 0.8

sinh (bx2 + a) 16 (cosh (bxz + a))6 6 (cosh (bx2 + a))4 8 (cosh (bx2 + a))2
2b 35 " 7 i 35 " 35

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(b*x~2+a)~7,x)

[Out] 1/2/b*x(16/35+1/7*cosh(b*x~2+a) ~6+6/35*cosh(b*x"~2+a) ~4+8/35*xcosh(b*x~2+a) ~2)
*sinh (b*x~2+a)

Maxima [B] time = 1.19697, size = 170, normalized size = 2.54

6(7 bx2+7 a) 7 6(5 bx2+5 u) 7 6(3 bx2+3 a) 35 e(bx2+u) 35 e(—bxz—u) 7 e(—3 bx2-3 u) 7 e(—5 bx2-5 u) e(—7 bx2-7 u)

17926 T 12806 256b 256b  256b 2566 12806 1792b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x~2+a)~7,x, algorithm="maxima"

[Out] 1/1792*%e” (7*b*x"2 + 7*a)/b + 7/1280*e” (5xb*x~2 + 5*a)/b + 7/256%e” (3*xb*x~2
+ 3*%a)/b + 35/256*%e" (b*x"2 + a)/b - 35/256*%e” (-b*x"2 - a)/b - 7/256xe” (-3%*b
*x72 - 3%a)/b - 7/1280%e” (-5*b*x"2 - 5*%a)/b - 1/1792xe” (-7*bxx"2 - 7*a)/b

Fricas [B] time = 1.87034, size = 329, normalized size = 4.91

5 sinh (bx2 + u)7 +7 (15 cosh (bx2 + a)z + 7) sinh (bx2 + a)5 + 35 (5 cosh (bx2 + 11)4 +14 cosh (bx2 + a)z + 7) sinh(
4480 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x~2+a)~7,x, algorithm="fricas")

[Out] 1/4480*(5*sinh(b*x~2 + a)~7 + 7*(15*cosh(b*x"2 + a)~2 + 7)*sinh(b*x"2 + a)~
5 + 35%(5*xcosh(b*x"2 + a)~4 + 14*cosh(b*x™2 + a)”2 + 7)*sinh(b*x"2 + a)~3 +
35%(cosh(b*x™2 + a)”~6 + 7Txcosh(b*x™2 + a)”4 + 21*cosh(b*x"2 + a)~2 + 35)*s
inh(b*x~2 + a))/b

Sympy [A] time = 12.1008, size = 94, normalized size = 1.4

_ 8 sinh75(;1+bx2) + 4sinh’ (a+bx25)bcosh2 (a+bx2) 3 sinh® (aerxZ)bcosh4 (a+bx2) N sinh (a+bx2)zcbosh6 (a+bx2) forb # 0

x% cosh’ (a)
2

otherwise
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x**2+a)**7,x)

[Out] Piecewise((-8*sinh(a + b*xx**x2)*x*x7/(35%b) + 4xsinh(a + b*x**2)*x5xcosh(a + b
*xx*%*%x2)*x*%2/(5%b) - sinh(a + b*x**x2)**x3*xcosh(a + b*x**2)**x4/b + sinh(a + b*xxx*
*2)*cosh(a + b*xxxx2)*xx6/(2*xb), Ne(b, 0)), (x**x2xcosh(a)**x7/2, True))

Giac [A] time = 1.30133, size = 146, normalized size = 2.18

(1225 e(6bx2+6a) + 245 e(4bx2+4a) +49 e(be2+2a) + 5)6(—7bx2—7a) _ 56(7bx2+7a) — 49 e(be2+5a) — 245 e(3bx2+3a) —129°

8960 b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(b*x~2+a)~7,x, algorithm="giac")

[Out] -1/8960%((1225%e” (6*b*xx"2 + 6%a) + 245%e” (4xb*x~2 + 4*a) + 49*%e” (2*%b*xx"2 +
2%a) + b)*xe” (-T*bxx~2 - T7*a) - b*xe” (7*b*xx~2 + T*a) - 49%e~ (5xb*x~2 + 5*a) -
245%e” (3*%b*x~2 + 3%a) - 1225%e”(b*x"2 + a))/b
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323  [x?cosh(x?) dx
Optimal. Leaf size=8

sinh (x3)
3

[Out] Sinh[x~3]/3

Rubi [A] time = 0.0114006, antiderivative size = 8, normalized size of antiderivative =
number of rules

1., number of steps used = 2, number of rules used = 2, integrand size = 8,
0.25, Rules used = {5321, 2637}

integrand size

sinh (x3)
3

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[x~3],x]
[Out] Sinh[x~3]/3

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*xM_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*xx])
“p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 2637
Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]
Rubi steps
1
f x2 cosh (x3) dx = 3 Subst ( f cosh(x) dx, x, x3)

sinh (x3)
=—

Mathematica [A] time = 0.0024136, size = 8, normalized size = 1.

sinh (x3)
3

Antiderivative was successfully verified.

[In] Integrate[x~2*Cosh([x73],x]

[Out] Sinh[x~3]/3
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Maple [A] time = 0.006, size = 7, normalized size = 0.9

sinh (x3)
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh(x"3),x)

[Out] 1/3*sinh(x"3)

Maxima [A] time = 1.11214, size = 8, normalized size = 1.

% sinh (x3 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(x”3),x, algorithm="maxima")

[Out] 1/3*sinh(x"3)

Fricas [A] time = 1.74606, size = 20, normalized size = 2.5

% sinh (x3 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(x73),x, algorithm="fricas")

[Out] 1/3*sinh(x"3)

Sympy [A] time = 0.333811, size = 5, normalized size = 0.62

sinh (x3)
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(x**3),x)

[Out] sinh(x**3)/3

Giac [B] time = 1.29961, size = 20, normalized size = 2.5



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(x73),x, algorithm="giac")

[Out] -1/6%e~(-x"3) + 1/6%e~(x"3)

98
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324 —65) dx

Optimal. Leaf size=8

[Out] -Sinh[x~(-5)]1/5

Rubi [A] time = 0.0120885, antiderivative size = 8, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 8, e

integrand size
0.25, Rules used = {5321, 2637}
1 1
—g sinh (E)

Antiderivative was successfully verified.

[In] Int[Cosh[x~(-5)]/x76,x]
[Out] -Sinh[x~(-5)1/5

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*xM_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQIm, n - 1] || (IntegerQlp] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 2637
Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;

FreeQ[{c, d}, x]

Rubi steps

cosh (%)

x 1 1
f % dx = - (5 Subst (f cosh(x) dx, x, F))

1 1
= —g sinh (F)

Mathematica [A] time = 0.0044277, size = 8, normalized size = 1.
1 1
—g sinh (F)

Antiderivative was successfully verified.

[In] Integrate[Cosh[x~(-5)]1/x76,x]



[Out] -Sinh[x~(-5)]/5
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Maple [A] time = 0.006, size = 7, normalized size = 0.9

sinh (x‘s)
5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(1/x75)/x76,x)

[Out] -1/5%sinh(1/x75)

Maxima [A] time = 1.14956, size = 8, normalized size = 1.
1 1

—g sinh (F)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/x75)/x76,x, algorithm="maxima")

[Out] -1/5%sinh(x”~(-5))

Fricas [A] time = 1.67049, size = 26, normalized size = 3.25
1 1
—5 sinh (F)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/x75)/x76,x, algorithm="fricas")

[Out] -1/5%sinh(x~(-5))

Sympy [A] time = 43.3938, size = 8, normalized size = 1.

sinh(}%)
—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/x**5)/x**6,x)

[Out] -sinh(x**(-5))/5
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Giac [B] time = 1.2444, size = 20, normalized size = 2.5

L)

10° " "10°
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/x75)/x76,x, algorithm="giac")

[Out] 1/10%e~(-1/x75) - 1/10*%e”(x~(-5))
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b
3.25 fcosh (a + —) dx
X
Optimal. Leaf size=33
. (b b b
—bsinh(a)Chi (—) — b cosh(a)Shi (—) + x cosh (a + —)
X X X

[Out] x*Cosh[a + b/x] - b*CoshIntegral[b/x]*Sinh[a] - b*Cosh[a]*SinhIntegral [b/x]

Rubi [A] time = 0.077914, antiderivative size = 33, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 8, e

integrand size
0.625, Rules used = {5303, 3297, 3303, 3298, 3301}

b b b
—bsinh(a)Chi (—) — b cosh(a)Shi (—) + x cosh (a + —)
X X X
Antiderivative was successfully verified.

[In] Int[Coshl[a + b/x],x]
[Out] x*Cosh[a + b/x] - bxCoshIntegral[b/x]*Sinh[a] - b*Cosh[a]*SinhIntegral [b/x]

Rule 5303

Int[((a_.) + Cosh[(c_.) + (d_)*x_)"(m )]*x(M_.))"(p_.), x_Symbol] :> -Subs
t[Int[(a + b*Cosh[c + d/x"nl)"p/x"2, x], x, 1/x] /; FreeQ[{a, b, c, d}, x]
&& ILtQ[n, 0] && IntegerQ[p]

Rule 3297

Int[((c_.) + (@_)*x_))"(@m )*sin[(e_.) + (f_.)*(x_)]1, x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl[{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3303

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e — cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*f)/d + f*xx]/(c + d*x), x], x] /; FreeQl{c, d, e, £}, x] &&
NeQ[d*e - cxf, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz_ ])*(f_.)*x(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*xf*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, fz}, x] && EqQ[d*e - cxfxfz*xI, 0]

Rule 3301

Int[sinl[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(c*f*fz)/d + f*fz*x]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] &% EqQ[d*(e - Pi/2) - cxf*xfz*xI, 0]

Rubi steps
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fcosh (a + k) dx = — Subst (fw;bx)dx,x,l)
x X x

inh
= x cosh a+? —bSubst(fwdx,x,l)
X X X

sinh(bx)
X

=xcosh|a+ b)._ (b cosh(a)) Subst ( f cosh(bx)
¥ X

1 .
dx, x, ;) — (bsinh(a)) Subst (f

b b b
=xcosh|a+ -] - bChi (;) sinh(a) — b cosh(a)Shi ( )

X X

Mathematica [A] time = 0.02633, size = 33, normalized size = 1.

b b b
—bsinh(a)Chi (;) — b cosh(a)Shi (;) + x cosh (a + ;)

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b/x],x]

[Out] x*Cosh[a + b/x] - bxCoshIntegral[b/x]*Sinh[a] - b*Cosh[a]*SinhIntegral [b/x]

Maple [A] time = 0.033, size = 56, normalized size = 1.7

be 2 . b x _axtb eh . b x ax+b
- El(l,;)+§€ x +7E1(1,—;)+§e

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b/x),x)

[Out] -1/2%bxexp(-a)*Ei(1,b/x)+1/2*exp(-(a*xx+b)/x)*x+1/2*b*exp(a)*Ei(1,-b/x)+1/2%*
exp ((a*x+b) /x) *x

Maxima [A] time = 1.25056, size = 50, normalized size = 1.52

1 b b b
- (Ei (——) e — Ej (—) e”)b + x cosh (a + —)
2 X X X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x),x, algorithm="maxima"

[Out] 1/2*(Ei(-b/x)*e~(-a) - Ei(b/x)*e”a)*b + x*cosh(a + b/x)

Fricas [A] time = 1.68697, size = 135, normalized size = 4.09

L (bEi (é) — bEi (—2)) cosh (a) + x cosh (ux il b) 1 (bEi (é) + bEi (—E)) sinh (a)
2 X X X 2 X

X

Verification of antiderivative is not currently implemented for this CAS.

da
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[In] integrate(cosh(atb/x),x, algorithm="fricas")

[Out] -1/2*%(b*Ei(b/x) - b*Ei(-b/x))*cosh(a) + x*cosh((a*xx + b)/x) - 1/2%(b*Ei(b/x
) + bxEi(-b/x))*sinh(a)

Sympy [F] time = 0., size = 0, normalized size = 0.

fcosh (a + ?) dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x),x)

[Out] Integral(cosh(a + b/x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

fcosh (a + ?) dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x),x, algorithm="giac")

[Out] integrate(cosh(a + b/x), x)
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b
3.96 f COSh((Z+x)

X

dx

Optimal. Leaf size=21

— cosh(a)Chi ( b) — sinh(a)Shi ( b)

X X

[Out] -(Cosh[a]l*CoshIntegral[b/x]) - Sinh[a]*SinhIntegral[b/x]

Rubi [A] time = 0.0318961, antiderivative size = 21, normalized size of antiderivative =
19 number of rules

1., number of steps used = 3, number of rules used = 3, integrand size =

0.25, Rules used = {5319, 5317, 5316}

integrand size

b b
— cosh(a)Chi (—) — sinh(a)Shi (—)
X X
Antiderivative was successfully verified.

[In] Int[Cosh[a + b/x]/x,x]
[Out] -(Cosh[a]*CoshIntegral[b/x]) - Sinh[a]*SinhIntegral [b/x]

Rule 5319

Int[Cosh[(c_) + (d_)*(x_ )" (n_)]/(x_), x_Symbol] :> Dist[Cosh[c], Int[Cosh[
d*x"nl]/x, x], x] + Dist[Sinh[c], Int[Sinh[d*x"n]/x, x], x] /; FreeQl[{c, d,
n}, xJ

Rule 5317

Int[Cosh[(d_.)*x(x_)"(n_)]1/(x_), x_Symbol] :> Simp[CoshIntegral[d*x"n]/n, x]
/; FreeQ[{d, n}, x]

Rule 5316

Int[Sinh[(d_.)*(x_)"(m_)]1/(x_), x_Symbol] :> Simp[SinhIntegral[d*x"n]/n, x]
/; FreeQ[{d, n}, xI]

Rubi steps

cosh (a + é)

X

cosh (Z)

X

sinh (g)
dx

X

dx = cosh(a) f dx + sinh(a) f

= —cosh(a)Chi ( b) — sinh(a)Shi ( b)

J

X X

Mathematica [A] time = 0.0099736, size = 21, normalized size = 1.

X X

— cosh(a)Chi ( b) — sinh(a)Shi ( b)

Antiderivative was successfully verified.
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[In] Integrate[Coshl[a + b/x]/x,x]

[Out] -(Cosh[al*CoshIntegral[b/x]) - Sinh[a]*SinhIntegral[b/x]

Maple [A] time = 0.026, size = 27, normalized size = 1.3

e (b et b
7E1 (1, ;) + EEI (1, —;)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b/x)/x,x)

[Out] 1/2*exp(-a)*Ei(1,b/x)+1/2*exp(a)*Ei(1,-b/x)

Maxima [A] time = 1.32185, size = 32, normalized size = 1.52

1 1
—-_Fi (_E) o) _ Z R (2) et
2 X 2 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b/x)/x,x, algorithm="maxima")

[Out] -1/2*Ei(-b/x)*e”(-a) - 1/2*Ei(b/x)*e"a

Fricas [A] time = 1.72666, size = 95, normalized size = 4.52

1 b b 1 b b
——|Ei[-|+ Ei|-—=|]cosh(a) - = |Ei|[—| - Ei|[——]|sinh (a)
2 x x 2 x X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb/x)/x,x, algorithm="fricas")

[Out] -1/2%(Ei(b/x) + Ei(-b/x))*cosh(a) - 1/2%(Ei(b/x) - Ei(-b/x))*sinh(a)

Sympy [A] time = 1.39757, size = 17, normalized size = 0.81

—sinh (a) Shi ( b) — cosh (a) Chi (b)

x x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x)/x,x)

[Out] -sinh(a)*Shi(b/x) - cosh(a)*Chi(b/x)
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Giac [F] time = 0., size = 0, normalized size = 0.

cosh (a + Z)
e,
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb/x)/x,x, algorithm="giac")

[Out] integrate(cosh(a + b/x)/x, x)
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3.97 COSh(ﬂ+§)

Optimal. Leaf size=13

dx

x2
sinh (a + E)
N Y

[Out] -(Sinh[a + b/x]/b)

Rubi [A] time = 0.0153976, antiderivative size = 13, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, e e -

integrand size
0.167, Rules used = {5321, 2637}

sinh (a + E)
N X
b

Antiderivative was successfully verified.

[In] Int[Coshl[a + b/x]/x"2,x]
[Out] -(Sinh[a + b/x]/b)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)" (@ )]1*(b_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 0]))

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]

Rubi steps

cosh (11 + g) 1
f—zdx = —Subst (f cosh(a + bx) dx, x, —)
x X
ah(s+3)
sinh(a + -
Y
b

Mathematica [A] time = 0.0040761, size = 13, normalized size = 1.

sinh (a + E)
N X
b

Antiderivative was successfully verified.



[In] Integrate[Cosh[a + b/x]/x72,x]

[Out] -(Sinh[a + b/x]/b)
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Maple [A] time = 0.005, size = 14, normalized size = 1.1

1 b
——sinh (a + —)
b x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b/x)/x"2,x)

[Out] -sinh(a+b/x)/b

Maxima [A] time = 1.11802, size = 18, normalized size = 1.38

sinh (u + E)
o\ X
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x)/x"2,x, algorithm="maxima"

[Out] -sinh(a + b/x)/b

Fricas [A] time = 1.68785, size = 30, normalized size = 2.31

sinh (@)
_ \NX 7
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x)/x"2,x, algorithm="fricas")

[Out] -sinh((a*x + b)/x)/b

Sympy [A] time = 1.42341, size = 15, normalized size = 1.15

i (a2
_&;U) forb+0

cosh (a .
_cosh(@) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x)/x**2,x)
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[Out] Piecewise((-sinh(a + b/x)/b, Ne(b, 0)), (-cosh(a)/x, True))

Giac [A] time = 1.26006, size = 36, normalized size = 2.77

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x)/x"2,x, algorithm="giac")

[Out] -1/2%(e"(a + b/x) - e (-a - b/x))/b
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3.98 COSh(ﬂ+§)

Optimal. Leaf size=29

dx

3

cosh (11 + é) sinh (a + é)
X _ X

b2 bx

[Out] Cosh[a + b/x]/b~2 - Sinh[a + b/x]/(b*x)

Rubi [A] time = 0.0300225, antiderivative size = 29, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, e e -

integrand size
0.25, Rules used = {5321, 3296, 2638}

cosh (a + E) sinh (a + é)
X _ X

b2 bx

Antiderivative was successfully verified.

[In] Int[Coshl[a + b/x]/x"3,x]
[Out] Coshl[a + b/x]/b"2 - Sinhl[a + b/x]/(b*x)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)" (@ )]1*(b_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQLp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 0]))

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*xx], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rubi steps

cosh (a + Z) 1
f — 5 dx = — Subst (fxcosh(a + bx)dx, x, ;)

sinh (a + E) Subst ( f sinh(a + bx) dx, x, l)
__ x + x
bx b
b . b
cosh (a + —) sinh (a + —)
X _ X

b? bx
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Mathematica [A] time = 0.0232162, size = 29, normalized size = 1.

x cosh (a + é) —bsinh (a + 9)
X x

b2x

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b/x]/x"3,x]

[Out] (x*Cosh[a + b/x] - b*Sinh[a + b/x])/(b"2%*x)

Maple [A] time = 0.01, size = 44, normalized size = 1.5

_lz ((a + é) sinh (a + ?) — cosh (a + é) —asinh (a + é))
b X x x x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b/x)/x"3,x)

[Out] -1/b"2*%((a+b/x)*sinh(a+b/x)-cosh(a+b/x)-a*sinh(a+b/x))

Maxima [C] time = 1.23743, size = 63, normalized size = 2.17

e=aT (3, é) er (3, —E) cosh (a + E)
X X _ X

-b +
4 b3 b3 2x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x)/x"3,x, algorithm="maxima")

[Out] 1/4%b*x(e”(-a)*gamma(3, b/x)/b~3 + e“a*gamma(3, -b/x)/b~3) - 1/2*cosh(a + b/
x)/x72

Fricas [A] time = 1.71844, size = 72, normalized size = 2.48

x cosh (ux+b) — bsinh (@)
X X

b2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b/x)/x"3,x, algorithm="fricas")

[Out] (x*cosh((axx + b)/x) - bxsinh((a*x + b)/x))/(b~2*x)
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Sympy [A] time = 2.55675, size = 29, normalized size = 1.

sinh (a+é) cosh (u+é)
_ X + X
b b2
cosh (ng)
2x2

forb+0

otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x)/x**3,x)

[Out] Piecewise((-sinh(a + b/x)/(b*x) + cosh(a + b/x)/b**x2, Ne(b, 0)), (-cosh(a)/
(2%x**x2) , True))

Giac [F] time = 0., size = 0, normalized size = 0.

b
cosh (a + -

fT)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b/x)/x"3,x, algorithm="giac")

[Out] integrate(cosh(a + b/x)/x73, x)
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b
COSh((Z+—)
X
x4

3.29

Optimal. Leaf size=46

dx

2sinh (a+ E) 2 cosh (a+ E) sinh (a+ E)
_ X + X _ X
b3 b2x bx?

[Out] (2*Coshl[a + b/x])/(b~2*x) - (2%Sinh[a + b/x])/b~3 - Sinh[a + b/x]/(b*x~2)

Rubi [A] time = 0.0530366, antiderivative size = 46, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 12, e e -

integrand size
0.25, Rules used = {5321, 3296, 2637}

2 sinh (a+ E) 2 cosh (a+ E) sinh (a+ E)
_ X + X _ X
b3 b2x bx?

Antiderivative was successfully verified.

[In] Int[Coshl[a + b/x]/x"4,x]
[Out] (2*Cosh[a + b/x])/(b"2*x) - (2*Sinh[a + b/x])/b"3 - Sinhla + b/x]/(b*x"2)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)" (@ )]1*(b_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 0]))

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*xx], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Rule 2637
Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;

FreeQ[{c, d}, x]

Rubi steps
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cosh (a + Z) 1
f —a dx = — Subst (f x? cosh(a + bx) dx, x, J—C)

sinh (a + E) 2 Subst (fx sinh(a + bx) dx, x, 1)
X X

ST e b

2 cosh (a + z) sinh (a + S) 2 Subst (f cosh(a + bx) dx, x, %)
- b2x I b2

2 cosh (a + g) 2 sinh (a + Z) sinh (a + )—i)
- b2x - B T

Mathematica [A] time = 0.0417849, size = 39, normalized size = 0.85

2bx cosh (a + é) - (b2 + 2x2) sinh (a + é)
X X

b3x2

Antiderivative was successfully verified.

[In] Integrate[Coshl[a + b/x]/x"4,x]

[Out] (2*b*x*Coshl[a + b/x] - (b"2 + 2xx~2)*Sinh[a + b/x])/(b"3*x"2)

Maple [B] time = 0.013, size = 94, normalized size = 2.
2
—l 61+é sinh a+é -2 a+2 cosh a+? + 2 sinh a+é -2a a+E sinh a+é — cosh a+é
b3 X X X X X X X X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b/x)/x"4,x)

[Out] -1/b73*((a+b/x) "2xsinh(a+b/x)-2*(a+b/x)*cosh(a+b/x)+2*sinh(a+b/x)-2*a*x((a+b
/x)*sinh(a+b/x)-cosh(a+b/x))+a"2*sinh(a+b/x))

Maxima [C] time = 1.19481, size = 65, normalized size = 1.41

e-aT (4, E) er (4, —é) cosh (a + é)
- b X _ X _ X
6 bt bt 3x8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b/x)/x"4,x, algorithm="maxima"

[Out] 1/6*b*(e”(-a)*gamma(4, b/x)/b~4 - e axgamma(4, -b/x)/b"4) - 1/3*cosh(a + b/
x)/x73
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Fricas [A] time = 1.70482, size = 96, normalized size = 2.09

ax+b

2 bx cosh (ﬂ) - (bz + 2x2) sinh (—)
X X

b3x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x)/x"4,x, algorithm="fricas")

[Out] (2*b*x*cosh((a*x + b)/x) - (b™2 + 2*x"2)*sinh((a*x + b)/x))/(b"3%x"2)

Sympy [A] time = 4.4698, size = 46, normalized size = 1.

sinh (a+é) 2 cosh (11+E) 2sinh (11+E)
_ X + X _ X
b2 b2 b3
coshfa) *
3x3

forb+0

otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x)/x**4,x)

[Out] Piecewise((-sinh(a + b/x)/(b*xx**2) + 2%cosh(a + b/x)/(b**x2*xx) - 2*sinh(a +
b/x)/b**3, Ne(b, 0)), (-cosh(a)/(3*x**3), True))

Giac [F] time = 0., size = 0, normalized size = 0.

cosh (a + Z)
et

A
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x)/x"4,x, algorithm="giac")

[Out] integrate(cosh(a + b/x)/x"4, x)
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b
3.30 fcosh (a + —2) dx
X
Optimal. Leaf size=67
x

%\Ee‘“\/gErf(\/E) - %\/Ee”\/EErﬁ [g} + x cosh (a + %)

[Out] x*Cosh[a + b/x"2] + (Sqrtl[bl*Sqrt[Pi]=*Erf[Sqrt[bl/x])/(2¥E~a) - (Sqrt[b]*E~
a*Sqrt [Pi]*Erfi [Sqrt[bl/x]1)/2

Rubi [A] time = 0.0453171, antiderivative size = 67, normalized size of antiderivative =

. . number of rules
1., number of steps used = 5, number of rules used = 5, integrand size =8, ————— =

0.625, Rules used = {56303, 5327, 5298, 2204, 2205}

integrand size

1 b| 1 b b
—ﬁe‘”\/EErf £ - —\/E@“\/EErﬁ £ +xcoshla+ —

2 x| 2 X x?
Antiderivative was successfully verified.

[In] Int[Coshl[a + b/x"2],x]

[Out] x*Cosh[a + b/x"2] + (Sqrtl[bl*Sqrt[Pi]=*Erf[Sqrt[bl/x])/(2¥E~a) - (Sqrt[b]*E~
axSqrt [Pi]*Erfi[Sqrt[b]/x])/2

Rule 5303

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)"(m_)]*(M_.))"(p_.), x_Symbol] :> -Subs
t[Int[(a + bxCosh[c + d/x"n]) p/x"2, x]1, x, 1/x] /; FreeQ[{a, b, c, d}, x]
&% ILtQ[n, 0] && IntegerQ[p]

Rule 5327

Int[Cosh[(c_.) + (d_)*(x_)"(n_)]1*((e_.)*(x_))"(m_), x_Symbol] :> Simp[((ex
x)~(m + 1)*Cosh[c + d*x"n])/(ex(m + 1)), x] - Dist[(d*n)/(e"n*(m + 1)), Int
[(exx)~(m + n)*Sinh[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] && IGtQ[n, O]
&& LtQ[m, -1]

Rule 5298

Int[Sinh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, x], x] - Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erf[(c + d*x)*Rt[-(b*Log[F]1), 211)/(2*d*Rt[-(b*Log[F1), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]



118

Rubi steps

b cosh (a + bxz) 1
fcosh(a+ —2) dx = — Subst f—zdx,x,—
X x X

1
= xcosh |a + — | - (2b) Subst (f sinh (a + bxz) dx, x, ;)

b 1 1
=xcosh|a+ — |+ bSubst (f il dx, x, ;) — bSubst (fe“bxz dx, x, ;)

1 1
= xcosh |a + b + E%e‘“ﬁerf[\/@) - E\ﬁ?e"ﬁerﬁ(?]

X

Mathematica [A] time = 0.0814886, size = 71, normalized size = 1.06

Vb

X

%\/%\/E(cosh(a) - sinh(a))Erf[ ) - %\/E\/E(sinh(a) + cosh(a))Erfi [%] + x cosh (a + %)

Antiderivative was successfully verified.
[In] Integrate[Cosh[a + b/x"2],x]

[Out] x*Cosh[a + b/x"2] + (Sqrt[bl*Sqrt[Pi]*Erf [Sqrt[b]l/x]*(Cosh[a] - Sinh[a]))/2
- (Sqrt[bl*Sqrt [Pi]*Erfi[Sqrt[b]l/x]*(Cosh[a] + Sinh[a]))/2

Maple [A] time = 0.037, size = 70, normalized size = 1.

—a 1 —a _i a i ab 1 1
AN R IV F B S ity o B
2 X 2 2 2 X V=b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b/x"2),x)

[Out] 1/2*%Pi~(1/2)*erf (b~ (1/2)/x)*exp(-a)*b~(1/2)+1/2*%exp(-a)*exp(-b/x"2)*x+1/2xe
xp (a) *exp(b/x"2) *x-1/2%exp (a) ¥b*Pi~(1/2) / (-b) " (1/2) *erf ((-b) ~(1/2) /x)

Maxima [A] time = 1.17613, size = 97, normalized size = 1.45

 [FotE) ()

b
Eb \/7 - +xcosh(a+;)
X x_2 X —;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x72),x, algorithm="maxima")

[Out] 1/2%b*(sqrt(pi)*(erf(sqrt(b/x"2)) - 1)*e~(-a)/(x*sqrt(b/x"2)) - sqrt(pi)*(e
rf(sqrt(-b/x"2)) - 1)*e"a/(x*sqrt(-b/x"2))) + xxcosh(a + b/x"2)
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Fricas [B] time = 1.88625, size = 606, normalized size = 9.04

2
x cosh (”x2+b) + ﬁ(cosh (a) cosh (axj:b) + cosh (axj;b) sinh (a) + (cosh (a) + sinh (a)) sinh (”xj;b))\/—_berf(\/—;

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b/x"2),x, algorithm="fricas")

[Out] 1/2%(x*cosh((a*x"2 + b)/x72)"2 + sqrt(pi)*(cosh(a)*cosh((a*xx"2 + b)/x72) +
cosh((a*x"2 + b)/x"2)*sinh(a) + (cosh(a) + sinh(a))*sinh((a*x~2 + b)/x"2))*

sqrt (-b)*xerf (sqrt(-b)/x) + sqrt(pi)*(cosh(a)*cosh((a*x"2 + b)/x"2) - cosh((
a*x~2 + b)/x"2)*sinh(a) + (cosh(a) - sinh(a))*sinh((a*xx~2 + b)/x"2))*sqrt(b
)*xerf (sqrt(b)/x) + 2*x*xcosh((a*x™2 + b)/x"2)*sinh((a*x"2 + b)/x"2) + x*sinh
((a*xx™2 + b)/x72)72 + x)/(cosh((a*xx"2 + b)/x"2) + sinh((a*x"2 + b)/x72))

Sympy [F] time = 0., size = 0, normalized size = 0.

fcosh (a + %) dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x**2),x)

[Out] Integral(cosh(a + b/x**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

fcosh (a + %) dx
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb/x"2),x, algorithm="giac")

[Out] integrate(cosh(a + b/x72), x)
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b
331 | ) dx

X

Optimal. Leaf size=25
1 b\ 1 . (D
5 cosh(a)Chi (;) -5 sinh(a)Shi (;)

[Out] -(Cosh[a]l*CoshIntegral[b/x~2])/2 - (Sinh[a]*SinhIntegral[b/x~2])/2

Rubi [A] time = 0.0320492, antiderivative size = 25, normalized size of antiderivative =
19 number of rules

1., number of steps used = 3, number of rules used = 3, integrand size =

0.25, Rules used = {5319, 5317, 5316}

integrand size
1 (D) 1 . (D
~5 cosh(a)Chi (;) ~5 sinh(a)Shi (x_z)

Antiderivative was successfully verified.

[In] Int[Coshl[a + b/x"2]/x,x]
[Out] -(Cosh[a]l*CoshIntegral[b/x~2])/2 - (Sinh[a]*SinhIntegral[b/x"2])/2

Rule 5319

Int[Cosh[(c_) + (d_.)*(x_ )" (n_)]/(x_), x_Symbol] :> Dist[Cosh[c], Int[Cosh[
d*x"nl]/x, x], x] + Dist[Sinh[c], Int[Sinh[d*x"n]/x, x], x] /; FreeQl[{c, d,
n}, xJ

Rule 5317

Int[Cosh[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[CoshIntegral[d*x"n]/n, x]
/; FreeQ[{d, n}, xI]

Rule 5316
Int[Sinh[(d_.)*(x_)"(m_)]1/(x_), x_Symbol] :> Simp[SinhIntegral[d*x"n]/n, x]

/; FreeQ[{d, n}, x]

Rubi steps

cosh (a + = b )

b
ff dx = cosh(a)f Smh( ) d

1 (b)) 1. (b
= cosh(a)Chi (F) -5 sinh(a)Shi (F)

cosh ( b
X

dx + sinh(a) f

Mathematica [A] time = 0.014758, size = 25, normalized size = 1.

% (— cosh(a)Chi (x—bZ) — sinh(a)Shi (x_b2))

Antiderivative was successfully verified.



121

[In] Integrate[Cosh[a + b/x"2]/x,x]

[Out] (-(Cosh[a]*CoshIntegral[b/x~2]) - Sinh[a]l*SinhIntegral[b/x~2])/2

Maple [A] time = 0.023, size = 27, normalized size = 1.1

e b et b

TEI (1, ;) + ZEI (1, —;)
Verification of antiderivative is not currently implemented for this CAS.
[In] int(cosh(a+b/x"2)/x,x)

[Out] 1/4*exp(-a)*Ei(1,b/x"2)+1/4*exp(a)*Ei(1,-b/x"2)

Maxima [A] time = 1.22359, size = 32, normalized size = 1.28

1 (b, ., 1 _ (b
_Z Ei (—F) (-a) _ ZEI (P)e"

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x"2)/x,x, algorithm="maxima"

[Out] -1/4*Ei(-b/x"2)*e”(-a) - 1/4*Ei(b/x"2)*e"a

Fricas [A] time = 1.73828, size = 105, normalized size = 4.2
1(..(Db b (.. (b A b\ .
1 (El (;) + Ei (_F)) cosh (a) - 2 (El (;) - Ei (—;)) sinh (a)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(at+b/x72)/x,x, algorithm="fricas")

[Out] -1/4*x(Ei(b/x"2) + Ei(-b/x"2))*cosh(a) - 1/4x(Ei(b/x"2) - Ei(-b/x"2))*sinh(a
)

Sympy [F] time = 0., size = 0, normalized size = 0.

cosh (a + x%)
e,
X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x**2)/x,x)

[Out] Integral(cosh(a + b/x**2)/x, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

cosh (a + %)
X

[
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x72)/x,x, algorithm="giac")

[Out] integrate(cosh(a + b/x72)/x, %)
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f cosh(a+x%) iy

xz

3.32

Optimal. Leaf size=57

\/me " Erf (\/7@) Ve Erfi (%)

4b 4b

[Out] -(Sqrt[Pil*Erf [Sqrt[bl/x])/(4xSqrt[bl*E~a) - (E~a*Sqrt[Pil*Erfi[Sqrt[bl/x])
/ (4xSqrt [b])

Rubi [A] time = 0.0313734, antiderivative size = 57, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, il LT

integrand size
0.333, Rules used = {5347, 5299, 2204, 2205}

\/me " Erf (\/7@) \/Ee“Erﬁ(g)
owb 4V

Antiderivative was successfully verified.

[In] Int[Coshl[a + b/x"2]/x"2,x]

[Out] -(Sqrt[Pil*Erf[Sqrt[bl/x])/(4xSqrt[bl*E~a) - (E~a*Sqrt[Pi]*Erfi[Sqrt[bl/x])
/ (4xSqrt [b])

Rule 5347

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*x(M_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> -Subst[Int[(a + b*Cosh[c + d/x"n]) p/x"(m + 2), x], x, 1/x] /; FreeQl[
{a, b, ¢, d}, x] && IntegerQ[p] && ILtQ[n, O] && IntegerQ[m]

Rule 5299

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, x], x] + Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps
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cosh (a + %) 1
f ——5——dx = —Subst (f cosh (a + bxz) dx, x, —)
x x

— 1 —a-bx? 1 _ 1 a+bx? 1

= (2 Subst (fe dx,x,x)) 2Subst (fe dx,x,x)
e‘“ﬁerf(%) e"y/merfi (%)

I R

Mathematica [A] time = 0.0347385, size = 49, normalized size = 0.86

N ((Cosh(a) - sinh(a))Erf(%) + (sinh(a) + cosh(a))Exfi (%))
- ab

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b/x~2]/x72,x]

[Out] -(Sqrt[Pil*(Erf[Sqrt[b]/x]*(Coshl[a]l - Sinh[a]) + Erfi[Sqrt[b]/x]*(Cosh[a] +
Sinh[a])))/(4xSqrt[bl)

Maple [A] time = 0.027, size = 44, normalized size = 0.8

b )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b/x"2)/x"2,x)

[Out] -1/4xerf (b~ (1/2)/x)*Pi~(1/2)*exp(-a)/b~(1/2)-1/4*exp(a)*Pi~(1/2)/(-b)~(1/2)
*erf ((-b)~(1/2) /%)

Maxima [A] time = 1.23505, size = 85, normalized size = 1.49
o (3 b ae(3 b b
e( “)F (E' —2) e F(E,—;) cosh (El+ ;)

b b
2la) ()

Verification of antiderivative is not currently implemented for this CAS.

1
—-b
2

ST

3
E x

[In] integrate(cosh(at+b/x"2)/x72,x, algorithm="maxima"

[Out] 1/2*b*(e”(-a)*gamma(3/2, b/x"2)/(x"3*(b/x"2)7(3/2)) - e"axgamma(3/2, -b/x"2
)/ (x73%(-b/x72)"(3/2))) - cosh(a + b/x"2)/x
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Fricas [A] time = 1.79547, size = 158, normalized size = 2.77

VrV=b(cosh (a) + sinh (a)) erf (g) — VVb(cosh (a) - sinh (a)) erf(\/?z)

4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x"2)/x72,x, algorithm="fricas")

[Out] 1/4*(sqrt(pi)*sqrt(-b)*(cosh(a) + sinh(a))*erf(sqrt(-b)/x) - sqrt(pi)*sqrt(
b)*(cosh(a) - sinh(a))*erf (sqrt(b)/x))/b

Sympy [F] time = 0., size = 0, normalized size = 0.

cosh (a + %)
X

f — 2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb/x**2)/x**2,x)

[Out] Integral(cosh(a + b/x**2)/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

cosh (a + %)
X

J—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b/x"2)/x72,x, algorithm="giac")

[Out] integrate(cosh(a + b/x72)/x72, x)
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Cosh(a+—

3.33

Optimal. Leaf size=15

3

[Out] -Sinh[a + b/x"2]/(2%b)

Rubi [A] time = 0.0171619, antiderivative size = 15, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, e e -

integrand size
0.167, Rules used = {5321, 2637}

sinh (a + %)
I
2b

Antiderivative was successfully verified.

[In] Int[Cosh[a + b/x"2]/x"3,x]
[Out] -Sinh[a + b/x"2]/(2%Db)

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)" (@ )]1*(b_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 0]))

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]

Rubi steps

cosh (11 + %) 1 1
X
f—3 dx = - (— Subst (f cosh(a + bx) dx, x, —2))
x 2 x
. b
sinh (a + x_2)
2b

Mathematica [A] time = 0.0045576, size = 15, normalized size = 1.

sinh (a + %)
N W v
2b

Antiderivative was successfully verified.



[In] Integrate[Cosh[a + b/x"2]/x73,x]

[Out] -Sinh[a + b/x"2]/(2%Db)
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Maple [A] time = 0.006, size = 14, normalized size = 0.9
1 . b
BT sinh (a + F)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b/x"2)/x"3,x)

[Out] -1/2*sinh(a+b/x"2)/b

Maxima [A] time = 1.00659, size = 18, normalized size = 1.2

sinh (a + %)
7/
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x~2)/x73,x, algorithm="maxima")

[Out] -1/2*sinh(a + b/x"2)/b

Fricas [A] time = 1.66986, size = 41, normalized size = 2.73

. 2+b
sinh (ax 5 )
X

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x~2)/x73,x, algorithm="fricas")

[Out] -1/2*sinh((a*x"2 + b)/x"2)/b

Sympy [A] time = 4.36162, size = 22, normalized size = 1.47

) b
sinh (a+—
—# forb+#0
- COShZ(a) otherwise
2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b/x**2)/x**3,x)
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[Out] Piecewise((-sinh(a + b/x**2)/(2%b), Ne(b, 0)), (-cosh(a)/(2*x**2), True))

Giac [A] time = 1.32703, size = 36, normalized size = 2.4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x~2)/x73,x, algorithm="giac")

[Out] -1/4*x(e”(a + b/x"2) - e"(-a - b/x"2))/b
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b
COSh(ﬂ+—§
X

f—)dx

x4

3.34

Optimal. Leaf size=75

\/Ee‘“Erf(\/Tz) e Erfi (%) sinh (a + %)
e T s b

[Out] -(Sqrt[Pil*Erf[Sqrt[bl/x])/(8xb~(3/2)*E~a) + (E~a*Sqrt[Pil*Erfi[Sqrt[bl/x])
/(8xb~(3/2)) - Sinh[a + b/x72]/(2*%b*x)

Rubi [A] time = 0.0493617, antiderivative size = 75, normalized size of antiderivative =

. . number of rules
1., number of steps used = 5, number of rules used = 5, integrand size = 12, ————— =

integrand size
0.417, Rules used = {56347, 5325, 5298, 2204, 2205}
\/Ee‘“Erf(\/g) \/meErfi (%) sinh (a + )%)

T -V R T

Antiderivative was successfully verified.

[In] Int[Coshl[a + b/x"2]/x"4,x]

[Out] -(Sqrt[Pi]l*Erf[Sqrt[bl/x])/(8%b~(3/2)*E~a) + (E~axSqrt[Pi]*Erfi[Sqrt[bl/x])
/(8%b~(3/2)) - Sinh[a + b/x72]/(2*%bxx)

Rule 5347

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*x(M_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> -Subst[Int[(a + b*Cosh[c + d/x"n]) p/x"(m + 2), x], x, 1/x] /; FreeQl[
{a, b, ¢, d}, x] && IntegerQ[p] && ILtQ[n, O] && IntegerQ[m]

Rule 5325

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)]1*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[(e~
(n - 1)*(exx)"(m - n + 1)*Sinh[c + d*x"n])/(d*n), x] - Dist[(e"n*(m - n + 1
))/(d*n), Int[(e*xx) (m - n)*Sinh[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x]
&% IGtQ[n, 0] && LtQ[O, n, m + 1]

Rule 5298

Int[Sinh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E"(c + d*x"n)
, x], x] - Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]11)/(2*d*Rt[-(bxLoglF]l), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]
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Rubi steps

cosh (a + %)

x 1
f—4 dx = —Subst (f x% cosh (a + bxz) dx, x, —)
x X

sinh (u + x%) Subst (f sinh (u + bxz) dx, x, i)
+

2bx 2b
sinh (a + x%) Subst ( f b dx, x, %) Subst ( f e +bx? dx, x, 31_6)
ST b " b
e‘”\/ﬁerf(\/;) e"/rerfi (\/75) sinh (a + x%)
ST s T se? . ok

Mathematica [A] time = 0.0711987, size = 74, normalized size = 0.99

\/mx(sinh(a) — cosh(a))Erf (%) + y/rix(sinh(a) + cosh(a))Erfi (%) — 4\bsinh (a + %)
8b3/2x

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b/x"2]/x74,x]

[Out] (8qrt[Pi]*x*Erf[Sqrt[b]/x]*(-Cosh[a] + Sinh[a]l) + Sqrt[Pi]x*x*Erfi[Sqrt[bl/x
1*(Cosh[a] + Sinh[a]) - 4*Sqrt([b]*Sinh[a + b/x"2])/(8%b~(3/2)*x)

Maple [A] time = 0.033, size = 82, normalized size = 1.1

-a b —a 3 a b a
© e @ — ¢ S\EErf(j—C\/E) b2 ° 2 4 ¢ ﬁErf(}—c\/—_b) L

4bx “apx  8b N

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b/x"2)/x"4,x)

[Out] 1/4*exp(-a)/b/x*xexp(-b/x~2)-1/8*exp(-a)/b~(3/2)*Pi~(1/2)*erf (b~ (1/2)/x)-1/4
xexp (a)*xexp(b/x"2) /x/b+1/8xexp(a) /b*Pi~(1/2)/(-b)~(1/2) *erf ((-b)~(1/2)/x)

Maxima [A] time = 1.16182, size = 85, normalized size = 1.13

or(2 L > _ b L
) e ”F(z,xz) e“F(z, " cosh{a+ -
6 N N 3x3

6 5 5
b\2 b\2
x° (—2) x° (——2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b/x"2)/x74,x, algorithm="maxima"

[Out] 1/6*b*(e”(-a)*gamma(5/2, b/x"2)/(x"5*(b/x"2)~(5/2)) - e “axgamma(5/2, -b/x"2
)/ (x75%(-b/x"2)"(5/2))) - 1/3*cosh(a + b/x"2)/x"3
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Fricas [B] time = 1.88464, size = 653, normalized size = 8.71

ax2
X

2 2 2

+b) + x cosh (aijrb) sinh (a) + (x cosh (a) + x sinh (a)) sinh (”x2+b))\/:

X

2
2bcosh (ax22+b) + ﬁ(x cosh (a) cosh (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x"2)/x"4,x, algorithm="fricas")

[Out] -1/8%(2%b*cosh((a*x”2 + b)/x72)72 + sqrt(pi)*(x*cosh(a)*cosh((a*x"2 + b)/x~
2) + x*cosh((a*x"2 + b)/x"2)*sinh(a) + (x*cosh(a) + x*sinh(a))*sinh((a*x~2

+ b)/x72))*sqrt (-b) *erf (sqrt (-b) /x) + sqrt(pi)*(x*cosh(a)*cosh((a*x"2 + b)/

x72) - xxcosh((a*x”2 + b)/x"2)*sinh(a) + (x*cosh(a) - x*sinh(a))*sinh((a*x”

2 + b)/x72))*sqrt(b)*erf (sqrt(b)/x) + 4xb*cosh((a*xx"2 + b)/x"2)*sinh((a*x"2

+ b)/x72) + 2xb¥sinh((a*x"2 + b)/x72)72 - 2%b)/(b"2*x*cosh((a*x™2 + b)/x72

) + b™2xx*sinh((a*x”2 + b)/x72))

Sympy [F] time = 0., size = 0, normalized size = 0.

cosh (a + %)
X

f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb/x**2)/x**4,x)

[Out] Integral(cosh(a + b/x**2)/x**x4, x)

Giac [F] time = 0., size = 0, normalized size = 0.

cosh (a + %)
X

f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b/x72)/x"4,x, algorithm="giac")

[Out] integrate(cosh(a + b/x72)/x74, x)
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3.35 f cosh (a + bx™) dx

Optimal. Leaf size=67

e"x (=bx™) ™" Gamma (%, —bx”) e~ (bx") V" Gamma (%, bx”)

2n 2n

[Out] -(E"a*x*Gamma[n~(-1), —-(b*x"n)])/(2*n*x(-(b*x"n)) " n~(-1)) - (x*Gamma[n~(-1),
b*x~n])/(2*E~a*n* (b*xx™n) "n~(-1))

Rubi [A] time = 0.0215728, antiderivative size = 67, normalized size of antiderivative =

. . number of rules
1., number of steps used = 3, number of rules used = 2, integrand size = 8, T

integrand size
0.25, Rules used = {5307, 2208}

¢x (=bx™) " Gamma (1 —bx”) x (bx") " Gamma (1 bx”)

2n 2n

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x"n],x]

[Out] -(E"a*x*Gamma[n~(-1), -(b*x"n)])/(2*n*(-(b*x"n)) n~(-1)) - (x*Gamma[n~(-1),
bxx"n])/(2*xE~a*n* (b*x"n) "n~(-1))

Rule 5307

Int[Cosh[(c_.) + (d_.)*(x_ )" (n_ )], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, xJ, x] + Dist[1/2, Int[E"(-c - d*x"n), x], x] /; FreeQl{c, d, n}, x]

Rule 2208

Int[(F)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> -Simp[(F~a
*(c + d*x)*Gamma[1/n, -(b*(c + d*x) n*Log[F])])/(d*n*(-(b*(c + d*x) nxLog[F
1))"(1/n)), x] /; FreeQ[{F, a, b, ¢, d, n}, x] & !IntegerQ[2/n]

Rubi steps
1 1 o
fcosh(a+bx”)dx:§fe“ X dx+§fe“+x dx

ex (=bx") T (%, —bx”) e~ (bx") V' T (%, bx”)
2n - 2n

Mathematica [A] time = 0.0671503, size = 77, normalized size = 1.15

X (—bzxzn)_l/n ((cosh(a) — sinh(a)) (—bx”)% Gamma (}1, bx”) + (sinh(a) + cosh(a)) (bx”)% Gamma (%, —bx”))
2n

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x"n],x]
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[Out] -(x*x((-(b*x"n)) n~(-1)*Gamma[n~(-1), b*x"n]*(Cosh[a] - Sinh[a]) + (b*x"n) n
“(-1)*Gamma[n~(-1), -(b*x"n)]*(Cosh[a] + Sinh[al])))/(2*n*x(-(b"2*xx~(2*n))) n

~(-1))

Maple [C] time = 0.055, size = 74, normalized size = 1.1

1 1 x2"p? "+1p sinh 1 1 33 1 x*"?
) cosh () + 200 @ p Ly L33, LY
n+1 2 2n 2°2 2n 4

1
Folo= 5,1+ =
T G T
Verification of antiderivative is not currently implemented for this CAS.
[In] int(cosh(a+b*x™n),x)

[Out] x*hypergeom([1/2/n],[1/2,1+1/2/n],1/4%x" (2*n)*b~2)*cosh(a)+1/(n+1)*x~(n+1)*
bxhypergeom([1/2+1/2/n], [3/2,3/2+1/2/n],1/4*x~ (2*n)*b~2) *sinh(a)

Maxima [A] time = 1.13017, size = 82, normalized size = 1.22

xe=aT (1, bx”) xeT (1, —bx”)
n n

1

1
2 (bx”)(;) n 2 (—bx")(;) n
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x”n),x, algorithm="maxima"

[Out] -1/2x*x*e”(-a)*gamma(l/n, b*x"n)/((b*x"n)~(1/n)*n) - 1/2*x*e”a*xgamma(l/n, -b
*x"n)/ ((~b*x"n) " (1/n)*n)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (cosh (bx™ + a) , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x"n),x, algorithm="fricas")

[Out] integral(cosh(b*x™n + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

fcosh (a + bx™)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x**n),x)

[Out] Integral(cosh(a + b*x**n), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f cosh (bx" + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x"n),x, algorithm="giac")

[Out] integrate(cosh(b*x™n + a), x)
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336 [t gy

X

Optimal. Leaf size=25

cosh(a)Chi (bx™) N sinh(a)Shi (bx™)

n n

[Out] (Cosh[al*CoshIntegral[b*x"n])/n + (Sinh[a]*SinhIntegral [b*x"n])/n

Rubi [A] time = 0.0382602, antiderivative size = 25, normalized size of antiderivative =
. . f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, number of rules_

integrand size
0.25, Rules used = {5319, 5317, 5316}

cosh(a)Chi (bx™) N sinh(a)Shi (bx™)
n n

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x"n]/x,x]
[Out] (Cosh[a]l*CoshIntegral[b*x"n])/n + (Sinh[a]*SinhIntegral[b*x"n])/n

Rule 5319

Int[Cosh[(c_) + (d_)*(x_ )" (n_)]/(x_), x_Symbol] :> Dist[Cosh([c], Int[Cosh[
d*x"nl]/x, x], x] + Dist[Sinh[c], Int[Sinh[d*x"n]/x, x], x] /; FreeQ[{c, d,
n}, xJ

Rule 5317

Int[Cosh[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[CoshIntegral[d*x"n]/n, x]
/; FreeQ[{d, n}, x]

Rule 5316

Int[Sinh[(d_.)*(x_)"(m_)]1/(x_), x_Symbol] :> Simp[SinhIntegral[d*x"n]/n, x]
/; FreeQ[{d, n}, xI]

Rubi steps

cosh (bx”) sinh (bx”)

f cosh (a + bx™)

X

dx = cosh(a) f dx + sinh(a )f
_ cosh(a)Chi (bx”) N sinh(a)Shi (bx™)
n n

Mathematica [A] time = 0.0214314, size = 23, normalized size = 0.92

cosh(a)Chi (bx") + sinh(a)Shi (bx™)
n

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x"n]/x,x]
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[Out] (Cosh[a]*CoshIntegral[b*x™n] + Sinh[a]+*SinhIntegral[b*x"n])/n

Maple [A] time = 0.02, size = 33, normalized size = 1.3

e Ei(1,bx") e"Ei(1,-bx")
2n 2n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b*x"n)/x,x)

[Out] -1/2/n*exp(-a)*Ei(1,b*x"n)-1/2/n*exp(a)*Ei(1l,-b*x"n)

Maxima [A] time = 1.15545, size = 41, normalized size = 1.64

Ei (=bx™) e N Ei (bx™) e*
2n 2n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x"n)/x,x, algorithm="maxima"

[Out] 1/2*Ei(-b*x"n)*e”(-a)/n + 1/2*Ei(b*x"n)*e”a/n

Fricas [B] time = 1.8384, size = 178, normalized size = 7.12

(cosh (a) + sinh (a))Ei (b cosh (n log (x)) + bsinh (nlog (x))) + (cosh (a) — sinh (a))Ei (b cosh (n log (x)) — b sinh (1 1
2n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x™n)/x,x, algorithm="fricas")

[Out] 1/2*%((cosh(a) + sinh(a))*Ei(b*cosh(n*log(x)) + b*sinh(n*log(x))) + (cosh(a)
- sinh(a))*Ei(-b*cosh(n*log(x)) - b*sinh(n*log(x))))/n

time = 0., size = 0, normalized size = 0.

Sympy [F]

cosh (a + bx™")
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x**n)/x,x)

[Out] Integral(cosh(a + b*x**n)/x, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

cosh (bx™ + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x™n)/x,x, algorithm="giac")

[Out] integrate(cosh(b*x™n + a)/x, x)
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3.37  [cosh’(a+bx") dx

Optimal. Leaf size=89

g2 “1n 1 Cogm—i-2 ~1/n 1
es"2 n “x(-bx")""" Gamma (;,—be”) e™=2 n “x (bx™) Gamma(;,be”) X
- — + —_
n n 2

[Out] x/2 - (27(-2 - n~(-1))*E~(2*a) *x*Gamma [n~ (-1), —-2*b*xx"n])/(n*(-(b*x"n)) n"(
-1)) - (27(-2 - n~(-1))*x*Gamma [n~(-1), 2*b*x"n])/(E~(2*a)*n*(b*x"n) n~(-1)
)

Rubi [A] time = 0.0701662, antiderivative size = 89, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 10, e e e

0.3, Rules used = {5309, 5307, 2208}

integrand size

1 1
2127w %x (=bx") " Gamma (%, —be”) e=2927 1 %x (bx™) V" Gamma (%, 2bx”)
— — + —_
n n 2

=

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x"n]~2,x]

[Out] x/2 - (27(-2 - n~(-1))*E~(2*a)*x*Gamma[n~(-1), -2*xbxx"n])/(n*x(-(b*x"n)) n"(
-1)) - (27(-2 - n~(-1))*x*Gamma [n~(-1), 2*xb*x"n])/(E~(2*a)*n*(b*x"n) n~(-1)
)

Rule 5309

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)"(n_)]1*(b_.))"(p_), x_Symbol] :> Int[Ex
pandTrigReduce[(a + b*Cosh[c + d*x"n])~p, x], x] /; FreeQ[{a, b, ¢, d, n},
x] &% IGtQ[p, O]

Rule 5307

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, x], x] + Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d, n}, x]

Rule 2208

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> -Simp[(F~a
x(c + dxx)*Gamma[1/n, -(b*(c + d*x) n*xLog[F])])/(d*n*(-(b*(c + d*x) n*Logl[F
1))~ /n)), x] /; FreeQ[{F, a, b, c, d, n}, x] & !'IntegerQ[2/n]

Rubi steps

1 1
fcosh2 (a+bx") dx = f(E + > cosh (2a + be”)) dx
1
-z + = fcosh (2a + 2bx™) dx
2 2
1 n ]- n
— ;_C + A_Lfe—Za—be dx + Zf62a+2bx dx

1 1
L 27t (b T (1 —2bx”) 27 e (b T (1 2’”‘”)

2_ n n
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Mathematica [A] time = 0.116318, size = 81, normalized size = 0.91

X (62”2‘1/” (~bx") " Gamma (%, —be”) +e720271n (hxy ™" Gamma (%, be”) - Zn)
- 4n

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x"n]~2,x]

[Out] -(xx(-2%n + (E"(2*a)*Gamma[n~(-1), -2xb*x"n])/(2°n"(-1)*(-(b*x"n)) n"(-1))
+ Gamma[n~(-1), 2xb*x"n]/(2°n"(-1)*E~(2*a)*(b*x"n) " n~(-1))))/(4*n)

Maple [F] time = 0.079, size = 0, normalized size = 0.

f (cosh (a + bx”))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b*x"n)~2,x)

[Out] int(cosh(a+b*x"n)~2,x)

Maxima [A] time = 1.15179, size = 92, normalized size = 1.03

1 xe20T (1, 2 bx”) xe@aT (1, -2 bx”)
- n n

x -_— -_—
2 1 1
42 bx”)(”) n 4 (-2 bx”)(”) n
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x™n)~2,x, algorithm="maxima"

[Out] 1/2%x - 1/4xx*e”(-2%a)*gamma(1l/n, 2*b*x"n)/((2*%b*x"n)~(1/n)*n) - 1/4*xx*e”(2
*xa)*gamma (1/n, -2xb*x"n)/((-2%b*x"n)~(1/n)*n)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (cosh (bx" + a)2 , x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x™n)~2,x, algorithm="fricas")

[Out] integral(cosh(b*x™n + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh? (a + bx™)dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x**n)**2,x)

[Out] Integral(cosh(a + bxx**n)*x2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f cosh (b + a)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x™n)~2,x, algorithm="giac")

[Out] integrate(cosh(b*x™n + a)~2, x)
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2 n
3 38 fCOSh (a+bx )dx

X

Optimal. Leaf size=43

cosh(2a)Chi (2bx™) N sinh(2a)Shi (2bx™) N log(x)
2n 2n 2

[Out] (Cosh[2*a]*CoshIntegral[2*b*x"n])/(2*n) + Loglx]/2 + (Sinh[2*a]*SinhIntegra
1[2%b*x"n])/(2*n)

Rubi [A] time = 0.0630822, antiderivative size = 43, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 14, e =

integrand size
0.286, Rules used = {5363, 5319, 5317, 5316}

cosh(2a)Chi (2bx™) N sinh(2a)Shi (2bx™) N log(x)
2n 2n 2

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x"n]~2/x,x]

[Out] (Cosh[2#*a]*CoshIntegral [2xb*x"n])/(2*n) + Logl[x]/2 + (Sinh[2*a]*SinhIntegra
1[2¥b*x"n])/ (2*n)

Rule 5363

Int[((a_.) + Cosh[(c_.) + (d_.)*(x_)"(m_)]1*(b_.)) " (p_)*((e_.)*x(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cosh[c + d*x"n])"p, x], x
1 /; FreeQ[{a, b, ¢, 4, e, m, n}, x] && IGtQ[p, O]

Rule 5319

Int[Cosh[(c_) + (d_.)*(x_)"(m_)]/(x_), x_Symbol] :> Dist[Cosh[c], Int[Cosh[
d*x"nl/x, x], x] + Dist[Sinh[c], Int[Sinh[d*x"nl/x, x], x] /; FreeQ[{c, d,
n}, x]

Rule 5317

Int[Cosh[(d_.)*(x )" (n_)]/(x_), x_Symbol] :> Simp[CoshIntegral[d*x"n]/n, x]
/; FreeQ[{d, n}, x]

Rule 5316
Int[Sinh[(d_.)*(x )" (n_)]/(x_), x_Symbol] :> Simp[SinhIntegral[d*x"n]/n, x]

/; FreeQ[{d, n}, x]

Rubi steps
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2 n n
fCOSh (a+bx)dx:f(1 +cosh(2a+2bx)) i

X 2x 2x
log(x) 1 [ cosh(2a+ 2bx™)
= + = f dx
2 2 x
1 1 h (2bx" 1 inh (2bx"
= 08(x) + = cosh(2a) f M dx + — sinh(2a) f M dx
2 2 X 2 X
_ cosh(2a)Chi (2bx") N log(x) N sinh(2a)Shi (2bx™)
B 2n 2 2n

Mathematica [A] time = 0.0284064, size = 36, normalized size = 0.84

cosh(2a)Chi (2bx™) + sinh(2a)Shi (2bx™) + n log(x)
2n

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x"n]~2/x,x]

[Out] (Cosh[2*a]*CoshIntegral [2*xb*x"n] + n*Log[x] + Sinh[2*a]*SinhIntegral [2*b*x~
n])/(2*n)

Maple [A] time = 0.079, size = 40, normalized size = 0.9

In(x) e2%FEi(1,2bx") e**Ei(1,-2bx")
2 4n 4n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b*x"n)~2/x,x)

[Out] 1/2*1n(x)-1/4/n*exp(-2%a)*Ei(1,2%b*xx"n)-1/4/n*exp(2*a)*Ei(1,-2%b*x"n)

Maxima [A] time = 1.14735, size = 50, normalized size = 1.16

Ei (2bx")e2?  Ei(-2bx")e(2%
4n " 4n + 5 los®)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x™n)~2/x,x, algorithm="maxima")

[Out] 1/4*Ei(2*b*x"n)*e”(2*a)/n + 1/4*Ei(-2*%b*x"n)*e~(-2*a)/n + 1/2xlog(x)

Fricas [A] time = 1.8367, size = 217, normalized size = 5.05

(cosh (2a) + sinh (2a))Ei (2 b cosh (nlog (x)) + 2 bsinh (nlog (x))) + (cosh (2 a) — sinh (2 a))Ei (=2 b cosh (n log (x)) -
4n

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cosh(atb*x™n)~2/x,x, algorithm="fricas")

[Out] 1/4*((cosh(2*a) + sinh(2xa))*Ei(2*b*cosh(n*log(x)) + 2xb*sinh(n*log(x))) +
(cosh(2*a) - sinh(2xa))*Ei(-2xb*cosh(n*log(x)) - 2*bxsinh(n*log(x))) + 2*nx

log(x))/n

Sympy [F] time = 0., size = 0, normalized size = 0.

cosh? (a + bx™)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x**n)**2/x,x)

[Out] Integral(cosh(a + b*x*x*n)**2/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f cosh (bx" + a)2 i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x"n)~2/x,x, algorithm="giac")

[Out] integrate(cosh(b*x™n + a)~2/x, x)
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3.39  [cosh’(a+bx") dx

Optimal. Leaf size=150

ém3-ﬂnx(—bx"y4m(}annna(%,—abx") 3¢ux—bx"y4m(}annna(%,—bx") 3eﬂx(bx"y4m(}anuna(%,bx") ¢

8n 8n 8n

[Out] -(E~(3%a)*x*Gamma[n~(-1), -3*b*x"n])/(8%3°n"(-1)*n*(-(b*x"n)) n~(-1)) - (3%
E"a*x*Gamma [n~ (1), -(b*x"n)]1)/(8*n*(-(b*x"n)) n~(-1)) - (3*x*Gamma[n~(-1),
b*x"n] )/ (8*E"a*n* (b*x"n) "n~(-1)) - (x*Gamma[n~(-1), 3*b*x"n])/(8%¥3"n~(-1)=*
E~(3%a)*n*(b*x™n) "n~(-1))

Rubi [A] time = 0.0795542, antiderivative size = 150, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 8, number of rules used = 3, integrand size = 10, ==

= 0.3, Rules used = {5309, 5307, 2208}

integrand size

303~ 1ny (—px) " Gamma (%, —3bx") 3ex (~bx") " Gamma (%, —bx”) 3ex (bx") " Gamma (%, bx”) e

8n 8n 8n

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x"n]~3,x]

[Out] -(E™(3*a)*x*Gamma[n~(-1), -3*b*x"n])/(8*3™n~(-1)*n*(-(b*x™n)) n~(-1)) - (3%
E~axx*Gamma[n~(-1), -(b*x"n)])/(8*n*x(-(b*x"n)) " n~(-1)) - (3*x*xGamma[n~(-1),
bxx~n])/(8*E~a*n*(b*x™n) "n~(-1)) - (x*Gamma[n~(-1), 3%b*x"n])/(8%3 n~(-1)*
E~(3%a)*n*(b*x"n) "n~(-1))

Rule 5309

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)"(m )]*x(M_.))"(p_), x_Symbol] :> Int[Ex
pandTrigReduce[(a + bxCosh[c + d*x"n])~p, x], x] /; FreeQ[{a, b, c, d, n},
x] &% IGtQ[p, O]

Rule 5307

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E~(c + d*x"n)
, x]1, x] + Dist[1/2, Int[E"(-c - d*x"n), x], x] /; FreeQl{c, 4, n}, x]

Rule 2208

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> -Simp[(F~a
x(c + dxx)*Gamma[1/n, -(b*(c + d*x) n*xLog[F])])/(d*n*(-(b*(c + d*x) nxLogl[F
1))~(1/n)), x]1 /; FreeQ[{F, a, b, ¢, d, n}, x] & !IntegerQ[2/n]

Rubi steps
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3 1
fcosh3 (a+bx") dx = f (4_1 cosh (a + bx") + r cosh (3a + 3bx”)) dx
1 3
=1 fcosh (Ba + 3bx™) dx + 1 fcosh (a + bx™) dx
1 1 3 3
— —3a-3bx" - 3a+3bx" e —a—bx" e a+bx"
—Sfe dx+8fe dx+8fe dx+8fe dx

A
3-1neday (—pxmy VT (%, —3bx”) 3ex (=bx") " T (%, —bx”) 3e~x (bx") T (%, bx"
_ _ _ ]
B 8n 8n 8n

Mathematica [A] time = 0.600603, size = 138, normalized size = 0.92

“3an-1 2,21\ V" 2 2ani+l 1 1 6 - 1
e313 1ny (—b X ”) ((—bx")n (e 137" Gamma (Z,bx”) + Gamma (;,Bbx”)) + e (bx™)n Gamma (;,—be”)
8n

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x"n]~3,x]

[Out] -(x*(E~(6%a)*(b*x"n) " n~(-1)*Gamma[n~(-1), -3*b*x"n] + 37(1 + n~(-1))*E~(4*a
Y*(b*x"n) "n~(-1)*Gamma[n~(-1), -(b*x"n)] + (-(b*x"n)) n~(-1)*x(37(1 + n~(-1)

Y*E” (2*%a)*Gamma [n~(-1), b*x"n] + Gamma[n~(-1), 3*b*x"n])))/(8*%3"n"(-1)*E~(3

*xa) *xn* (- (b~2*x~ (2*n) ) ) "n~(-1))

Maple [F] time = 0.101, size = 0, normalized size = 0.

f (cosh (a + bx™)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b*x"n)~3,x)

[Out] int(cosh(a+b*x"n)~3,x)

Maxima [A] time = 1.20309, size = 169, normalized size = 1.13

xe=3aT (%, 3 bx”) 3 xetIT (%, bx”) 3 xeT (%, —bx”) xe@aT (%, -3 bx")
- - - - 1

8 (3 bx”)(%) n 8 (bx”)(%)n 8 (—bx”)(%) n 8 (-3 bx”)(z)n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x™n)~3,x, algorithm="maxima")

[Out] -1/8x*x*e”(-3*a)*gamma(l/n, 3*b*x"n)/((3*bxx"n)~(1/n)*n) - 3/8*x*e”(-a)*gamm
a(1/n, b*x™n)/((b*x"n)~(1/n)*n) - 3/8*x*e”a*gamma(l/n, -b*x"n)/((-b*x"n)~ (1
/n)*n) - 1/8*x*e”(3%a)*gamma(1l/n, -3*bxx"n)/((-3*b*x"n)~(1/n)*n)
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Fricas [F] time = 0., size = 0, normalized size = 0.
integral (cosh (bx™ + a)3 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x™n)~3,x, algorithm="fricas")

[Out] integral(cosh(b*x™n + a)~3, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh® (a + bx™)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x**n)**3,x)

[Out] Integral(cosh(a + b*x**n)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f cosh (bx™ + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x™n)~3,x, algorithm="giac")

[Out] integrate(cosh(b*x™n + a)~3, x)
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3 n
3 40 fCOSh (a+bx )dx

X

Optimal. Leaf size=67

3 cosh(a)Chi (bx™) N cosh(3a)Chi (3bx™) N 3 sinh(a)Shi (bx™) N sinh(3a)Shi (3bx™)
4n 4n 4n 4n

[Out] (3*Cosh[al*CoshIntegral [b*x"n])/(4*n) + (Cosh[3*a]*CoshIntegral [3*xb*x"n])/(
4xn) + (3*Sinh[a]l*SinhIntegral [b*x"n])/(4*n) + (Sinh[3*a]*SinhIntegral [3*b*
x"n])/(4*n)

Rubi [A] time = 0.100218, antiderivative size = 67, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 4, integrand size = 14, e e -

integrand size
0.286, Rules used = {5363, 5319, 5317, 5316}

3 cosh(a)Chi (bx™) N cosh(3a)Chi (3bx™) N 3 sinh(a)Shi (bx™) N sinh(3a)Shi (3bx™)
4n 4n 4n 4n

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x"n]~3/x,x]

[Out] (3*Cosh[a]*CoshIntegral [b*x"n])/(4*n) + (Cosh[3*a]*CoshIntegral [3*b*x"n])/(
4xn) + (3*Sinh[a]*SinhIntegral [b*x"n])/(4*n) + (Sinh[3*a]l*SinhIntegral [3*b*
x"n])/ (4*n)

Rule 5363

Int[((a_.) + Cosh[(c_.) + (d_)*x_)" (@ )I*x(M_.))"(p)*((e_)*x(x D))" (m_.),
x_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cosh[c + d*x"n])"p, x], x
1 /; FreeQ[{a, b, c, d, e, m, n}, x] && IGtQ[p, O]

Rule 5319

Int[Cosh[(c_) + (d_)*(x_ )" (n_)]/(x_), x_Symbol] :> Dist[Cosh[c], Int[Cosh[
d*x"nl]/x, x], x] + Dist[Sinh[c], Int[Sinh[d*x"n]/x, x], x] /; FreeQl[{c, d,
n}, x]

Rule 5317

Int[Cosh[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[CoshIntegral[d*x"n]/n, x]
/; FreeQ[{d, n}, x]

Rule 5316
Int[Sinh[(d_.)*(x_)"(m_)]1/(x_), x_Symbol] :> Simp[SinhIntegral[d*x"n]/n, x]

/; FreeQ[{d, n}, x]

Rubi steps
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cosh® (a + bx™) 3cosh (a + bx™) cosh (3a + 3bx™)
[T ) , »
4x 4x
_ 1 f cosh (3a + 3bx™) e+ 3 f cosh (a + bx™) ix
4 X 4

X

cosh (bx”) cosh (3bx”) sinh (bx”)

= —(3 cosh(a)) f dx + - cosh(3 )f dx + (3 sinh(a)) f
3 3 cosh(a)Chi (bx™) cosh(3a)Ch1 Bbx") 3 smh(a)Shl (bx™)  sinh(3a)Shi (3bx”)
B 4n " 4n " 4n " 4n

Mathematica [A] time = 0.0480971, size = 52, normalized size = 0.78

3 cosh(a)Chi (bx™) + cosh(3a)Chi (3bx™) + 3 sinh(a)Shi (bx™) + sinh(3a4)Shi (3bx™)
4n

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x"n]~3/x,x]

[Out] (3*Cosh[a]*CoshIntegral [b*x"n] + Cosh[3*a]*CoshIntegral [3*xb*x"n] + 3*Sinh[a
1*SinhIntegral [b*x"n] + Sinh[3*a]*SinhIntegral [3*b*x"n])/(4%*n)

Maple [A] time = 0.106, size = 67, normalized size = 1.

e 3 Ei(1,3bx")  3e“Ei(l,bx") e3°Ei(l,-3bx") 3eEi(1,-bx")
8n 8n 8n 8n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b*x"n)~3/x,x)

[Out] -1/8/n*exp(-3+*a)*Ei(1,3*b*x"n)-3/8/n*exp(-a)*Ei(1,b*x"n)-1/8/n*exp(3*a)*Ei(
1,-3%b*x"n)-3/8/n*exp(a)*Ei(1,-b*x"n)

Maxima [A] time = 1.27732, size = 84, normalized size = 1.25

Ei (3bx™) e . 3 Ei(-bx™) e . Ei (-3 bx™) (=39 s 3 Ei (bx™) e*
8n 8n 8n 8n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x™n)~3/x,x, algorithm="maxima"

[Out] 1/8%Ei(3*b*x"n)*e”~(3*a)/n + 3/8*Ei(-b*x"n)*e~(-a)/n + 1/8%Ei(-3*b*xx"n)*e~ (-
3%a)/n + 3/8*Ei(b*x"n)*e"a/n

Fricas [A] time = 1.76263, size = 374, normalized size = 5.58

(cosh (3a) + sinh (3a))Ei (3b cosh (nlog(x)) + 3bsinh (nlog (x))) + 3 (cosh (a) + sinh (a))Ei (b cosh (nlog (x)) + bsi
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x™n)~3/x,x, algorithm="fricas")

[Out] 1/8%((cosh(3*a) + sinh(3*a))*Ei(3*b*cosh(n*log(x)) + 3*b*sinh(nxlog(x))) +
3x(cosh(a) + sinh(a))*Ei(b*cosh(n*log(x)) + b*sinh(n*log(x))) + 3*(cosh(a)

- sinh(a))*Ei(-b*cosh(n*log(x)) - b*sinh(n*log(x))) + (cosh(3*a) - sinh(3*a
))*Ei (-3*b*cosh(n*log(x)) - 3*b*sinh(n*log(x))))/n

Sympy [F] time = 0., size = 0, normalized size = 0.

cosh® (a + bx™)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*x**n)**3/x,x)

[Out] Integral(cosh(a + b*x**n)**3/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

cosh (bx" + a)3
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*x"n)~3/x,x, algorithm="giac")

[Out] integrate(cosh(b*x™n + a)~3/x, x)
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3.41 f (ex)™ (b cosh (c + dx™)) dx

Optimal. Leaf size=20

Unintegrable ((ex)m (bcosh (c + dx™), x)

[Out] Unintegrablel[(e*x) m*(b*Cosh[c + d*x"n]) p, x]

Rubi [A] time = 0.0222553, antiderivative size = 0, normalized size of antiderivative =
. . f rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, number of rules _

integrand size
0., Rules used = {}

f (ex)™ (b cosh (c + dx™))’ dx

Verification is Not applicable to the result.
[In] Int[(e*x) m*(b*Cosh[c + d*x"n]) p,x]

[Out] Defer[Int] [(e*x) m*(b*Cosh[c + d*x"n]) p, x]

Rubi steps

f (ex)™ (b cosh (c + dx™)) dx = f (ex)™ (b cosh (c + dx™))’ dx

Mathematica [A] time = 5.23851, size = 0, normalized size = 0.

f (ex)"™ (b cosh (c + dx™))’ dx

Verification is Not applicable to the result.

[In] Integratel[(e*x) “m*(b*Cosh[c + d*x™n]) p,x]

[Out] Integratel[(e*xx) m*(b*Cosh[c + d*x"n])~p, x]

Maple [A] time = 0.698, size = 0, normalized size = 0.

f (ex)™ (b cosh (c + dx™))’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x) “m*(b*cosh(c+d*x"n)) p,x)

[Out] int((e*x) m*(b*cosh(c+d*x"n)) p,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

f (ex)" (b cosh (dx" + )’ dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx) “m*(b*cosh(c+d*x"n)) p,x, algorithm="maxima"

[Out] integrate((e*xx) m*(b*cosh(d*x™n + c))7p, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((ex)m (b cosh (dx" + ¢)) ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx) “m*(b*cosh(c+d*x"n)) p,x, algorithm="fricas")

[Out] integral((e*x) m*(b*cosh(d*x™n + ¢)) p, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f (bcosh (c + dx™) (ex)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)**m* (b*cosh(c+d*x**n))**p,x)

[Out] Integral((bxcosh(c + dkx**n))**p*(e*xx)**m, Xx)

Giac [A] time = 0., size = 0, normalized size = 0.

f (ex)" (b cosh (dx" + ) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(b*cosh(c+d*x"™n)) p,x, algorithm="giac")

[Out] integrate((e*xx) m*(b*cosh(d*x™n + ¢))”p, x)
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3.42 f (ex)™ (a + b cosh (c + dx™)) dx

Optimal. Leaf size=22

Unintegrable ((ex)m (a+ beosh (c + dx™)Y, x)

[Out] Unintegrable[(e*x) m*(a + b*Cosh[c + d*x"n]) p, xI]

Rubi [A] time = 0.0256142, antiderivative size = 0, normalized size of antiderivative =
. . f rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, number of rules _

integrand size
0., Rules used = {}

f (ex)™ (a + beosh (c + dx™)) dx

Verification is Not applicable to the result.

[In] Int[(e*x) m*(a + b*Cosh[c + d*x"n]) p,x]
[Out] Defer[Int] [(e*x) m*(a + b*Cosh[c + d*x"n]) p, x]

Rubi steps

f (ex)" (a + bcosh (c + dx™)Y dx = f (ex)™ (a + bcosh (c + dx™))’ dx

Mathematica [A] time = 7.99701, size = 0, normalized size = 0.

f (ex)" (a + beosh (c + dx™)) dx

Verification is Not applicable to the result.

[In] Integrate[(exx) m*(a + b*Cosh[c + d*x"n]) p,x]

[Out] Integrate[(e*xx) m*(a + b*Cosh[c + d*x"n])~p, x]

Maple [A] time = 0.7, size = 0, normalized size = 0.

f (ex)" (a + beosh (c + dx™)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x) “m*(a+b*cosh(c+d*x"n)) p,x)

[Out] int((e*x) “m*(at+b*cosh(c+d*x"n)) p,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

f (ex)™ (b cosh (dx™ + c) + a) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx) “m*(at+b*cosh(c+d*x"n)) p,x, algorithm="maxima"

[Out] integrate((e*x) m*(b*cosh(d*x™n + c¢) + a)7p, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((ex)m (bcosh (dx" + ¢) + a), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx) “m*(a+b*cosh(c+d*x"n)) p,x, algorithm="fricas")

[Out] integral((e*x) m*(b*cosh(d*x™n + ¢) + a)"p, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**m* (a+b*cosh(c+d*x**n))**p,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f (ex)" (b cosh (dx" + ¢) + a)f dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx) “m*(a+b*cosh(c+d*x"n)) p,x, algorithm="giac")

[Out] integrate((e*x) m*(bxcosh(d*x™n + c) + a)7p, x)
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3.43 f (ex)™*" (b cosh (c + dx™))? dx

Optimal. Leaf size=95

x"(ex)" sinh (c + dx") (b cosh (c + dx”))erl »F1 (%, ;%1; F%S; cosh? (dx™ + c))

bden(p + 1)\/ — sinh? (c + dx™)

[Out] -(((e*xx) n*x(b*Cosh[c + d*x"n])~ (1 + p)*Hypergeometric2F1[1/2, (1 + p)/2, (3
+ p)/2, Cosh[c + d*x"n]~2]*Sinh[c + d*x"n])/(b*d*exn*(1 + p)*x~n*Sqrt[-Sin
hlc + d*x"n]"2]1))

Rubi [A] time = 0.10428, antiderivative size = 95, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 20, e

0.15, Rules used = {5323, 5321, 2643}

integrand size

x"(ex)" sinh (c + dx") (b cosh (c + dx”))p+1 »Fq (%, ’%1; 1%3; cosh? (dx™ + c))

bden(p + 1)\/ — sinh? (c + dx")

Antiderivative was successfully verified.

[In] Int[(e*x)~(-1 + n)*(b*Cosh[c + d*x"n]) p,x]

[Out] -(((exx) n*(b*Cosh[c + d*x"n]) (1 + p)*Hypergeometric2F1[1/2, (1 + p)/2, (3
+ p)/2, Cosh[c + d*x"n]~2]*Sinh[c + d*x"n])/(b*d*e*n*(1 + p)*x"n*Sqrt[-Sin
hlc + d*x"n]"2]))

Rule 5323

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)"(m_)]1*x(b_.))"(p_.)*((e)*x(x_)) " (m_), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Cosh[c + d*x"nl)"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x] && In
tegerQ[Simplify[(m + 1)/n]]

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*xM_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + d*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQIm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 0]1))

Rule 2643

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(Cos[c + d*x]*(
b*Sin[c + d*x])~(n + 1)#*Hypergeometric2F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c
+ d*x]72])/(b*d*(n + 1)*Sqrt[Cos[c + d*x]~2]1), x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rubi steps
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-n n —1+n ny\P
f (ex)™ 1" (b cosh (¢ + dx™))’ dx = ("(ex)") [ (lz cosh (c +dx"))" dx
B (x™"(ex)™) Subst ( f (b cosh(c + dx))P dx, x, x”)
B en

x(ex)" (bcosh (c + dx") P ,Fy (% 12 22 cosh? (¢ + dx”)) sinh (c + do")

bden(1 + p)\/ — sinh? (c + dx™)

Mathematica [A] time = 0.140312, size = 94, normalized size = 0.99

x~"(ex)" sinh (2 (c + dx™)) (b cosh (c + dx™))’ ,F, (%, %; F%S; cosh? (dx™ + c))

2den(p + 1)\/ — sinh? (c + dx™)

Antiderivative was successfully verified.

[In] Integrate[(exx)~ (-1 + n)*(b*Cosh[c + d*x"n]) p,x]

[Out] -((exx) n*(bxCosh[c + d*x"n]) p*Hypergeometric2F1[1/2, (1 + p)/2, (3 + p)/2
, Coshl[c + d*x"n]~2]*Sinh[2*(c + d*x"n)])/(2*d*exn*(1 + p)*x"n*Sqrt[-Sinh[c

+ d*x"n]"2])

Maple [F] time = 0.802, size = 0, normalized size = 0.

f (ex) " (b cosh (c + dx")Y dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)~(-1+n)*(b*cosh(c+d*x"n)) “p,x)

[Out] int((e*x)~(-1+n)*(b*cosh(c+d*x"n)) p,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f ()" (b cosh (dx" + ¢))’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)”~(-1+n)*(b*cosh(c+d*x™n)) p,x, algorithm="maxima")

[Out] integrate((e*xx)~(n - 1)*(b*cosh(d*x™n + c¢))"p, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((ex)" ™" (b cosh (dx" + o)), x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x)~(-1+n)*(b*cosh(c+d*x"n)) p,x, algorithm="fricas")

[Out] integral((exx)~(n - 1)*(b*cosh(d*x™n + c))"p, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+n)*(b*cosh(c+d*x**n))**p,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex)" (b cosh (dx" + ¢)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)*(b*cosh(c+d*x™n)) p,x, algorithm="giac")

[Out] integrate((e*xx) " (n - 1)*(b*cosh(d*x™n + c¢))"p, x)



157

3.44 f (ex)™1*2" (b cosh (c + dx™))’ dx

Optimal. Leaf size=38

x~2"(ex)**Unintegrable (xZ”‘1 (bcosh (c +dx™))’, x)

e

[Out] ((e*x)~(2*n)*Unintegrable[x”~ (-1 + 2*n)*(b*Cosh[c + d*x"n]) p, x])/(e*x”(2*n
)

Rubi [A] time = 0.0521985, antiderivative size = 0, normalized size of antiderivative =

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, LT

integrand size
0., Rules used = {}

f (ex)"1*2" (b cosh (c + dx™)) dx

Verification is Not applicable to the result.
[In] Int[(e*x)~(-1 + 2*n)*(b*Cosh[c + d*x"n]) p,x]

[Out] ((e*x)~(2*n)*Defer[Int] [x~ (-1 + 2*n)*(b*Cosh[c + d*x"n]) p, x])/(e*x”(2*n))

Rubi steps

(x‘Z”(ex)Z”) f x1*27 (b cosh (¢ + dx™)) dx

e

f (ex)" 121 (b cosh (c + dx™) dx =

Mathematica [A] time = 5.80854, size = 0, normalized size = 0.

f (ex)™1*2" (b cosh (c + dx™)) dx

Verification is Not applicable to the result.

[In] Integrate[(e*x)~(-1 + 2*n)*(b*Cosh[c + d*x"n]) p,x]

[Out] Integrate[(e*xx)~ (-1 + 2#n)*(b*Cosh[c + d*x"n]) p, xI]

Maple [A] time = 0.707, size = 0, normalized size = 0.

f (ex) 72" (b cosh (c + dx™)Y dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)~(-1+2#*n)*(b*cosh(c+d*x"n)) p,x)

[Out] int((e*x)~(-1+2*n)*(b*cosh(c+d*x"n)) "p,x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

f (ex)?""L (b cosh (dx" + o)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2#*n)*(b*cosh(c+d*x"n)) p,x, algorithm="maxima"

[Out] integrate((exx)”~(2*n - 1)*(b*cosh(d*x™n + c))”p, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((ex)2 "1 (pcosh (dx" + o)), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2#n)*(b*cosh(c+d*x"n)) p,x, algorithm="fricas")

[Out] integral((exx)~(2%n - 1)*(b*cosh(d*x™n + c))”p, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+2xn)*(b*cosh(c+d*x**n))**p,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f (ex)*" ! (b cosh (dx" + o)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2#*n)*(b*cosh(c+d*x"n)) p,x, algorithm="giac")

[Out] integrate((e*x)”(2*n - 1)*(b*cosh(d*x™n + c))"p, x)
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3.45 f (ex)™*" (a + b cosh (c + dx™))’ dx

Optimal. Leaf size=131

b(1-cosh(dx"-

a+b a+b

m\ P
VZx(ex)" sinh (¢ + dx") (a + b cosh (c + dx))P (M) r, (% L —p; 211 - cosh (dx + ),

den+/cosh (c + dx™) +1

[Out] (Sqrt[2]*(exx) n*AppellF1[1/2, 1/2, -p, 3/2, (1 - Cosh[c + d*x"n])/2, (b*x(1
- Cosh[c + d*x"n]))/(a + b)]*(a + b*Cosh[c + d*x"n]) “pxSinh[c + d*x"n])/(d
*xexnxx n*Sqrt[1 + Coshl[c + d*x™n]]*((a + b*Cosh[c + d*x"n])/(a + b)) "p)

Rubi [A] time = 0.186944, antiderivative size = 131, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 22, e e e

0.227, Rules used = {5323, 5321, 2665, 139, 138}

integrand size

_ . beosh(c+dx™) ) P 11 31 b(1-cosh(dx"-
VZx(ex)" sinh (¢ + dx") (a + b cosh (c + dx))P (%) ) (5? L5 22 (1= cosh (dx + 0)), e

den+/cosh (c + dx™) +1

Antiderivative was successfully verified.

[In] Int[(exx)~(-1 + n)*(a + b*Cosh[c + d*x"n]) p,x]

[Out] (Sqrt[2]*(exx) n*AppellF1[1/2, 1/2, -p, 3/2, (1 - Cosh[c + d*x"n])/2, (b*x(1
- Cosh[c + d*x"n]))/(a + b)]*(a + b*Cosh[c + d*x"n]) pxSinh[c + d*x"n])/(d
xexn*x n*3qrt[1 + Cosh[c + d*x"n]]*((a + b*Cosh[c + d*x"n])/(a + b))"p)

Rule 5323

Int[((a_.) + Cosh[(c_.) + (d_)*x_ )" (@ )]*x(M_.))"(p_I)*x((e)*x(x_))"(m_), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Cosh[c + d*x"n])~p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x] && In
tegerQ[Simplify[(m + 1)/n]]

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*(x_ )" (0 )]1*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 2665

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[Cos[c +
d*x]/(d*Sqrt[1 + Sin[c + d*x]]*Sqrt[1 - Sin[c + d*x]]), Subst[Int[(a + b*x)
“n/(8qrt[1 + x]*Sqrt[1 - x]), x], x, Sinl[c + d*x]], x] /; FreeQ[{a, b, c, d
, nY, x] && NeQ[a"2 - b2, 0] && !IntegerQ[2*n]

Rule 139

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_)) " (m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + f#*x) FracPart[pl/((b/(bxe - axf)) IntPart[p]=*
((bx(e + f*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (bxe - axf) + (b*f*x)/(bxe - a*f))"p, x], x] /; FreeQ[{a, b, c, d, e, f,

m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQlp] && GtQ[b/ (b
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xc — axd), 0] && !'GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~"(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((dx(a + b*x))/(b*c - a*xd)), -((fx(a + b*x))/(b*e - a*xf))])/(bx(m + 1)*(b/
(bxc - a*xd)) nx(b/(b*e - a*xf))7p), x] /; FreeQl[{a, b, ¢, d, e, £, m, n, p},
x] && !'IntegerQ[m] && !'IntegerQ[n] &% !'IntegerQ[p] && GtQ[b/(b*c - a*xd)
, 01 && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - c
*f), 0] && SimplerQ[c + d*x, a + b*x]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps

-n n ~1+n n\\P
f(ex)‘“” (a + bcosh (c + dx™)) dx = ((e)") [ (a : beosh (c +dx"))" dx

_ (x™™(ex)™) Subst ( f (a + bcosh(c + dx)) dx, x, x")

en
(a+bx)P

- (x™"(ex)" sinh (c + dx™)) Subst ( f oo
den+/1 — cosh (c + dx")y/1 + cosh (c + dx™)

dx, x,cosh (c + dx”))

m\ P
(x‘”(ex)” (a + b cosh (c + dx™))’ (—%(b“”) sinh (c + dx”)) Subst [ [

den+/1 — cosh (c + dx™)4/1 + cosh (c + dx™)
_ 11 31 b(1-cosh(c+dx"
B V2x "(ex)"Fy (E; Py (1 —cosh (c + dx™)), %) (a + bcosh(c-

den+/1 + cosh (c + dx")

Mathematica [A] time = 0.358825, size = 148, normalized size = 1.13

11

. . a+b cosh(dx"+c) a
4 2/ E/ - 3 7~

p+ 2; a+b !

x (e esch (¢ + dxt) |- LMD JUOREADD) () cosh e + dun)) Fy (p i1
bden(p +1)

Warning: Unable to verify antiderivative.

[In] Integrate[(e*x)~(-1 + n)*(a + b*Cosh[c + d*x"n]) p,x]

[Out] ((e*x) nxAppellF1[1 + p, 1/2, 1/2, 2 + p, (a + b*Cosh[c + d*x"n])/(a + b),
(a + b*Cosh[c + d*x"n])/(a - b)]1*Sqrt[-((b*x(-1 + Cosh[c + d*x"n]))/(a + b))
1%Sqrt [(b*(1 + Cosh[c + d*x"n]))/(-a + b)I*(a + bxCosh[c + d*x"n]) (1 + p)x*
Cschlc + dxx"n])/(b*d*e*n*(1 + p)*x~n)

Maple [F] time = 0.759, size = 0, normalized size = 0.

f (ex) ™" (a + beosh (c + dx™)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)~(-1+n)*(at+b*cosh(c+d*x"n)) p,x)



161

[Out] int((e*xx)~(-1+n)*(atb*cosh(c+d*x"n)) p,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f ()" (b cosh (dx" + ¢) + a)’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)*(atb*cosh(c+d*x"n)) p,x, algorithm="maxima"

[Out] integrate((e*xx) " (n - 1)*(b*cosh(d*x™n + c) + a)7p, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((ex)”_1 (bcosh (dx" + ¢) + a)f ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)*(atb*cosh(c+d*x"n)) p,x, algorithm="fricas")

[Out] integral((exx)~(n - 1)*(b*cosh(d*x™n + c) + a)7p, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+n)*(atb*cosh(c+d*x**n))**p,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex)"™! (b cosh (dx" + ¢) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)*(atb*cosh(c+d*x"n)) p,x, algorithm="giac")

[Out] integrate((e*xx)~(n - 1)*(b*cosh(d*x™n + c) + a)7p, x)
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3.46 f (ex)™1*2" (a + bcosh (c + dx™)) dx

Optimal. Leaf size=40

x~2"(ex)*"Unintegrable (xZ”‘l (a + bcosh (c + dx")), x)

e

[Out] ((e*x)~(2*n)*Unintegrable[x~ (-1 + 2*n)*(a + b*Cosh[c + d*x"n]) p, x1)/(exx”
(2#n))

Rubi [A] time = 0.0611945, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————
integrand size

0., Rules used = {}

f (ex)"1*2" (g + b cosh (c + dx™)) dx

Verification is Not applicable to the result.
[In] Int[(e*x)~(-1 + 2xn)*(a + b*Cosh[c + d*x"n]) p,x]

[Out] ((e*x)~(2*n)*Defer[Int] [x" (-1 + 2#n)*(a + b*Cosh[c + d*x"n]) p, x])/(exx”(2
*1) )

Rubi steps

-2 2 -1+2 p
~f@xryﬂ”@-kbmﬂh(c+dxﬂY’dx:(x "(ex)?) [ 272" (a + b cosh (¢ +dx")) dx
e

Mathematica [A] time = 8.30056, size = 0, normalized size = 0.

f (ex)"1*2" (a + b cosh (c + dx™)) dx

Verification is Not applicable to the result.

[In] Integrate[(e*x)~(-1 + 2*n)*(a + b*Cosh[c + d*x"n]) p,x]

[Out] Integrate[(e*xx)~ (-1 + 2#n)*(a + b*Cosh[c + d*x"n]) p, x]

Maple [A] time = 0.706, size = 0, normalized size = 0.

f (ex) 12" (a + beosh (c + dx")Y dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*xx)~(-1+2#n)*(a+b*cosh(c+d*x"n)) "p,x)

[Out] int((e*x)” (-1+2*n)*(a+b*cosh(c+d*x"n)) p,x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

f (ex)*™ ™ (bcosh (dx" + ¢) + a)’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+2*n)*(a+b*cosh(c+d*x"n)) p,x, algorithm="maxima")

[Out] integrate((e*xx)~(2*n - 1)*(b*cosh(d*x™n + c) + a)7p, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((ex)2 "1 (bcosh (dx" + ¢) + a)f, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2#*n)*(a+b*cosh(c+d*x"n)) p,x, algorithm="fricas")

[Out] integral((exx)~(2%n - 1)*(b*cosh(d*x™n + c) + a)7p, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+2xn)* (a+b*cosh(c+d*x**n))**p,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f (ex)" "L (b cosh (dx" + ¢) + a)’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)”~(-1+2#*n)*(a+b*cosh(c+d*x"n)) p,x, algorithm="giac")

[Out] integrate((e*xx)”~(2*n - 1)*(b*cosh(d*x™n + c) + a)7p, x)
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3.47 f x™ cosh (a + bx™) dx

Optimal. Leaf size=89

m+1 m+1
e m+1 —am - m+1
e*x"*1 (—=bx™)”"n Gamma (T,—bx”) e~ x™ L (bx™)” Gamma( " ,bxn)

2n 2n

[Out] -(E"a*x” (1 + m)*Gamma[(1 + m)/n, -(b*x"n)])/(2*n*(-(b*x™n))~((1 + m)/n)) -
(x~(1 + m)*Gamma[(1 + m)/n, b*x"n])/(2*xE"a*n*(b*x"n)~((1 + m)/n))

Rubi [A] time = 0.0695113, antiderivative size = 89, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 12, e o e

0.167, Rules used = {5361, 2218}

integrand size

_m+l m+1 _m+l m+1
euxm+1 (_bxn) " Gamma(T,—bx”) e—axm+1 (bxn) n Gamma(T,bXn)

2n 2n

Antiderivative was successfully verified.

[In] Int[x"m*Cosh[a + b*x"n],x]

[Out] -(E"a*x~ (1 + m)*Gamma[(1 + m)/n, -(b*x"n)])/(2*n*(-(b*x"n))~((1 + m)/n)) -
(x~(1 + m)*Gamma[(1 + m)/n, b*x"n])/(2*xE"a*n*(b*x"n)~((1 + m)/n))

Rule 5361

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)]*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2
, Int[(exx) m*E~(c + d*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(-c - d*x"n),
x], x] /; FreeQ[{c, d, e, m, n}, x]

Rule 2218

Int[(F_)~((a_.) + (b_.)*x((c_.) + (d_)*x_))"(m))*((e_.) + (£f_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F7ax(e + fxx)~(m + 1)*Gammal[(m + 1)/n, -(b*x(c + d*x
) "n*xLog[F]1)]1)/(f*n* (- (b*(c + d*x) n*Log[F]1))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, c, d, e, £, m, n}, x] && EqQ[dxe - cxf, 0]

Rubi steps

1 n 1 n
fxm cosh (a + bx") dx = 5 fe‘“‘bx X" dx + 5 fe‘”bx x™dx

1+m 1+m
eax1+m (_bxn)— T (“’Tm’ _bxn) e—ax1+m (bx”)_T T (1+Tm, bxn)

2n 2n

Mathematica [A] time = 0.163619, size = 100, normalized size = 1.12

m+1

T m+1 m+1
x" 1 (—bzxZ”) " ((cosh(a) — sinh(a)) (<bx™) ™ Gamma (MTH, bx”) + (sinh(a) + cosh(a)) (bx") » Gamma (m—+1

n
2n

Antiderivative was successfully verified.
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[In] Integrate[x"m*Cosh[a + b*x"n],x]

[Out] -(x"(1 + m)*((-(b*x"n))"((1 + m)/n)*Gamma[(1 + m)/n, b*x"n]*(Coshl[a] - Sinh
[a]l) + (b*xx™n) " ((1 + m)/n)*Gammal[(1 + m)/n, -(b*x"n)]*(Cosh[a] + Sinh[al)))
/ (2xn*x (- (b~2xx~(2*n)))~((1 + m)/n))

Maple [C] time = 0.102, size = 110, normalized size = 1.2

1 1 m 1 x*"* X" 1psinh (a)

x*™ cosh (a) m 1 33 m 1
Rt 5 5 o

1+m

1
P + + Fols + o 5= 2,2+ 2 + ==
2n" 2 2n 2n 4 m+n+1 2 2n 2n°2°2 2n 2n
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cosh(a+b*x"n),x)

[Out] 1/(1+m)*x"(1+m)*hypergeom([1/2/n*m+1/2/n],[1/2,1+1/2/n*m+1/2/n],1/4*x~ (2*n)
*xb~2)*cosh(a)+1/ (m+n+1) *x~ (m+n+1) xb*xhypergeom([1/2+1/2/n*m+1/2/n], [3/2,3/2+
1/2/n*m+1/2/n] ,1/4*x” (2*n) *b~2) *sinh(a)

Maxima [A] time = 1.28248, size = 115, normalized size = 1.29

Ml (mTH/ bxn) XM+l (mTH/ _bxn)

m+1 m+1

2 (bx™) n n 2 (-bx™) n n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x“m*cosh(a+b*x™n),x, algorithm="maxima")

[Out] -1/2*x"(m + 1)*e”(-a)*gamma((m + 1)/n, b*x"n)/((b*x"n)~((m + 1)/n)*n) - 1/2
*x~(m + 1)*e"axgamma((m + 1)/n, -b*x"n)/((-b*x"n)~((m + 1)/n)*n)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x cosh (bx™ + a) , x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x“m*cosh(a+b*x"n),x, algorithm="fricas")

[Out] integral(x"m*cosh(b*x™n + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

fxm cosh (a + bx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**m*cosh(a+b*x**n),x)

X

21

4
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[Out] Integral(x**m*cosh(a + b*x**n), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x™ cosh (bx" + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x“m*cosh(a+b*x"n),x, algorithm="giac")

[Out] integrate(x"m*cosh(b*x™n + a), x)



167

3.48 f X" cosh? (a + bx™) dx

Optimal. Leaf size=128

_m+2n+1 _m_+1 m+1 _m+2n+1 _E m+1
2™ L () Gamma(T,—be”) 200+ () Gamma(T,be”) et
- = +
n n 2(m+1)

[Out] x~(1 + m)/(2*%(1 + m)) - (E°(2*xa)*x~ (1 + m)*Gamma[(1 + m)/n, -2*xbxx"n])/(27(
(1 +m+ 2xn)/n)*n*(-(b*x™n))~((1 + m)/n)) - (x~(1 + m)*Gamma[(1 + m)/n, 2%
b*x"n])/(27((1 + m + 2%n)/n)*E~(2*xa) *n*(b*x"n) ~((1 + m)/n))

Rubi [A] time = 0.155311, antiderivative size = 128, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 3, integrand size = 14, e -

integrand size
0.214, Rules used = {5363, 5361, 2218}

’ _m+2n+1 1 _m_+1 m+1 ’ _m+2n+1 1 _m_+1 m+1
e x™M*l(=bx") » Gamma (T’ —2bx”) e %12 n x™t(bx™) » Gamma (T’ be”) S|
- - +
n n 2(m +1)

Antiderivative was successfully verified.

[In] Int[x"m*Cosh[a + b*x"n]"2,x]

[Out] x“(1 + m)/(2%x(1 + m)) - (E7(2%a)*x~ (1 + m)*Gamma[(1 + m)/n, -2*b*x"n])/(27(
(1 +m+ 2xn)/n)*n*x(—(b*x"n))~((1 + m)/n)) - (x~(1 + m)*Gamma[(1 + m)/n, 2%
b*x™n])/(27((1 + m + 2*n)/n)*E~(2%a) *n* (b*x"n) ~((1 + m)/n))

Rule 5363

Int[((a_.) + Coshl(c_.) + (d_.)*(x_)"(n_)]1*(b_.)) " (p_)*((e_.)*(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cosh[c + d*x"n])7p, x], x
1 /; FreeQ[{a, b, ¢, 4, e, m, n}, x] && IGtQ[p, O]

Rule 5361

Int[Cosh[(c_.) + (d_)*(x_)"(n_)]*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2
, Int[(exx) m*E~(c + d*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(-c - d*x"n),
x], x] /; FreeQl{c, d, e, m, n}, x]

Rule 2218

Int[(F_)"((a_.) + (b_)*((c_.) + (d_.)*(x_)) (@ ))*((e_.) + (£_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~ax(e + fxx)~(m + 1)*Gammal[(m + 1)/n, -(b*x(c + d*x
) "n*Log[F1)]1)/ (f*n* (- (bx(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, f, m, n}, x] && EqQ[d*e - c*xf, 0]

Rubi steps
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mo1
fxm cosh? (a+bx™) dx = f(% + Exm cosh (2a + 2bx”)) dx

x1+m 1

= 20+ + > fx’” cosh (2a + 2bx™) dx
1
— 2(31C -:m ) + 411 fe—Za—be”xm dx + }z f62a+2bx”xm dx
m
_1+m+2n ’ _m 1+m _1+m+2n 201 _1+_m 147

yl+m 27 et (—px) T I’(T,—be”) 2 n e Sy (b)) T I‘(—n

- 2(1 + m) - n - n

Mathematica [A] time = 0.24899, size = 116, normalized size = 0.91

m+1 m+1 m+1 m+1

L (eZ“(m +1)27 " (=bx") 7 Gamma (mTH, —be”) +e 2 (m+1)2" n (bx") v Gamma (mTH,ZbX”) - 271)

4(m+1)n

Antiderivative was successfully verified.

[In] Integrate[x"m*Cosh[a + b*x"n]~2,x]

[Out] -(x~(1 + m)*x(-2*n + (E"(2*%a)*(1 + m)*Gammal[(1 + m)/n, -2%b*x"n])/(2°((1 + m
)/n)*(=(b*xx"n))~((1 + m)/n)) + ((1 + m)*Gamma[(1 + m)/n, 2*b*x"n])/(27((1 +
m) /n)*E~ (2*a)* (b*x™n) ~((1 + m)/n))))/(4*x(1 + m)*n)

Maple [F] time = 0.089, size = 0, normalized size = 0.

f x™ (cosh (a + bx”))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cosh(a+b*x"n)~2,x)

[Out] int(x"m*cosh(a+b*x"n)~2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cosh(at+b*x™n)~2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x’” cosh (bx" + a)2 , x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x"m*cosh(a+b*x™n)~2,x, algorithm="fricas")

[Out] integral(x"m*cosh(b*x™n + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x" cosh? (a + bx™)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**m*cosh(a+b*x**n)**2,x)

[Out] Integral(x**m*cosh(a + bxx**n)*x2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x™ cosh (bx" + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x“m*cosh(a+b*x™n)~2,x, algorithm="giac")

[Out] integrate(x"m*cosh(b*x™n + a)~2, x)
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3.49 f X" cosh’ (a + bx™) dx

Optimal. Leaf size=200

m+1 m+1 m+1 m+1
313" n x"* (—px")”" v~ Gamma (m7+1’ —3bx”) 3ex™ 1 (—bx")” 7w Gamma (’”T”, —bx”) 3e=aym+L (px™y " w G
- 8n B 8n - 8

[Out] -(E~(3*a)*x~ (1 + m)*Gamma[(1 + m)/n, -3%b*x"n])/(8*37((1 + m)/n)*n*(-(b*x"n
))"((1 + m)/n)) - (3*Ea*x” (1 + m)*Gamma[(1 + m)/n, -(b*x"n)])/(8*n*(-(bxx"
n))"((1 +m)/n)) - (3*x~(1 + m)*Gamma[(1 + m)/n, b*x"n])/(8*E~a*n*(b*xx"n) " (

(1 +m)/n)) - (x~(1 + m)*Gamma[(1 + m)/n, 3*b*x"n])/(8+37((1 + m)/n)*E"(3*a

Yxn* (bxx™n) " ((1 + m)/n))

Rubi [A] time = 0.205599, antiderivative size = 200, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 3, integrand size = 14, e

0.214, Rules used = {5363, 5361, 2218}

integrand size

m+1 m+1 m+1 m+1
33" T x™*1 (=px™)” n Gamma (m7+1, —be”) 3e"x™*1 (=bx™)” » Gamma (mTH, —bx”) 3e ™ (bx™)" T G

8n 8n 8n

Antiderivative was successfully verified.

[In] Int[x"m*Cosh[a + b*x"n]~3,x]

[Out] -(E~(3*a)*x~ (1 + m)*Gamma[(1 + m)/n, -3*b*x"n])/(8*3~((1 + m)/n)*n*(-(b*x"n
))"((1 + m)/n)) - (3*E”a*x~ (1 + m)*Gamma[(1 + m)/n, -(b*x"n)])/(8*n*(-(b*x"~
n))~((1 + m)/n)) - (3*x~(1 + m)*Gamma[(1 + m)/n, b*x"n])/(8*E~a*n*(b*x"n) " (

(1 +m/n)) - (x~(1 + m)*Gamma[(1 + m)/n, 3xb*x"n])/(8*37((1 + m)/n)*E~(3*a

)*xn*x (b*x™n) ~((1 + m)/n))

Rule 5363

Int[((a_.) + Cosh[(c_.) + (d_)*x_ )" (@ )I*M_.))"(p)*((e_)*x(x))"(m_.),
x_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cosh[c + d*x"n])"p, x], x
1 /; FreeQ[{a, b, ¢, 4, e, m, n}, x] && IGtQ[p, O]

Rule 5361

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)]*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2
, Int[(exx) m*E~(c + d*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(-c - d*x"n),
x], x] /; FreeQ[{c, d, e, m, n}, x]

Rule 2218

Int[(F_)~((a_.) + (b_.)*x((c_.) + (d_)*x_))"(m))*x((e_.) + (£f_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F7ax(e + fxx)~(m + 1)*Gammal[(m + 1)/n, -(b*x(c + d*x
) "n*xLog[F]1)]1)/(f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, c, d, e, f, m, n}, x] && EqQ[dxe - cxf, 0]

Rubi steps
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3 1
fxm cosh® (a+bx™) dx = f (me cosh (a + bx™) + me cosh (3a + 3bx”)) dx
1 m n 3 m n
= fo cosh (3a + 3bx™) dx + fo cosh (a + bx™") dx
1 ~3a-3bx" 1 3a-+3bx" SR p— 3 bx't
:—fe“ xxmdx+—fe”+xxmdx+—fe”xxmdx+—fe“+xxmdx
8 8 8 8
1+m 1+m 1+m
37w @Ayt (—px™yw T (HTM, —3bx”) 3etx+ (—px™)" n T (HTm, —bx”) 3e %]

8n 8n

Mathematica [A] time = 0.955639, size = 182, normalized size = 0.91

m+l m+1 ( m+n+1 m+1

m+1 =T
e=3837 Tyl (—bzxz’“) " ((—bx")T ¢*3"n  Gamma (m7+1, bx”) + Gamma (mTH,Bbx”)) + 6% (bx™) 7 Gay

8n

Antiderivative was successfully verified.

[In] Integrate[x"m*Cosh[a + b*x"n]~3,x]

[Out] -(x~(1 + m)*(E~(6%a)*(b*x™n) " ((1 + m)/n)*Gamma[(1 + m)/n, -3*b*x"n] + 37 ((1
+ m + n)/n)*E~(4*xa)*x(b*x"n) ~((1 + m)/n)*Gammal[(1 + m)/n, -(b*x"n)] + (—(bx*

x ) (1 +m)/n)*3 (1 + m + n)/n)*E"(2*a)*Gamma[(1 + m)/n, b*x"n] + Gamm

al(1 + m)/n, 3*%b*xx™n])))/(8+37((1 + m)/n)*E~(3*a)*n*(-(b~2*x~(2*n))) ~((1 +
m)/n))

Maple [F] time = 0.11, size = 0, normalized size = 0.

f x™ (cosh (a + bx"))3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cosh(a+b*x"n)~3,x)

[Out] int(x"m*cosh(a+b*x"n)~3,x)

Maxima [A] time = 1.31915, size = 234, normalized size = 1.17

xM+le(=3a)T (mTH, 3 bx”) 3 xmHle-arT (m7+1’ bx”) 3 xMHletT (m7+1’ —bx”) x"leGar (m7+1’ -3 bx")
- m+1 - m+1 - m+1 - m+1
8 Bbx™) n n 8 (bx™) n n 8 (-bx") n n 8 (-3bx") n n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cosh(a+b*x™n)~3,x, algorithm="maxima")

[Out] -1/8*x"(m + 1)*e”(-3%a)*gamma((m + 1)/n, 3*%bxx"n)/((3*b*x"n)~((m + 1)/n)*n)
- 3/8%x"(m + 1)*e”(-a)*gamma((m + 1)/n, b*x"n)/((bxx™n)~((m + 1)/n)*n) - 3
/8*x~(m + 1)*e"axgamma((m + 1)/n, -b*x"n)/((-b*x"n)~((m + 1)/n)*n) - 1/8*x"

(m + 1)*e”(3*a)*gamma((m + 1)/n, -3*b*x"n)/((-3*b*x"n) ((m + 1)/n)*n)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral (xm cosh (bx" + a)3 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cosh(a+b*x"n)~3,x, algorithm="fricas")

[Out] integral(x"m*cosh(b*x™n + a)~3, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f X" cosh® (a + bx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**m*cosh(a+b*x**n)**3,x)

[Out] Integral (x**m*cosh(a + bxx**n)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x™ cosh (bx™ + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cosh(a+b*x™n)~3,x, algorithm="giac")

[Out] integrate(x"m*cosh(b*x"n + a)~3, x)
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3.50 f x7" cosh (a + bx") dx
Optimal. Leaf size=45

b sinh(a)Chi (bx™) N b cosh(a)Shi (bx™) X cosh (a + bx™)
n n n

[Out] -(Cosh[a + b*x"n]/(n*x"n)) + (b*CoshIntegral[b*x"n]*Sinh[a])/n + (b*Coshl[al
*SinhIntegral [b*x"n])/n

Rubi [A] time = 0.0941003, antiderivative size = 45, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 5, integrand size = 16, number of rules _

integrand size
0.312, Rules used = {5321, 3297, 3303, 3298, 3301}

b sinh(a)Chi (bx™) N b cosh(a)Shi (bx™) X" cosh (a + bx")
n n n

Antiderivative was successfully verified.

[In] Int[x"(-1 - n)*Cosh[a + b*x"n],x]

[Out] -(Cosh[a + b*x"n]/(n*x"n)) + (b*CoshIntegral[b*x"n]*Sinh[a])/n + (b*Coshl[al
*SinhIntegral [b*x"n])/n

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x_)"(m )]*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 3297

Int[((c_.) + (d_D)*(x_)) " (m )*sinf[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*(m + 1)), x] - Dist[f/(d*x(m + 1)), Int[(c
+ d*x)"(m + 1)*Cosle + fx*x], x], x] /; FreeQ[{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3303

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx*
e — cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*f)/d + f*xx]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3298

Int[sinl[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + f*fz*x])/d, x] /; FreeQ[{c, d, e, f
, Tz}, x] && EqQ[d*e - cxfxfz*xI, 0]

Rule 3301

Int[sinl[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(cxf*xfz)/d + fxfz*x]/d, x] /; FreeQ[{c, 4, e, f, fz
}, x] && EqQ[d*(e - Pi/2) - cxf*fzxI, 0]
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Rubi steps

Subst (f cosh:zﬁbx) dx, x, xn)

n

fx‘l‘” cosh (a + bx") dx =

b Subst (f M dx, x, x”)

x~" cosh (a + bx™)
- +

n n
X cosh (a + bx") (b cosh(a)) Subst (f w dx, x, x") (bsinh(a)) Subst (f &};O
T n * n " n
x~" cosh (a + bx™) N bChi (bx™) sinh(a) N b cosh(a)Shi (bx™)

n n n

Mathematica [A] time = 0.0574632, size = 46, normalized size = 1.02

x~" (bsinh(a)x"Chi (bx") + b cosh(a)x™"Shi (bx") — cosh (a + bx™))
n

Antiderivative was successfully verified.

[In] Integrate[x~(-1 - n)*Cosh[a + b*x"n],x]

[Out] (-Cosh[a + b*x"n] + b*x"n*CoshIntegral [b*x"n]*Sinh[a] + b*x"n*Cosh[a]*SinhI
ntegral [b*x"n])/(n*x"n)

Maple [A] time = 0.028, size = 74, normalized size = 1.6

e 0" peaEi (1, bx") e e?pEi(1, —bx")
2 nx" 2n 2nx" 2n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-n)*cosh(a+b*x"n),x)

[Out] -1/2/n*exp(-a-b*x"n)/(x"n)+1/2/n*bxexp(-a)*Ei(1,b*x"n)-1/2*exp(atb*xn)/(x~
n)/n-1/2/n¥b*xexp(a)*Ei(1,-b*x"n)

Maxima [A] time = 1.23315, size = 46, normalized size = 1.02

be=2T (-1, bx™) N beT' (-1, —bx™)
2n 2n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cosh(a+b*x"n),x, algorithm="maxima"

[Out] -1/2%b*e”(-a)*gamma(-1, b*x"n)/n + 1/2*b*e”a*xgamma(-1, -b*x"n)/n

Fricas [B] time = 1.87735, size = 462, normalized size = 10.27
((b cosh (a) + bsinh (a)) cosh (nlog (x)) + (b cosh (a) + bsinh (a)) sinh (1 log (x)))Ei (b cosh (n log (x)) + bsinh (nlog
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cosh(atb*x"n),x, algorithm="fricas")

[Out] 1/2*%(((b*cosh(a) + b*sinh(a))*cosh(n*log(x)) + (b*cosh(a) + bxsinh(a))*sinh
(n*log(x)))*Ei(b*cosh(n*log(x)) + bxsinh(n*log(x))) - ((b*cosh(a) - b*sinh(
a))*cosh(nxlog(x)) + (bxcosh(a) - b*sinh(a))*sinh(n*log(x)))*Ei(-b*xcosh(n*l
og(x)) - bxsinh(n*log(x))) - 2*cosh(b*cosh(n*log(x)) + bxsinh(n*log(x)) + a
))/(n*cosh(n*log(x)) + n*sinh(n*log(x)))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-n)*cosh(atb*x**n) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x7" 1 cosh (bx" + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cosh(at+b*x™n),x, algorithm="giac")

[Out] integrate(x~(-n - 1)*cosh(b*x™n + a), x)
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-1- 2
3.51 fx 1= cosh” (a + bx™) dx
Optimal. Leaf size=67

b sinh(2a)Chi (2bx™) N b cosh(2a)Shi (2bx™) ~ x " cosh (2 (a + bx™)) ~ x"

n n 2n 2n

[Out] -1/(2*n*x"n) - Cosh[2x(a + b*x"n)]/(2*n*x"n) + (b*CoshIntegral [2*b*x"n]*Sin
h[2%a])/n + (b*Cosh[2*a]*SinhIntegral [2*¥b*x"n])/n

Rubi [A] time = 0.129575, antiderivative size = 67, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 18, e .

integrand size
0.333, Rules used = {5363, 5321, 3297, 3303, 3298, 3301}
b sinh(2a)Chi (2bx™) N bcosh(2a)Shi 2bx™) x"cosh (2(a + bx™)) x™"

n n 2n 2n

Antiderivative was successfully verified.

[In] Int[x"(-1 - n)*Cosh[a + b*x"n]"2,x]

[Out] -1/(2*n*x"n) - Cosh[2x(a + b*x"n)]/(2*n*x"n) + (b*CoshIntegral [2*b*x"n]*Sin
h[2*al)/n + (b*Cosh[2*a]*SinhIntegral [2*¥b*x"n])/n

Rule 5363

Int[((a_.) + Cosh[(c_.) + (d_.)*(x_)"(n_)]*(b_.))"(p_)*((e_.)*(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cosh[c + d*x"n])7p, x], x
1 /; FreeQ[{a, b, ¢, 4, e, m, n}, x] && IGtQ[p, O]

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*x_)" (@ )I*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 0]))

Rule 3297

Int[((c_.) + (d_D)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*x(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3303

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e — cx*f
)/d]l, Int[Cos[(cxf)/d + f*xx]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x] &&
NeQ[d*e - c*xf, 0]

Rule 3298

Int[sinl[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, f
, Tz}, x] && EqQ[d*e - cxf*xfzxI, 0]
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Rule 3301

Int[sin[(e_.) + (Complex[0, fz_ ])*(f_.)*x(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(c*f*fz)/d + f*xfz*x]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] &% EqQld*(e - Pi/2) - cxf*xfz*xI, 0]

Rubi steps

—1-n 1
fx—l—n cosh? (a + bx") dx f (x + Ex‘l‘” cosh (2a + be”)) dx

2

"1 ~1-n
-+ > fx cosh (2a + 2bx™) dx

2n
X Subst (f w dx, x, x”)
o * 2n
sinh(2a+2bx)

_ x N " cosh (2 ((1 + bxn)) N b Subst (f 7 dx, X, Xn)
2 2n n

x  x"cosh(2(a+ bx")) (b cosh(2a)) Subst (f Smhbe) x, X, xn) (bsinh(2
T o 2n " n "
_x" x"cosh(2(a+bx")) N bChi (2bx™) sinh(2a) N b cosh(2a)Shi (2bx™)
2 2n n n

Mathematica [A] time = 0.122412, size = 54, normalized size = 0.81

x™" (bsinh(2a)x"Chi (2bx") + b cosh(2a)x"Shi (2bx") - cosh? (a + bx"))

n

Antiderivative was successfully verified.

[In] Integrate[x~(-1 - n)*Coshla + b*x"n]~2,x]

[Out] (-Cosh[a + b*x"n]~2 + b*x"n*CoshIntegral [2*b*x n]*Sinh[2*a] + b*x"n*Cosh[2x*
al]*SinhIntegral [2¥b*x"n])/(n*x"n)

Maple [A] time = 0.073, size = 90, normalized size = 1.3

1 e 2a-2bx"  pa2ap (1,2 bx") e2a+2bx  2apEy (1, -2 bx™)

- +
2 nx" 4 nxn 2n 4 nx" 2n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-n)*cosh(a+b*x"n)~2,x)

[Out] -1/2/n/(x"n)-1/4/n*xexp(-2*%a-2*b*xx"n)/(x"n)+1/2/n*xb*exp(-2*a)*Ei (1,2*b*x"n) -
1/4/ (x"n) *exp (2*xa+2*xb*x"n) /n-1/2/n*b*xexp (2*a) *Ei (1,-2*b*x"n)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~(-1-n)*cosh(atb*x™n)~2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.86824, size = 567, normalized size = 8.46

((bcosh (2a) + bsinh (2 a)) cosh (nlog (x)) + (b cosh (2 a) + bsinh (2 a)) sinh (1 1log (x)))Ei (2 b cosh (n log (x)) + 2 bsi

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cosh(a+b*x"n)~2,x, algorithm="fricas")

[Out] 1/2*%(((b*cosh(2*a) + b*sinh(2%*a))*cosh(n*log(x)) + (b*cosh(2*a) + bxsinh(2x%
a))*sinh(n*log(x)))*Ei(2*bxcosh(n*log(x)) + 2%b*sinh(n*log(x))) - ((bxcosh(
2*%a) - b*sinh(2+*a))*cosh(n*log(x)) + (b*cosh(2xa) - bxsinh(2*a))*sinh(n*log
(x)))*Ei(-2*%b*xcosh(n*log(x)) - 2%b*sinh(n*log(x))) - cosh(b*cosh(n*log(x))
+ b*sinh(n*log(x)) + a)~2 - sinh(b*cosh(n*log(x)) + b*sinh(n*log(x)) + a)~2

- 1)/(n*cosh(n*log(x)) + n*sinh(n*log(x)))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*x(-1-n)*cosh(a+b*x**n)**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x "L cosh (bx" + a)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cosh(a+b*x"n)~2,x, algorithm="giac")

[Out] integrate(x~(-n - 1)*cosh(b*x™n + a)~2, x)
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3.52 f 17" cosh® (a + bx™) dx

Optimal. Leaf size=113

3b sinh(a)Chi (bx") N 3b sinh(3a)Chi (3bx™) N 3b cosh(a)Shi (bx™) N 3b cosh(3a)Shi (3bx™) R cosh (a + bx™)
4n 4n 4n 4n 4n

[Out] (-3*Cosh[a + b*x"n])/(4*n*x"n) - Cosh[3*(a + b*x"n)]/(4*n*x"n) + (3*b*CoshI
ntegral [bxx"n]*Sinh[a])/(4*n) + (3*b*CoshIntegral [3*b*x"n]*Sinh[3*a])/(4*n)

+ (3xbxCosh[a]l*SinhIntegral [b*x"n])/(4*n) + (3*b*Cosh[3*a]*SinhIntegral [3*
b*x"n])/(4*n)

Rubi [A] time = 0.225329, antiderivative size = 113, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 6, integrand size = 18, number of rules

= 0.333, Rules used = {5363, 5321, 3297, 3303, 3298, 3301}

integrand size

3b sinh(a)Chi (bx™) N 3b sinh(3a)Chi (3bx™) N 3b cosh(a)Shi (bx") N 3b cosh(3a)Shi (3bx™) _ 3x7" cosh (a + bx™)
4n 4n 4n 4n 4n

Antiderivative was successfully verified.

[In] Int[x~(-1 - n)*Cosh[a + b*x"n]~3,x]

[Out] (-3*Cosh[a + b*x"n])/(4*n*x"n) - Cosh[3*(a + b*x"n)]/(4*n*x"n) + (3*b*CoshI
ntegral [bxx"n]*Sinh[a])/(4*n) + (3*b*CoshIntegral [3*b*x n]*Sinh[3*a])/(4*n)

+ (3*b*Cosh[a]*SinhIntegral [b*x"n])/(4*n) + (3*b*Cosh[3*a]*SinhIntegral [3*
b*x"n])/(4*n)

Rule 5363

Int[((a_.) + Cosh[(c_.) + (d_.)*(x_)"(m_)]*(b_.)) " (p_)*((e_.)*x(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cosh[c + d*x"n])"p, x], x
1 /; FreeQ[{a, b, ¢, 4, e, m, n}, x] && IGtQ[p, O]

Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)"(m )]*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 3297

Int[((c_.) + (d_D)*(x_)) " (m )*sinf[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*xx)"(m + 1)*Sin[e + f*xx])/(d*(m + 1)), x] - Dist[f/(d*x(m + 1)), Int[(c
+ d*xx)~(m + 1)*Cos[e + fxx], x], x] /; FreeQ[{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3303

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e — cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*f)/d + f*xx]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3298
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Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - cxfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(c*f*fz)/d + fxfzxx]/d, x] /; FreeQl{c, d, e, f, fz
}, x] &% EqQ[d*(e - Pi/2) - cxf*xfz*xI, 0]

Rubi steps

3 1
fx‘l‘" cosh® (a + bx") dx = f (Zx‘l‘” cosh (a + bx") + Zx‘l‘” cosh (3a + 3bx")) dx

1 3
=1 fx‘l‘” cosh (3a + 3bx™) dx + 1 fx‘l‘” cosh (a + bx™) dx

Subst (f w dx, x, x”) 3 Subst (f COShi”Z”bx) dx, x, xn)

4n * 4n
sinh(a+bx)

3x7" cosh (a + bx™)  x7"cosh (3 (a + bx™)) . (3b) Subst (f — X xn) N (3D)

- 4n 4n 4n
sinh(bx)

3x7"cosh (a + bx")  x7" cosh (3 (a + bx™)) . (3b cosh(a)) Subst (f P xn)
B 4n 4n 4n

3x " cosh (a + bx") x"cosh(3(a+bx")) 3bChi(bx")sinh(a) 3bChi (3bx™)sin.

+ +

B 4n 4n 4n 4n

Mathematica [A] time = 0.15244, size = 97, normalized size = 0.86

x~" (3bsinh(a)x"Chi (bx") + 3bsinh(3a)x"Chi (3bx™) + 3b cosh(a)xShi (bx") + 3b cosh(3a)x"Shi (3bx™) — 3 cosh (a +
4n

Antiderivative was successfully verified.

[In] Integrate[x~(-1 - n)*Cosh[a + b*x"n]~3,x]

[Out] (-3*Cosh[a + b*x"n] - Cosh[3*(a + b*x"n)] + 3*b*x"n*CoshIntegral [b*x~n]*Sin
h[a] + 3*b*x"n*CoshIntegral [3*b*x"n]*Sinh[3*a] + 3*b*x"n*Cosh[a]*SinhIntegr
al[b*x"n] + 3*b*x"n*Cosh[3*a]*SinhIntegral [3*b*x"n])/(4*n*x"n)

Maple [A] time = 0.102, size = 152, normalized size = 1.4

g~3a-30" . 3be3%Ei(1,3bx") 3e vt .\ 3beEi(1,bx") e3+30"  3pe3aEi (1, -3bx") 3 3efpEi
8 nx" 8n 8 nx' 8n 8 nx" 8n 8 nx" ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-n)*cosh(a+b*x"n)~3,x)

[Out] -1/8/n*exp(-3*a-3*b*x"n)/(x"n)+3/8/n*b*exp(-3*a)*Ei(1,3*%b*xx"n)-3/8/n*exp(-a
-b*x7n)/(x"n)+3/8/n*b*exp(-a)*Ei (1,b*xx"n)-1/8/(x"n) *exp (3*a+3*b*x"n) /n-3/8/
nxbxexp (3*a)*Ei (1,-3*b*x"n)-3/8%exp (a+b*x"n)/(x"n) /n-3/8/n*xbxexp(a)*Ei(1,-b

*x"1n)
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Maxima [A] time = 1.33236, size = 95, normalized size = 0.84
3be(39T (<1,3bx™)  3beIT (-1, bx") N 3be’T (-1, -bx") N 3beBIT (<1, -3 bx™)
8n 8n 8n 8n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cosh(atb*x™n)~3,x, algorithm="maxima")

[Out] -3/8x*b*e”(-3*a)*gamma(-1, 3*b*x"n)/n - 3/8%bxe”(-a)*gamma(-1, b*x"n)/n + 3/
8*bxe~a*xgamma (-1, -b*x"n)/n + 3/8%bxe”(3*a)*gamma (-1, -3*b*x"n)/n

Fricas [B] time = 1.85079, size = 1045, normalized size = 9.25
2 cosh (b cosh (nlog (x)) + bsinh (n log (x)) + a)3 + 6 cosh (b cosh (nlog (x)) + bsinh (n log (x)) + a) sinh (b cosh

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cosh(atb*x™n)~3,x, algorithm="fricas")

[Out] -1/8*(2*cosh(b*cosh(n*log(x)) + b*sinh(n*log(x)) + a)~3 + 6*cosh(b*cosh(nx*1
og(x)) + bxsinh(n*log(x)) + a)*sinh(b*cosh(n*log(x)) + bxsinh(n*log(x)) + a
)72 - 3*((b*cosh(3*a) + b*sinh(3*a))*cosh(n*log(x)) + (bxcosh(3*a) + b*sinh
(3*a))*sinh(n*log(x)))*Ei(3*b*cosh(n*log(x)) + 3*b*sinh(n*log(x))) - 3*((b*
cosh(a) + b*sinh(a))*cosh(n*log(x)) + (b*cosh(a) + bxsinh(a))*sinh(n*log(x)
))*Ei (b*cosh(n*log(x)) + b*sinh(n*log(x))) + 3*((b*cosh(a) - b*sinh(a))*cos
h(n*log(x)) + (b*cosh(a) - b*sinh(a))*sinh(n*log(x)))*Ei(-b*cosh(n*log(x))
- b*xsinh(n*log(x))) + 3*((b*cosh(3*a) - b*sinh(3%*a))*cosh(n*log(x)) + (b*co
sh(3*%a) - b*sinh(3*a))*sinh(n*log(x)))*Ei(-3*%b*cosh(n*log(x)) - 3*b*sinh(nx
log(x))) + 6*cosh(b*cosh(n*log(x)) + b*sinh(n*log(x)) + a))/(n*cosh(n*log(x
)) + nxsinh(n*xlog(x)))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-n)*cosh(a+b*x**n)**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f "1 cosh (bx" + a)® dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cosh(a+b*x"n)~3,x, algorithm="giac")

[Out] integrate(x”(-n - 1)*cosh(b*x™n + a)~3, x)



182

353  [x*2cosh(a+ba") dx

Optimal. Leaf size=71

Ve Exf (Vbx'2)  /me"Exfi (Vbx2)
2vbn ’ 2vbn

[Out] (8qrt[Pi]l*Erf[Sqrt[b]l*x~(n/2)]1)/(2xSqrt[bl*E~a*n) + (E"axSqrt[Pi]*Erfi[Sqrt
[b]*x~(n/2)])/(2%Sqrt [b] *n)

Rubi [A] time = 0.0449982, antiderivative size = 71, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 18, *—— > =

0.222, Rules used = {5357, 5299, 2204, 2205}

Ve Exf (Vbx'?)  me"Exfi (Vbx?)
2\/5” ’ 2\/511

integrand size

Antiderivative was successfully verified.

[In] Int[x~ (-1 + n/2)*Coshl[a + b*x"n],x]

[Out] (Sqrt[Pi]*Erf [Sqrt[b]l*x~(n/2)])/(2xSqrt[b]*E~a*n) + (E~a*Sqrt[Pi]*Erfi[Sqrt
[b]*x~(n/2)])/(2%8qrt [b] *n)

Rule 5357

Int[((a_.) + Cosh[(c_.) + (d_)*x )" (@ )I*xM_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/(m + 1), Subst[Int[(a + b*Cosh[c + d*x~Simplify[n/(m + 1)]1])7p
, x), x, x*(m + 1)], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && IntegerQ[p] && N
eQm, -1] && IGtQ[Simplify[n/(m + 1)], 0] && !IntegerQ[n]

Rule 5299

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E"(c + d*x"n)
, x], x] + Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLoglFl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps
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fx—1+g cosh (a4 b dx = 2 Subst (f cosh (:1: bxz) dx, x, x”/z)

—a—bx? nj2 a+bx? n/2
_ Subst(fe dx,x, x )+Subst(fe+ dx,x, x )

n n
e~"y/rerf (\/Ex"/z) e"/rerfi (\/l;x”/z)
= +
2vbn 2vbn

Mathematica [A] time = 0.696833, size = 60, normalized size = 0.85

\r ((cosh(a) — sinh(a))Erf (\/Ex”/z) + (sinh(a) + cosh(a))Erfi (\/Ex”/z))
2\/571

Antiderivative was successfully verified.

[In] Integrate[x~ (-1 + n/2)*Cosh[a + b*x"n],x]

[Out] (Sqrt[Pi]=*(Erf[Sqrt[b]l*x~(n/2)]*(Cosh[a] - Sinh[a]) + Erfi[Sqrt[b]l*x"(n/2)]
*x(Cosh[a] + Sinh[a])))/(2*Sqrt[b]*n)

Maple [A] time = 0.053, size = 54, normalized size = 0.8

e_;fErf (xgx/l_y) % + eaz\ffErf(\/—_bxg) \/1__17

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1+1/2%n)*cosh(a+b*x"n),x)

[Out] 1/2/n*exp(-a)*Pi~(1/2)/b~(1/2)*erf (x~(1/2*n)*b~(1/2))+1/2/n*exp(a)*Pi~(1/2)
/(-b)~(1/2) *erf ((-b)~(1/2)*x~(1/2%n))

Maxima [A] time = 1.19941, size = 93, normalized size = 1.31

\/Ex% n(erf (Vbx”) - 1)3(‘”) \/Ex% n(erf(\/—bx”) - 1)6“
+
2Vbx"n 2V-bx"n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+1/2*n)*cosh(a+b*x”n),x, algorithm="maxima"

[Out] 1/2*sqrt(pi)*x~(1/2*n)*(erf(sqrt(b*xxn)) - 1)*e~(-a)/(sqrt(b*x"n)*n) + 1/2%
sqrt (pi)*x~(1/2*n) * (erf (sqrt (-b*x"n)) - 1)*e"a/(sqrt(-b*x"n)x*n)

Fricas [A] time = 1.83417, size = 333, normalized size = 4.69

ﬁ\/—_b(cosh (a) + sinh (a)) erf(\/—_bx cosh (% (n-2)log (x)) + V=bxsinh (% (n-2)log (x))) - \/E\/E(cosh (a) -
- 2bn
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+1/2*n)*cosh(atb*x"n),x, algorithm="fricas")

[Out] -1/2%(sqrt(pi)*sqrt(-b)*(cosh(a) + sinh(a))*erf(sqrt(-b)*x*cosh(1/2*(n - 2)
*log(x)) + sqrt(-b)*x*sinh(1/2*(n - 2)*log(x))) - sqrt(pi)*sqrt(b)*(cosh(a)

- sinh(a))*erf (sqrt(b)*x*cosh(1/2*(n - 2)*log(x)) + sqrt(b)*x*sinh(1/2*x(n

- 2)xlog(x))))/(b*n)

Sympy [F] time = 0., size = 0, normalized size = 0.

fxg_l cosh (a + bx") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1+1/2%n)*cosh(a+b*x**n) ,x)

[Out] Integral(x**(n/2 - 1)*cosh(a + b*x**n), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
fxi "1 cosh (bx" + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+1/2*n)*cosh(a+b*x"n),x, algorithm="giac")

[Out] integrate(x~(1/2*n - 1)*cosh(b*x™n + a), x)
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354  [x?cosh((a+bx)?) dx

Optimal. Leaf size=113

VARErf(a+ by Vra?Erfie +by)  VRErf(a+by)  VAErfi(a+by) _asinh ((a +bx)?) , (a+bysinh ((a-
T 453 853 853 b 253

[Out] (Sqrt[Pi]*Erfla + bxx])/(8%b"3) + (a~2*Sqrt[Pil*Erf[a + b*x])/(4*b~3) - (Sq
rt[Pi]*Erfila + bxx])/(8%b~3) + (a”2+Sqrt[Pi]*Erfila + bx*x])/(4*xb~3) - (axS
inh[(a + b*x)~"2])/b"3 + ((a + b*x)*Sinh[(a + b*x)~2])/(2¥b~3)

Rubi [A] time = 0.100875, antiderivative size = 113, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 9, integrand size = 12, e o e

= 0.75, Rules used = {5365, 6742, 5299, 2204, 2205, 5321, 2637, 5325, 5298}

integrand size

VraErf(a + by)  V7a?Erfi(a + by)  ymErf(a+bx) yaErfia +bx) asinh (@ +bx)?) , (a+bysinh ((a-

4p3 4p3 8b3 8b3 b3 2b3

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[(a + bx*x)~2],x]

[Out] (Sqrt[Pi]*Erf[a + bxx])/(8%b"3) + (a~2*Sqrt[Pil*Erf[a + b*x])/(4*b~3) - (Sq
rt [Pil*Erfila + b*x])/(8%b"3) + (a~2*Sqrt[Pil*Erfila + b*x])/(4*b"3) - (a*S
inh[(a + b*x)72])/b"3 + ((a + b*x)*Sinh[(a + b*x)~2])/(2*¥b~3)

Rule 5365

Int[((a_.) + Cosh[(c_.) + (d_)*(u ) (@ )I*xM_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/Coefficient[u, x, 1] (m + 1), Subst[Int[(x - Coefficient[u, x,
0]1) "m*(a + b*Cosh[c + d*x"n])"p, x], x, ul, x] /; FreeQ[{a, b, ¢, d, n, p}
, x] &% LinearQ[u, x] && NeQ[u, x] && IntegerQ[m]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 5299

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E"(c + d*x"n)
, x]1, x] + Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2xd*Rt[-(b*xLoglFl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]
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Rule 5321

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)" (@ )]I*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 01))

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 5325

Int[Cosh[(c_.) + (d_)*(x_)"(n )]1*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[(e~
(n - 1)*(exx)"(m - n + 1)*Sinh[c + d*x"n])/(d*n), x] - Dist[(e"n*(m - n + 1
))/(d*n), Int[(e*x)"(m - n)*Sinh[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x]
&& IGtQ[n, 0] && LtQ[O, n, m + 1]

Rule 5298

Int[Sinh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E"(c + d*x"n)
, x], x] - Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rubi steps
fxz cosh ((ﬂ N bx)z) e Subst (f(—a +x)? c;sh (xz) dx, x,a + bx)
Subst ( f (az cosh (xz) — 2ax cosh (xz) + x% cosh (xz)) dx, x,a + bx)
Subst ( f x2 cosh (xz) dx,x,a + bx) (2a) Subst ( f x cosh (xz) dx,x,a + bx) a? Subst
= - +
3 3
_ (a+bx)sinh ((u + bx)z) Subst ( [ sinh (xz) dx,x,a + bx) a Subst ( [ cosh(x)dx, x, (a
N 253 - 263 - v
_ a*y[merf(a+bx) a’ymerfi(a+bx) asinh ((ﬂ + bx)z) (2 + bx)sinh ((ﬂ + bx)Z) St
B Tz a0 B = * 263
_ merf(a+bx) a’y[merf(a+bx) +/merfi(a+bx) a?y/merfi(a +bx) asinh ((ﬂ +bx
N 8b3 4b3 - 8b3 4p3 - »

Mathematica [A]

time = 0.124094, size = 62, normalized size = 0.55

\r (2a2 + 1) Erf(a + bx) + {1 (Zaz -~ 1) Erfi(a + bx) — 4(a — bx) sinh ((a + bx)z)
83

Antiderivative was successfully verified.

[In] Integrate[x~2*Cosh[(a + bxx)~2],x]

[Out] ((1 + 2xa~2)*Sqrt[Pi]*Erfl[a + b*x] + (-1 + 2%a~2)*Sqrt[Pi]*Erfila + b*x] -

4x(a - bxx)*Sinh[(a + b*x)~2])/(8%b~3)
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Maple [C] time = 0.045, size = 136, normalized size = 1.2

xe~(br+a)’ . ae b’ 2 (bx+a)\m  Erf(bx +a)yn e+’ golbrra)’ iazﬁErf (ibx + ia) .\ é \

412 43 43 813 4 b2 43 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh((b*x+a)”~2),x)

[Out] -1/4/b"2*xxexp(-(b*x+a) ~2)+1/4%a/b~3xexp (- (b*x+a) ~2)+1/4xa"2%erf (bxx+a)*Pi~
(1/2) /b~ 3+1/8*erf (b*xx+a) *Pi~(1/2) /b~3+1/4/b" 2*x*exp ((b*x+a) “2) -1/4*a/b~3*ex
p((b*x+a)~2)-1/4*Ixa~2/b~3*Pi~ (1/2)*erf (Ixb*x+I*a)+1/8*I1/b"3*xPi~(1/2)*erf (I
*xbxx+I*a)

Maxima [B] time = 1.61732, size = 1195, normalized size = 10.58

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh((b*x+a)~2),x, algorithm="maxima")

[Out] 1/3*x73*cosh((b*x + a)~2) + 1/6%x((sqrt(pi)*(b~2xx + axb)*a”~3*xb~3*(erf (sqrt(
-(b™2*x + a*xb)”"2/b72)) - 1)/((b72)"(7/2)*sqrt(-(b~2xx + axb)~2/b72)) - 3*a”
2xb~4*xe” ((b™2xx + axb)~2/b~2)/(b~2)"(7/2) + b 4*gamma(2, -(b"2*x + axb)~2/b
~2)/(072)7(7/2) - 3*%(b"2%x + a*b) “3xaxbxgamma(3/2, -(b"2*x + a*b)~2/b~2)/((
b~2) 7 (7/2)*(-(b~2*x + axb)~2/b~2)7(3/2)))*a/sqrt(b”2) - (sqrt(pi)*(b~2*x +
axb)*a~3*b"3* (erf (sqrt ((b"2*x + a*xb)~2/b72)) - 1)/((-b~2)~(7/2)*sqrt ((b~2*x
+ a*xb)~2/b72)) + 3*xa”2*xb~4*e” (-(b"2*x + axb)~2/b72)/(-b"2)"(7/2) + b~4xgam
ma(2, (b™2*x + axb)~2/b72)/(-b"2)"(7/2) - 3*(b"2xx + axb) “3*axb*gamma(3/2,
(b™2%x + axb)~2/b"2)/((-b"2)~(7/2)*x((b~2*x + axb)~2/b~2)~(3/2)))*a/sqrt(-b"
2) - (sqrt(pi)*(b~2*x + axb)*a~4*xb~4x(erf(sqrt((b~"2xx + ax*b)~2/b"2)) - 1)/(
(-b72)7(9/2) *sqrt ((b™2*x + a*b)~2/b"2)) + 4*a~3*b"b*e” (-(b~2*x + axb)~2/b"2
)/ (-b~2)7(9/2) + 4xaxb~b*xgamma(2, (b~2*x + a*b)~2/b~2)/(-b~2)7(9/2) - 6%(b~
2*%x + axb) “3*a”2xb”2xgamma (3/2, (b"2xx + axb)~2/b~2)/((-b"2)7(9/2)*((b~2%*x
+ axb)"2/b"2)7(3/2)) - (b72xx + axb) “bkxgamma(5/2, (b"2*x + axb)~2/b~2)/((-b
~2)7(9/2) % ((b™2*x + a*xb)~2/b"2)~(5/2)))*b/sqrt(-b~2) - (sqrt(pi)*(b~"2*x + a
xb)*a”~4xb~4* (erf (sqrt (-(b"2*x + a*xb)~2/b72)) - 1)/((b72)7(9/2)*sqrt (- (b~ 2*x
+ a*xb)"2/b72)) - 4xa”3*xb"b*xe” ((b72xx + axb)~2/b~2)/(b"2)7(9/2) + 4*axb~b*g
amma (2, -(b"2xx + axb)~2/b~2)/(b"2)7(9/2) - 6%(b~2*x + axb) ~3*a~2%b~2xgamma
(872, -(072*x + axb)~2/b72)/((b72)7(9/2)*(-(b"2*x + a*b)~2/b"2)7(3/2)) - (b
T2%x + axb) “bkgamma(5/2, -(b72*x + axb)"2/b72)/((b72)7(9/2)*(-(b"2*x + a*b)
~2/b72)7(5/2)))*b/sqrt(b~2))*b

Fricas [A] time = 1.85993, size = 382, normalized size = 3.38

(ﬁ(Z a® + 1)\/b_zerf (@) (PP 2abeea) \/E(Z a? - 1)\/b_zerfi (@) L I TN P (Z
8 vt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh((b*x+a)~2),x, algorithm="fricas")



188

[Out] 1/8*(sqrt(pi)*(2*xa~2 + 1)*sqrt(b”~2)*erf(sqrt(b~2)*(b*x + a)/b)*e” (b72*x"2 +
2xaxb*xx + a”2) + sqrt(pi)*(2*a”2 - 1)*sqrt(b”~2)*erfi(sqrt(b~2)*(b*x + a)/b

Yxe” (b72%x72 + 2*axb*x + a”2) - 2*xb72xx + 2%axb + 2% (b72*x - axb)*e” (2xb"2%

X72 + 4dxaxbxx + 2¥a”2))*e” (-b72*x"2 - 2*axbxx - a~2)/b"4

Sympy [F] time = 0., size = 0, normalized size = 0.

f x2 cosh (a2 + 2abx + b2x2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh((bxx+a)**2),x)

[Out] Integral(x*+*2*cosh(a**2 + 2kaxbxx + b**2*x**2), X)

Giac [C] time = 1.31815, size = 185, normalized size = 1.64
iR ert(ib(x+2)) 2 (b(+2)-2a)el*T 2] 2 ) erf(-b(xa L)) 2(b(x+s)-2a)el T2
b _ b b + b
8 b2 812

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh((b*x+a)~2),x, algorithm="giac")

[Out] -1/8*(I*sqrt(pi)*(2*a~2 - 1)*xerf(Ixb*(x + a/b))/b - 2*(b*x(x + a/b) - 2xa)*e
“(b72*x72 + 2xa*xbxx + a~2)/b) /b2 - 1/8*(sqrt(pi)*(2%¥a”2 + 1)*erf(-b*(x + a
/b)) /b + 2x(bx(x + a/b) - 2*xa)*e”(-b~2*x"2 - 2%a*xb*x - a~2)/b)/b"2
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3.55 f x cosh ((a + bx)z) dx

Optimal. Leaf size=54

maErf(a + bx)  +/maErfi(a + bx) sinh ((ﬂ + bx)z)
- -~ +
4p? 4b? 2b?

[Out] -(a*Sqrt[Pi]l*Erf[a + b*x])/(4xb~2) - (axSqrt[Pi]*Erfila + b*x])/(4xb~2) + S
inh[(a + b*x)"2]/(2*%b"2)

Rubi [A] time = 0.0530845, antiderivative size = 54, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 10, e e =

integrand size
0.7, Rules used = {6365, 6742, 5299, 2204, 2205, 5321, 2637}

VraErf(a + bx) _ ymaErfi(a + bx) sinh ((a+bx)?)
4b? 4b? 2b?
Antiderivative was successfully verified.

[In] Int[x*Cosh[(a + b*x)~2],x]

[Out] -(a*Sqrt[Pi]l*Erf[a + b*x])/(4xb~2) - (axSqrt[Pi]*Erfila + b*x])/(4xb~2) + S
inh[(a + b*x)"2]/(2*%b"2)

Rule 5365

Int[((a_.) + Cosh[(c_.) + (d_)*(u ) (@ )I*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/Coefficient[u, x, 1] (m + 1), Subst[Int[(x - Coefficient[u, x,
0]) "m*(a + b*Cosh[c + d*x”n])"p, x], x, ul, x] /; FreeQ[{a, b, ¢, d, n, p}
, x] &% LinearQ[u, x] && NeQ[u, x] && IntegerQ[m]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 5299

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol]l :> Dist[1/2, Int[E"(c + d*x"n)
, x], x] + Dist[1/2, Int[E~(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t [Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 211)/(2*d*Rt [-(b*Log[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5321



190

Int[((a_.) + Cosh[(c_.) + (d_)*(x_ )" (0 )]*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosh[c + dx*x])
“p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify
[(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify
[(m + 1)/n], 0]1))

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]

Rubi steps
fxcosh ((a s bx)z) = Subst (f( a+x) C(I);h( ) dx,x,a + bx)

Subst (f (—a cosh (xz) + x cosh (xz)) dx,x,a + bx)

12
Subst ( f x cosh (xz) dx,x,a + bx) a Subst ( f cosh (xz) dx,x,a + bx)
2 - 2
Subst ( f cosh(x)dx, x, (a + bx)Z) a Subst ( f e dx,x,a + bx) a Subst ( f e dx,x,a+
2b2 2b2 - 2b2
_ aymerf(a+bx) ay/merfi(a +bx) sinh ((a + bx)z)
- 412 - 4p2 " 262

Mathematica [A] time = 0.0292377, size = 39, normalized size = 0.72

2sinh ((a + bx)?) - yra(Exf(a + bx) + Exfi(a + bx))
4p2

Antiderivative was successfully verified.

[In] Integrate[x*Cosh[(a + b*x)~2],x]

[Out] (-(axSqrt[Pi]*(Erfl[a + bxx] + Erfila + b*x])) + 2*Sinh[(a + b*x)~2])/(4*b~2
)

Maple [C] time = 0.033, size = 66, normalized size = 1.2

e—(bx+a)2 aErf(bx+a)ﬁ e(bx+a)2 iaﬁErf(ibx-}-iu)
TTap 10 MY B2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh((b*x+a)~2),x)

[Out] -1/4/b"2xexp(-(b*x+a)~2)-1/4*xaxerf (b*x+a)*Pi~(1/2)/b~2+1/4/b~2*exp ((b*x+a)”
2)+1/4xIxa/b~2%Pi~(1/2) *erf (Ixb*x+Ixa)

Maxima [B] time = 1.5552, size = 945, normalized size = 17.5

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh((b*x+a)~2),x, algorithm="maxima"

[Out] 1/2*x"2*xcosh((b*x + a)~2) - 1/4x((sqrt(pi)*(b~2*x + axb)*a~2+b~2*(erf (sqrt(
-(b72%x + a*xb)”"2/b72)) - 1)/((b72)7(5/2)*sqrt(-(b~2*x + axb)~2/b72)) - 2*ax
b~3xe” ((b™2*x + a*xb)~2/b72)/(b~2)7(5/2) - (b~™2*x + axb) 3*gamma(3/2, -(b~2x
X + axb)~2/b72)/((b7"2)~(5/2)*(-(b~"2*x + a*b)~2/b~2)7(3/2)))*a/sqrt(b~2) + (
sqrt(pi)*(b~™2xx + axb)*a~2xb~2*(erf (sqrt((b"2*x + a*b)~2/b~2)) - 1)/((-b"2)
~(5/2)*sqrt ((b™2*x + axb)~2/b"2)) + 2*axb~3*e”(-(b"2xx + axb)~2/b~2)/(-b"2)
~(6/2) - (b72xx + axb) "3xgamma(3/2, (b~™2*x + axb)~2/b72)/((-b"2)~(5/2)*((b~
2xx + axb)~2/b"2)7(3/2)))*a/sqrt(-b~2) + (sqrt(pi)*(b~2*x + axb)*a~3*b~3x(e
rf(sqrt((b™2*x + a*xb)”~2/b72)) - 1)/((-b"2)~(7/2)*sqrt ((b~2*x + a*xb)~2/b"2))
+ 3*%a”2xb"4xe” (- (b"2*x + a*b)”2/b"2)/(-b~2)"(7/2) + b~4*xgamma(2, (b~2*x +
axb)~2/b72)/(-b~2)~(7/2) - 3*(b"2*x + axb) 3*axb*gamma(3/2, (b~2*x + a*b)”2
/b72)/((-b"2) " (7/2)*((b~2%x + axb)~2/b72)~(3/2)))*b/sqrt(-b~2) - (sqrt(pi)=*
(b~2*x + ax*b)*a~3*b~3* (erf (sqrt(-(b~2*x + a*b)~2/b"2)) - 1)/((b"2)"(7/2)*sq
rt(-(b™2xx + axb)”2/b72)) - 3*a”2*b74xe” ((b™2*x + axb)~2/b"2)/(b"2)~(7/2) +
b~4*xgamma (2, -(b"2xx + axb)~2/b~2)/(b~2)"(7/2) - 3*(b~2*x + axb) 3*axbxgam
ma(3/2, -(b72*x + axb)~2/b72)/((b72)7(7/2)*(-(b”"2*x + axb)~2/b72)7(3/2)))*b
/sqrt(b~2))*Db

Fricas [B] time = 1.97037, size = 319, normalized size = 5.91

(\/Ea\/b_z erf ( ‘/b_Z(Zx“'ﬂ) ) e(b2x2+2 abx+u2) 4 \/%a\/b_z erfi ( \/ﬁ(zﬁﬁﬂ) ) e(b2x2+2 ubx+a2) _ be(2 b2x2+4 abx+2 112) " b)e(—bzxz—Z abs
- 453

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh((b*x+a)~2),x, algorithm="fricas")

[Out] -1/4x%(sqrt(pi)*a*sqrt(b~2)*erf (sqrt(b~2)*(b*x + a)/b)*e” (b72*x"2 + 2*a*xbxx

+ a”2) + sqrt(pi)*a*sqrt(b~2)*erfi(sqrt(b™2)*(b*x + a)/b)*e” (b~2*x"2 + 2x*ax

bxx + a”2) - b*e”(2*¥b72%xx"2 + 4*axbxx + 2*%a~2) + b)*e”(-b72%x72 - 2xaxb*x -
a”2)/b”3

Sympy [F] time = 0., size = 0, normalized size = 0.

f x cosh (a2 + 2abx + bzxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh((b*x+a)**2),x)

[Out] Integral(x*cosh(a*x*2 + 2xa*xb*x + bx*2*x**2), X)

Giac [C] time = 1.30638, size = 134, normalized size = 2.48

_ iyma erf(i b(x+%)) JPPs2abeta®) (g erf(—b(x+%)) (P22 -2abx-a?)

b b b b
— +
4b 4b
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh((b*x+a)~2),x, algorithm="giac")

[Out] -1/4x(-I*sqrt(pi)*axerf(I*bx(x + a/b))/b - e~ (b™2*x"2 + 2*axbxx + a~2)/b)/b
+ 1/4*%(sqrt(pi)*axerf (-bx(x + a/b))/b - e~ (-b"2*x"2 - 2*axb*x - a~2)/b)/b
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356 [ cosh((a+bx)?)dx

Optimal. Leaf size=37

\/rErf(a + bx) .\ \/mErfi(a + bx)
4b 4b

[Out] (Sqrt[Pil*Erf[a + b*x])/(4*b) + (Sqrt[Pilx*Erfila + b*x])/(4*b)

Rubi [A] time = 0.017185, antiderivative size = 37, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 8, number of rules _

0.5, Rules used = {5311, 5299, 2204, 2205}

\/rErf(a + bx) .\ \/mErfi(a + bx)
4b 4b

integrand size

Antiderivative was successfully verified.

[In] Int[Cosh[(a + b*x)~2],x]

[Out] (Sqrt[Pil*Erf[a + b*x])/(4*b) + (Sqrt[Pil*Erfila + b*x])/(4*b)

Rule 5311

Int[((a_.) + Cosh[(c_.) + (d_.)*(u_ )" (m_)]*(b_.))"(p_.), x_Symbol] :> Dist[
1/Coefficient[u, x, 1], Subst[Int[(a + b*Cosh[c + d*x"n])~7p, x], x, ul, x]
/; FreeQ[{a, b, c, d, n}, x] &% IntegerQ[p] && LinearQ[u, x] && NeQ[u, x]

Rule 5299

Int[Cosh[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[1/2, Int[E"(c + d*x"n)
, x], x] + Dist[1/2, Int[E"(-c - d*x"n), x], x] /; FreeQ[{c, d}, x] && IGtQ
[n, 1]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[Fl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

h (2
fcosh ((a " bx)2) gy — Subst (f cos (;c ) dx,x,a + bx)
Subst (f o dx, x, a + bx) Subst (fexz dxat bx)
) 2b " 25

_ /rerf(a + bx) . \/rerfi(a + bx)
B 4b 4b
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Mathematica [A] time = 0.0037309, size = 25, normalized size = 0.68

\r(Erf(a + bx) + Erfi(a + bx))
4b

Antiderivative was successfully verified.

[In] Integrate[Cosh[(a + b*x)~2],x]

[Out] (Sqrt[Pi]=*(Erf[a + b*x] + Erfila + bx*x]))/(4*b)

Maple [C] time = 0.031, size = 36, normalized size = 1.

Erf (bx + a) 7 VB (ibx + ia)
4b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh((b*x+a)~2),x)

[Out] 1/4xerf (b*xx+a)*Pi~(1/2)/b-1/4%IxPi~(1/2) /b*xerf (I*xbxx+I*a)

Maxima [B] time = 1.60752, size = 698, normalized size = 18.86

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)”~2),x, algorithm="maxima")

[Out] 1/2*%((sqrt(pi)*(b~2*x + axb)*axb*(erf(sqrt(-(b~2*x + axb)~2/b"2)) - 1)/((b~
2)7(3/2)*sqrt (- (b"2*x + a*xb)~2/b"2)) - b"2xe” ((b~2*x + a*b)~2/b"2)/(b~2)"(3
/2))*a/sqrt(b”2) - (sqrt(pi)*(b~2*x + a*b)*a*xbx(erf(sqrt((b™2*x + axb)~2/b~
2)) - 1)/((-b72)7(3/2) *sqrt ((b"2*x + a*b)~2/b72)) + b~ 2xe” (-(b~2*x + a*b)”2
/b~2)/(-b~2)~(3/2))*a/sqrt(-b~2) - (sqrt(pi)*(b~2xx + axb)*a”~2xb~2x(erf (sqr
t((b72%x + a*b)~2/b72)) - 1)/((-b~2)7(5/2)*sqrt((b~2*x + axb)~2/b72)) + 2*a
*b~3*%e” (- (b"2xx + axb)~2/b~2)/(-b"2)~(5/2) - (b"2*x + axb) 3*gamma(3/2, (b~
2%x + a*b)”"2/b72)/((-b"2)"(5/2)*((b~2*x + axb)~2/b~2)"(3/2)))*b/sqrt(-b~2)
- (sqrt(pi)*(b™2*x + axb)*a~2xb~2x(erf (sqrt(-(b"2*x + axb)~2/b"2)) - 1)/((b
~2)7(56/2) *sqrt (- (b™2%x + axb)~2/b72)) - 2*axb~3*xe” ((b~2*x + a*b)”2/b"2)/(b”
2)7(5/2) - (b™2*x + a*b) "3*gamma(3/2, -(b~2*x + axb)~2/b~2)/((b~2)~(5/2)* (-
(b™2*x + axb)~2/b72)7(3/2)))*b/sqrt(b”2))*b + x*cosh((bxx + a)~2)

Fricas [A] time =1.72179, size = 143, normalized size = 3.86

Va2 erf (—\/ﬁ(zﬁa)) + \/E\/ﬁ erfi (_\/h_Z(Zx+a))

42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)~2),x, algorithm="fricas")
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[Out] 1/4*(sqrt(pi)*sqrt(b~2)*erf (sqrt(b~2)*(b*x + a)/b) + sqrt(pi)*sqrt(b”2)*erf
i(sqrt(®"2)*(b*x + a)/b)) /b2

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh ((a + bx)z) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((bxx+a)**2),x)

[Out] Integral(cosh((a + b*x)*x*2), x)

Giac [C] time = 1.21778, size = 53, normalized size = 1.43

_z' T erf (ib(x + g)) Vrert (—b(x + g))

4D - 4D

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)~2),x, algorithm="giac")

[Out] -1/4xIxsqrt(pi)*erf(I*xb*x(x + a/b))/b - 1/4*sqrt(pi)*erf(-b*x(x + a/b))/b
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f cosh((a+bx)2) J
X

X

3.57

Optimal. Leaf size=19

cosh ((a + bx)z)
bCannotIntegrate = ,X

[Out] bxCannotIntegrate[Cosh[(a + b*x)~2]/(b*x), x]

Rubi [A] time = 0.035585, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ——————
integrand size

0., Rules used = {}

X

f cosh ((a + bx)z) ;

X

Verification is Not applicable to the result.

[In] Int[Cosh[(a + b*x)~2]/x,x]

[Out] Defer[Subst] [Defer[Int] [Cosh[x"2]/(-a + x), x], x, a + b*x]

Rubi steps

) 2
fCOSh ((a+bx) )dx= Subst [I&(x)dx,x,a+bx
. -a+x

Mathematica [A] time = 1.47262, size = 0, normalized size = 0.

dx

X

f cosh ((a + bx)z)

Verification is Not applicable to the result.

[In] Integrate[Cosh[(a + b*x)~2]/x,x]

[Out] Integrate[Cosh[(a + b*x)~2]/x, x]

Maple [A] time = 0.033, size = 0, normalized size = 0.

dx

f cosh ((bx + a)z)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh((b*x+a)~2)/x,x)

[Out] int(cosh((b*x+a)~2)/x,x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

X

f cosh ((bx + a)z) p

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)~2)/x,x, algorithm="maxima")

[Out] integrate(cosh((b*x + a)~2)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

cosh (b2x2 + 2 abx + az)

X

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)~2)/x,x, algorithm="fricas")

[Out] integral(cosh(b™2%x72 + 2%axb*x + a~2)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f cosh (az + 2abx + bzxz)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)**2)/x,x)

[Out] Integral(cosh(a*x*2 + 2%axb*x + b**2*xx**2)/x, X)

Giac [A] time = 0., size = 0, normalized size = 0.

X

f cosh ((bx + a)z) p

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)~2)/x,x, algorithm="giac")

[Out] integrate(cosh((b*x + a)~2)/x, x)
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f cosh((a+bx)2) J
X

X2

3.58

Optimal. Leaf size=14

cosh ((a + bx)z) ]
,X

Unintegrable [ 2

[Out] Unintegrable[Cosh[(a + bx*x)~2]/x72, x]

Rubi [A] time = 0.0402896, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ——————
integrand size

0., Rules used = {}

X

f cosh ((a + bx)z) ;

X2

Verification is Not applicable to the result.

[In] Int[Cosh[(a + b*x)~2]/x"2,x]
[Out] b*Defer[Subst] [Defer[Int] [Cosh[x"2]/(-a + x)~2, x], x, a + b*x]
Rubi steps

cosh (xz)
dx = bSubst ———~dx,x,a+ bx

f cosh ((a + bx)z)

x? (—a +x)?

Mathematica [A] time = 10.1968, size = 0, normalized size = 0.

dx

x2

f cosh ((a + bx)z)

Verification is Not applicable to the result.

[In] Integrate[Cosh[(a + b*x)~2]/x72,x]

[Out] Integrate[Cosh[(a + b*x)~2]/x"2, x]

Maple [A] time = 0.047, size = 0, normalized size = 0.

dx

f cosh ((bx + a)z)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh((b*x+a)~2)/x"2,x)

[Out] int(cosh((b*x+a)~2)/x"2,x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

X

f cosh ((bx + a)z) p

22
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)~2)/x72,x, algorithm="maxima")

[Out] integrate(cosh((b*x + a)~2)/x72, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

cosh (b2x2 + 2 abx + az)

x2

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)~2)/x"2,x, algorithm="fricas")

[Out] integral(cosh(b™2%x72 + 2%axb*x + a~2)/x72, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f cosh (az + 2abx + bzxz)

22
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)**2)/x**2,x)

[Out] Integral(cosh(a*x*2 + 2kaxb*x + b**2kx**2)/x**2, Xx)

Giac [A] time = 0., size = 0, normalized size = 0.

X

f cosh ((bx + a)z) p

12
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh((b*x+a)~2)/x72,x, algorithm="giac")

[Out] integrate(cosh((b*x + a)~2)/x72, x)



200

3.59 fx2 cosh (a + bV + dx) dx

Optimal. Leaf size=346

2c? cosh (a +bVe+ dx) 40(c + dx)¥? sinh (a +bVc+ dx) 24cVc + dxsinh (a +bVe+ dx) 240v/c + dx sinh (z
) 2 " B ) TP " TR

[Out] (-240%Cosh[a + bxSqrtl[c + d*x]])/(b~"6%d"3) + (24*xc*Cosh[a + b*Sqrtlc + d*x]
1)/ (074*%d"3) - (2*c”2*Cosh[a + bxSqrtlc + d*x]])/(b~2%d"3) - (120x(c + d*x)
xCosh[a + b*Sqrtlc + d*x]])/(b"4%d"3) + (12xc*(c + d*x)*Cosh[a + b*Sqrt[c +
d*x]]1)/(b"2%xd~3) - (10*(c + d*x)~2xCosh[a + b*Sqrtlc + d*x]])/(b~2%d"3) +
(240%Sqrt[c + d*xx]*Sinh[a + bxSqrtlc + d*x]])/(b~"5*%d~3) - (24*cxSqrtlc + dx
x]*Sinh[a + bxSqrtlc + d*x]])/(b~3%d~3) + (2xc”2xSqrt[c + d*x]*Sinh[a + bxS
grtlc + d*x]])/(b*d~3) + (40*(c + d*x)~(3/2)*Sinh[a + b*Sqrtl[c + d*x]])/(b"
3*%d~3) - (4xcx(c + d*x)~(3/2)*Sinh[a + bxSqrtlc + d*x]])/(b*xd~3) + (2x(c +
d*x)~(5/2)*Sinh[a + b*Sqrtlc + d*x]])/(b*xd~3)

Rubi [A] time = 0.424082, antiderivative size = 346, normalized size of antiderivative =
1., number of steps used = 16, number of rules used = 4, integrand size = 18, number of rules

= 0.222, Rules used = {5365, 5287, 3296, 2638}

2¢? cosh (a +bVe+ dx) 40(c + dx)*? sinh (a +bVc + dx) 24cVc + dxsinh (a +bVe+ dx) 240v/c + dx sinh (z
) 2 " B ) TEPE " TSP

integrand size

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[a + b*Sqrt[c + d*x]],x]

[Out] (-240%Cosh[a + b*Sqrtlc + d*x]])/(b"6%d"3) + (24*c*Cosh[a + bxSqrt[c + dx*x]
1)/ (0"4*%d"3) - (2*c"2*Cosh[a + b*Sqrtlc + d*x]])/(b~2%d"3) - (120x(c + d*x)
xCosh[a + b*Sqrtlc + d*x]])/(b"4%d"3) + (12xc*(c + d*x)*Cosh[a + b*Sqrt[c +
d*x]])/(b72%xd"3) - (10*(c + d*x)~2xCosh[a + b*Sqrtlc + d*x]])/(b~2%d"3) +
(240*%Sqrt[c + d*x]*Sinh[a + bxSqrtl[c + d*x]])/(b~5*d~3) - (24*c*Sqrtlc + dx
x]*Sinh[a + bxSqrtlc + d*x]])/(b~3*d~3) + (2%c~2*Sqrt[c + d*x]*Sinh[a + b*S
grtlc + d*x]]1)/(bxd"3) + (40*(c + d*x)~(3/2)*Sinh[a + b*Sqrtl[c + d*x]])/(b~
3*d73) - (4*xcx(c + dxx)~(3/2)*Sinh[a + b*Sqrtl[c + d*x]])/(bxd~3) + (2x(c +
d*x)~(5/2)*Sinh[a + b*Sqrtlc + d*x]])/(b*xd~3)

Rule 5365

Int[((a_.) + Cosh[(c_.) + (d_)*(u )" (@ )]*(b_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/Coefficient[u, x, 11 (m + 1), Subst[Int[(x - Coefficient[u, x,
0])"mx(a + b*Cosh[c + d*x"n])"p, x], x, ul, x] /; FreeQ[{a, b, ¢, d, n, p}
, x] &% LinearQ[u, x] && NeQ[u, x] && IntegerQ[m]

Rule 5287

Int[Cosh[(c_.) + (d_)*(x_)]*((e_)*x(x_)) " (m_.)*((a_) + (b_)*(x_)"(n_)) (p
_.), x_Symbol] :> Int[ExpandIntegrand[Cosh[c + d*x], (e*x) m*(a + b*x"n) p,
x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, O]

Rule 3296

Int[((c_.) + (@_)*x_))"(m_.)*sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*xx], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, 0]
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Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol]l :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rubi steps

Subst (f(—c + x)% cosh (a + b\/E) dx, x,c + dx)

fxz cosh (u +bVe + dx) dx =

B
2 Subst (fx (c - xz)z cosh(a + bx) dx,x, Vc + dx)
2 Subst ( l (czx cosh(a + bx) — 2cx3 cosh(a + bx) + x° cosh(a + bx)) dx, x, Vc + dx:
2 Subst ( [ x° cosh(a + bx) dx, x, Ve + dx) (4c) Subst ( [ 23 cosh(a + bx) dx, x, Ve
= 43 - 43
2c2v/c + dx sinh (a + bV + dx) 4c(c + dx)¥? sinh (a + bV + dx) 2(c + dx)¥?
B b ) b "
2c? cosh (a +bVc + dx) 12¢(c + dx) cosh (a +bvc + dx) 10(c + dx)? cosh (a
a TEPE " P ) TP
2¢? cosh (a +bVe+ dx) 12¢(c + dx) cosh (a +bVe+ dx) 10(c + dx)? cosh (a
=" b243 + b243 - b243
24c cosh (a +bVc+ dx) 2¢? cosh (a +bVc + dx) 120(c + dx) cosh (a +bVc +.
- bAd B IRE B ZRE
24c cosh (a +bVce + dx) 2¢? cosh (u + bV + dx) 120(c + dx) cosh (u + bV +
- bAd B FE B DA
240 cosh (a +bvc + dx) 24c cosh (a +bVc+ dx) 2c2 cosh (a +bvVc+ dx)
a e " P ) TP )

Mathematica [A] time = 0.502804, size = 104, normalized size = 0.3

26V + dx (462(2c + 5dx) + b*d2x? +120) sinh (a + bV + dx) - 2 (b*dx(4c + 5dx) + 12b%(4c + 5dx) +120) cosh (a
bSd3

Antiderivative was successfully verified.

[In] Integrate[x~2*Cosh[a + b*Sqrtlc + dxx]],x]

[Out] (-2*%(120 + 12*%b~2*(4*c + 5xd*x) + b 4*xd*x*(4*c + 5xd*xx))*Cosh[a + b*Sqrtl[c
+ d*x]] + 2xbxSqrtlc + d*x]*(120 + b~4*d"2*x"2 + 4xb~2%(2xc + 5xd*x))*Sinh[
a + b*Sqrtlc + dxx]])/(b~6%d"3)

Maple [B] time = 0.02, size = 831, normalized size = 2.4
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*cosh(a+b*(d*x+c)~(1/2)),x)

[Out] 2/d73/b"2*%x(1/b"4*x((a+b*x(d*x+c)~(1/2)) “5xsinh(a+b*(d*xx+c) ~(1/2))-5*%(a+b*(d*x
+c)~(1/2)) "4*xcosh(a+b*x(d*x+c) ~(1/2) )+20* (a+b*x (d*x+c) ~(1/2)) “3*sinh (a+b* (d*x
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+c) " (1/2))-60* (a+bx (d*x+c) ~(1/2)) "2*cosh (a+bx (d*xx+c) ~(1/2))+120* (a+b* (d*x+c
)~ (1/2))*sinh(a+b* (d*x+c) " (1/2))-120*cosh(a+b* (d*x+c) ~(1/2)))-5/b"4*a*x((a+b
*(dxx+c) " (1/2)) "4dxsinh (a+b* (d*x+c) ~(1/2) ) -4* (a+b* (d*xx+c) ~(1/2)) "3*cosh(a+b*
(d*x+c)~(1/2))+12*%(a+b* (d*x+c) ~(1/2)) "2*sinh (a+b* (d*x+c) ~(1/2) ) -24+* (a+b* (d*
x+c) " (1/2) ) *cosh(a+b* (d*x+c) ~(1/2) ) +24*xsinh (a+b* (d*x+c) ~(1/2)))+10/b"4*a~2%
((a+b*x(d*x+c)~(1/2))"3*sinh(a+b*(d*x+c)~(1/2))-3*(a+b* (d*x+c) ~(1/2)) "2*cosh
(a+b* (d*x+c) ~(1/2) ) +6* (a+bx (d*xx+c) ~(1/2) ) *sinh (a+b* (d*x+c) ~(1/2) ) -6*cosh(a+
b* (d*x+c)~(1/2)))-10/b"4*a"3* ((a+b* (d*x+c) ~(1/2)) "2*sinh (a+b* (d*x+c)~(1/2))
-2% (a+b* (d*x+c) " (1/2) ) *cosh (a+b* (d*x+c) " (1/2) ) +2*sinh (a+b* (d*x+c) ~(1/2)))-2
/b7 2%c* ((a+b*x (d*x+c) ~(1/2)) "3*sinh (a+b* (d*x+c) ~(1/2))-3* (a+b* (d*x+c) ~(1/2))
~2*xcosh(a+bx (d*x+c)~(1/2))+6* (a+b* (d*x+c) ~(1/2)) *sinh (a+b* (d*x+c)~(1/2))-6%
cosh(a+b* (d*x+c) ~(1/2)))+6/b~2xc*xax ((a+b* (d*x+c) ~(1/2)) " 2*sinh (a+b* (d*x+c)~
(1/2))-2*(a+bx (d*x+c) ~(1/2) ) *cosh(a+b* (d*x+c) ~(1/2) ) +2*sinh (a+b* (d*x+c) ~(1/
2)))+5%a"4/b~4* ((a+b* (d*xx+c) " (1/2)) *sinh(a+b* (d*x+c) ~(1/2))-cosh(a+b* (d*x+c
)"(1/2)))-6xa~2/b " 2xc* ((a+b* (d*xx+c) ~(1/2) ) *sinh (a+b* (d*x+c) ~(1/2))-cosh(a+b
*(d*x+c) " (1/2)))-a"5/b"4xsinh (a+b* (d*x+c) ~(1/2))+2*xa~3/b"2*c*sinh (a+b* (d*xx+
c)~(1/2))+c” 2+ ((a+b*x (d*x+c) " (1/2) ) *sinh (a+b* (d*x+c) ~(1/2) ) -cosh(a+b* (d*x+c)
~(1/2)))-c”2*a*sinh (a+bx(d*x+c)~(1/2)))

Maxima [A] time = 1.16127, size = 656, normalized size = 1.9

c3e( Vdxcb-+a) C3g(_ Vdxtcb-a) 3 ((dx+c)bze“—2 Vdx+cbe®+2 e“)cze( dxtch) 3 ((dx+c)b2+2 \/dx+cb+2)cze(7‘/a

2% cosh (Vidx + cb + a) + — + - - - — =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcosh(a+b*(d*x+c)~(1/2)),x, algorithm="maxima"

[Out] 1/6%(2xd~3*x"3*cosh(sqrt(d*x + c)*b + a) + (c"3*e”(sqrt(d*x + c)*b + a)/b +
c"3*%e" (-sqrt(d*x + c)*b - a)/b - 3*x((d*x + c)*b"2*%e"a - 2*sqrt(d*x + c)*bx
e"a + 2xe"a)*c"2xe” (sqrt(d*x + c)*b) /b3 - 3k ((d*x + c)*b"2 + 2*xsqrt(d*x +
c)*b + 2)xc”2xe” (-sqrt(d*x + c)*b - a)/b~3 + 3x((d*x + c) 2xb~4*xe"a - 4x(dx
X + ¢c)7(3/2)*%b"3*%e"a + 12x(d*x + c)*b"2*e”a - 24*xsqrt(d*x + c)xbxe”a + 24x*e
Ta)*xcke” (sqrt(d*x + c)*b)/b75 + 3x((d*x + c)"2%b"4 + 4*x(d*x + c)~(3/2)*b"3
+ 12*%(d*x + c)*b~2 + 24*xsqrt(d*x + c)*xb + 24)*cxe” (-sqrt(d*x + c)*b - a)/b~
5 - ((d*x + c)"3*xb"6*e"a - 6x(d*x + c)~(5/2)*b"5*e"a + 30x(d*x + c)~2*b~4x*e
Ta - 120*%(d*x + c)~(3/2)*b"3*e"a + 360*(d*x + c)*b"2xe"a - 720xsqrt(d*x + c
)*¥b*e~a + 720*e”a)*e” (sqrt(d*x + c)*b)/b~7 - ((d*x + c)~3*%b76 + 6x(d*x + c)
~(56/2)*b”5 + 30%(d*x + c)"2xb~4 + 120*%(d*x + c)~(3/2)*b~3 + 360*(d*x + c)*b
~2 + T720*sqrt(d*x + c)*b + 720)*e” (-sqrt(d*x + c)*b - a)/b~7)*b)/d"3

Fricas [A] time = 1.97945, size = 251, normalized size = 0.73

2 (052 + 20 Bdx + 8 b3c + 120 b) Vdx + csinh (Vidx + cb + a) — (5b*d2x2 + 48 b2c + 4 (bc + 15 b2)dx +120) cosh |
bed’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcosh(a+b*(d*x+c)~(1/2)),x, algorithm="fricas")

[Out] 2*%((b~"5*d"24x"2 + 20*%b~3*d*x + 8*b~3xc + 120%b)*sqrt(d*x + c)*sinh(sqrt(d*x
+ c)*b + a) - (5xb74xd"2xx"2 + 48%b"2*c + 4x(b"4*xc + 15xb72)*d*x + 120)*co
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sh(sqrt(d*x + c)*b + a))/(b~6%d~3)

Sympy [A] time = 2.14372, size = 269, normalized size = 0.78

x3 cosh (a)
3
x3 cosh (u+b\/E)
3
2x2vc+dx sinh (a+b\/c+dx) 8cx cosh (a+b\/c+dx) 10x2 cosh (a+b\/c+dx) 16cVe+dx sinh (a+b\/c+dx) 40xVc+dx sinh (a+b\lc+dx) 9

bd b24? b2d b3d3 b3d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(a+b*(d*x+c)**(1/2)),x)

[Out] Piecewise((x**3*cosh(a)/3, Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (x**3*cosh(a
+ bxsqrt(c))/3, Eq(d, 0)), (2*x**2xsqrt(c + d*x)*sinh(a + b*sqrt(c + d*x))/
(b*xd) - 8xc*x*cosh(a + b*sqrt(c + d*x))/(b**2xd**2) - 10*x**2*cosh(a + bxsq
rt(c + dxx))/(b**2xd) + 16*c*ksqrt(c + d*x)*sinh(a + bxsqrt(c + d*x))/(b**3x
d**3) + 40*x*sqrt(c + d*x)*sinh(a + bxsqrt(c + d*x))/(b**3*d**2) - 96*c*cos

h(a + b*sqrt(c + dxx))/(b**x4xd**3) - 120*x*cosh(a + bxsqrt(c + d*x))/(b**4x
dx*2) + 240*sqrt(c + d*x)*sinh(a + b*sqrt(c + dxx))/(bx*5xd**3) - 240*cosh(

a + bxsqrt(c + d*x))/(b**6*xd**3), True))

Giac [B] time = 1.82975, size = 2074, normalized size = 5.99

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(a+bx(d*x+c)”~(1/2)),x, algorithm="giac")

[Out] (((sqrt(d*x + c)*b + a)*b~4*c™2 - a*b”™4*c™2 - b~ 4*xc™2xsgn((sqrt(d*x + c)*b
+ a)*b - axb) - 2x(sqrt(d*x + c)*b + a)~3*b"2*c + 6*(sqrt(d*x + c)*b + a)”2
xaxb~2xc - 6*x(sqrt(d*x + c)*b + a)*a~2*%b~2xc + 2*%a"3xb”"2xc + 6x(sqrt(d*x +
c)*b + a) 2+b"2xc*ksgn((sqrt(d*x + c)*b + a)*b - axb) - 12*(sqrt(d*x + c)*b
+ a)*axb”2xc*sgn((sqrt(d*x + c)*b + a)*b - axb) + 6xa~2*b~2*c*xsgn((sqrt(d*x
+ c)*b + a)*b - axb) + (sqrt(d*x + c)*b + a)”b - Bx(sqrt(d*x + c)*b + a)~4
xa + 10x(sqrt(d*x + c)*b + a)~3*%a”2 - 10x(sqrt(d*x + c)*b + a)~2*a”3 + 5x*(s
grt(d*x + c)*b + a)*a™4 - a”5 - B*(sqrt(d*x + c)*b + a) 4*sgn((sqrt(d*x + c
)*¥b + a)*b - a*b) + 20*(sqrt(d*x + c)*b + a) 3*xaxsgn((sqrt(d*x + c)*b + a)*
b - axb) - 30*(sqrt(d*x + c)*b + a) 2xa"2xsgn((sqrt(d*x + c)*b + a)*xb - axb
) + 20%(sqrt(d*x + c)*b + a)*a~3*sgn((sqrt(d*x + c)*b + a)xb - a*b) - 5*xa~4
xsgn((sqrt(d*x + c)*b + a)*b - axb) - 12x(sqrt(d*x + c)*b + a)*b"2xc + 12*a
*b~2%c + 12%b~2*c*xsgn((sqrt(d*x + c)*b + a)xb - axb) + 20*%(sqrt(d*x + c)*b
+ a)”3 - 60x(sqrt(d*x + c)*b + a)~2*a + 60*(sqrt(d*x + c)*b + a)*a™2 - 20*a
73 - 60x(sqrt(d*x + c)*b + a) 2*xsgn((sqrt(d*x + c)*b + a)*b - axb) + 120%(s
grt(d*x + c)*b + a)*axsgn((sqrt(d*x + c)*b + a)*b - axb) - 60*a~2*sgn((sqrt
(d*x + c)*b + a)*b - axb) + 120*sqrt(d*x + c)*b - 120*sgn((sqrt(d*x + c)*b
+ a)xb - axb))*e” ((sqrt(d*x + c)*b + a)*sgn((sqrt(d*x + c)*b + a)*b - axb)
- axsgn((sqrt(d*x + c)*b + a)*b - a*b) + a)/(b"5*d"2) - ((sqrt(d*x + c)*b +
a)*b~4*c”2 - axb”4*c”2 + b~4*xc"2*sgn((sqrt(d*x + c)*b + a)*b - axb) - 2*(s
grt(d*x + c)*b + a)~3*b~2*c + 6x(sqrt(d*x + c)*b + a) 2*axb~2*c - 6*x(sqrt(d
*X + c)*b + a)*a”2*%b"2xc + 2*a”~3*b~2xc - 6%(sqrt(d*x + c)*b + a) 2xb"2x*c*sg
n((sqrt(d*x + c)*b + a)*b - axb) + 12*(sqrt(d*x + c)*b + a)*axb~2*xc*sgn((sq
rt(d*x + c)*b + a)*b - axb) - 6*%a~2*xb"2*c*xsgn((sqrt(d*x + c)*b + a)*xb - axb
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) + (sqrt(d*x + c)*b + a)”5 - bx(sqrt(d*x + c)*b + a) 4xa + 10*(sqrt(d*x +
c)*b + a)73*a”2 - 10*(sqrt(d*x + c)*b + a)"2*a”3 + bx(sqrt(d*x + c)*b + a)*
a”4 - a”b + bx(sqrt(d*x + c)*b + a) 4*xsgn((sqrt(d*x + c)*b + a)*b - axb) -
20* (sqrt(d*x + c)*b + a) " 3xa*sgn((sqrt(d*x + c)*b + a)*b - axb) + 30*(sqrt(
dxx + c)*b + a) 2+a"2*sgn((sqrt(d*x + c)*b + a)xb - a*b) - 20*(sqrt(d*x + ¢
)*¥b + a)*a"3*sgn((sqrt(d*x + c)*b + a)*b - axb) + bxa~4*sgn((sqrt(d*x + c)*
b + a)*b - axb) - 12%(sqrt(d*x + c)*b + a)*b™2%c + 12%a*xb~2*c - 12%b"2*c*sg
n((sqrt(d*x + c)*b + a)*b - a*xb) + 20*(sqrt(d*x + c)*b + a)~3 - 60*(sqrt(d*
X + c)*b + a)”2xa + 60x(sqrt(d*x + c)*b + a)*a”2 - 20%a”3 + 60*(sqrt(d*x +
c)*b + a) 2*sgn((sqrt(d*x + c)*b + a)*b - a*xb) - 120x(sqrt(d*x + c)*b + a)*
axsgn((sqrt(d*x + c)*b + a)xb - a*b) + 60*a"2*sgn((sqrt(d*x + c)*b + a)xb -
axb) + 120*sqrt(d*x + c)*b + 120*sgn((sqrt(d*x + c)*b + a)*b - a*b))*e” (- (
sqrt(d*x + c)*b + a)*sgn((sqrt(d*x + c)*b + a)*xb - axb) + axsgn((sqrt(d*x +
c)*b + a)*b - axb) - a)/(b75xd"2))/(bxd)
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3.60 fxcosh (a + bVc + dx) dx

Optimal. Leaf size=167

12Vc¢ + dx sinh (a +bVc + dx) 6(c + dx) cosh (a +bvc + dx) 2¢ cosh (a +bVc + dx) 12 cosh (a +bvVc+ dx:
2 ) 2 " 2R ) b

[Out] (-12xCosh[a + b*Sqrt[c + d*x]])/(b~4xd~2) + (2xc*Cosh[a + b*Sqrtl[c + d*x]])
/(b72%d"2) - (6*%(c + d*x)*Coshl[a + bxSqrt[c + d*x]])/(b"2xd"2) + (12*Sqrtlc

+ d*x]*Sinh[a + bxSqrtlc + d*x]])/(b~3*d"2) - (2*c*xSqrt[c + d*x]*Sinh[a +
bxSqrt[c + d*x]]1)/(b*d~2) + (2%(c + d*x)~(3/2)*Sinh[a + bxSqrtlc + d*xx]])/(
b*d~2)

Rubi [A] time = 0.188235, antiderivative size = 167, normalized size of antiderivative =
1., number of steps used = 10, number of rules used = 4, integrand size = 16, number of rules

= 0.25, Rules used = {56365, 5287, 3296, 2638}

12Vc¢ + dx sinh (a +bVc + dx) 6(c + dx) cosh (a +bvVc + clx) 2¢ cosh (a +bVc + dx) 12 cosh (a +bVe +dx
— + — /

b3d? b2d? b2d? bAd?

integrand size

Antiderivative was successfully verified.

[In] Int([x*Cosh[a + b*Sqrtlc + d*x]],x]

[Out] (-12xCosh[a + b*Sqrt[c + d*x]])/(b~4xd"2) + (2xc*Cosh[a + b*Sqrtl[c + d*x]])
/(b™2xd~2) - (6%(c + d*x)*Cosh[a + bxSqrt[c + d*x]])/(b"2xd"2) + (12*Sqrtl[c

+ d*x]*Sinh[a + bxSqrtlc + d*x]])/(b"3*d"2) - (2*c*Sqrtl[c + d*x]*Sinh[a +
bxSqrt[c + d*x]])/(b*d~2) + (2%(c + d*x)~(3/2)*Sinh[a + bxSqrtl[c + d*xx]])/(
b*d~2)

Rule 5365

Int[((a_.) + Cosh[(c_.) + (d_)*(u_ )" (m )]*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/Coefficient[u, x, 11 (m + 1), Subst[Int[(x - Coefficient[u, x,
0])"mx(a + b*Cosh[c + d*x"n])"p, x], x, ul, x] /; FreeQ[{a, b, ¢, 4, n, p}
, x] && LinearQ[u, x] && NeQ[u, x] && IntegerQ[m]

Rule 5287

Int[Cosh[(c_.) + (d_)*(x_)I*((e_)*x(x_))"(m_.)*((a_) + (b_)*x(x_)"(n_)) " (p
_.), x_Symbol] :> Int[ExpandIntegrand[Cosh[c + d*x], (e*x) m*(a + b*x"n)’p,
x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, O]

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

Rule 2638
Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, x]

Rubi steps
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Subst ( | (=¢ + x) cosh (a + b/x) dx, x, ¢ + dx
fxcosh (a +bVc+ dx) dx = (f( ) d(z \/_) )
2 Subst (fx (—c + xz) cosh(a + bx)dx, x, Vc + dx)
2 Subst ( i (—cx cosh(a + bx) + x° cosh(a + bx)) dx, x, Vc + dx)
2 Subst ( f x3 cosh(a + bx) dx, x, Vc + dx) (2¢) Subst ( f x cosh(a + bx)dx,x, Vc + d>
- P2 B P2
2cVc + dxsinh (a +bVe+ dx) 2(c + dx)¥? sinh (a +bVc + dx) 6 Subst (f x? sin
) b2 i b2 )
2¢ cosh (a +bVc+ dx) 6(c + dx) cosh (u +bvVc+ dx) 2cVce + dx sinh (a +bVc+d
B 22 - 22 - bd?
2¢ cosh (a +bVc+ dx) 6(c + dx) cosh (a +bvVc+ dx) 12vVc + dx sinh (a +bVc+a
- ¥z ) P " P2
12 cosh (a +bvVc+ dx) 2c cosh (a +bVc+ dx) 6(c + dx) cosh (a +bvVc + dx) ]
a b ¥ P ) ¥ i

Mathematica [A] time = 0.189866, size = 72, normalized size = 0.43

2b (bzdx + 6) Ve + dx sinh (a +bVe+ dx) -2 (b2(2c + 3dx) + 6) cosh (a +bVe+ dx)

b*d?

Antiderivative was successfully verified.

[In] Integrate[x*Cosh[a + b*Sqrt[c + d*x]],x]

[Out] (-2%(6 + b~2%(2*c + 3*d*x))*Cosh[a + b*Sqrtlc + d*x]] + 2xb*Sqrt[c + dxx]*(
6 + b~2xd*x)*Sinh[a + bxSqrtlc + d*x]])/(b~4*d"~2)

Maple [B] time = 0.013, size = 303, normalized size = 1.8

1 (a + bVdx + 0)3 sinh (a + bVdx + c) -3 (a + bVdx + c)2 cosh (a + bVdx + c) +6 (a + bVdx + c) sinh (a + by
2

2 d?b? b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(a+b*(d*x+c)~(1/2)),x%)

[Out] 2/d72/b72x(1/b~2x ((a+b*(d*x+c) ~(1/2)) " 3*sinh(a+b* (d*x+c) ~(1/2))-3*(a+b* (d*x
+c)~(1/2)) " 2*cosh(a+b*x(d*x+c) ~(1/2) ) +6* (a+b*x (d*x+c) ~(1/2) ) *sinh (a+b* (d*x+c)
~(1/2))-6*cosh(a+bx(d*x+c) ~(1/2)))-3/b~2*ax((at+b*(d*xx+c) ~(1/2)) "2xsinh (a+b*
(d*x+c)~(1/2)) -2*(a+b*x (d*x+c) ~(1/2) ) *cosh(a+b* (d*x+c) ~(1/2) ) +2*sinh (a+b* (d*
x+c) " (1/2)))+3*xa~2/b" 2% ((a+b* (d*x+c) ~(1/2) ) *sinh (a+b*x (d*x+c) ~(1/2))-cosh(a+
b*x (d*x+c)~(1/2)))-a~3/b " 2*sinh(a+b* (d*x+c) ~(1/2))-c*((a+b*x (d*x+c) ~(1/2) ) *si
nh (a+b* (d*x+c) ~(1/2))-cosh(a+b*x(d*x+c) ~(1/2)))+a*c*sinh(a+b* (d*x+c)~(1/2)))
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Maxima [A] time = 1.15458, size = 393, normalized size = 2.35

2, (Vaxcba) 2 (~Vivech-a) 2 ((dxeo)bRer-2 Vartcbe+2et)ee V) o (dxeb242 Viaxtcb+2)cel”
2.2 cosh (VT ab + ) - |00 ST a(rore 2 Viaead) T 2(votea Vi ke

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(a+b*(d*x+c)”(1/2)),x, algorithm="maxima")

[Out] 1/4%(2*d"2*x"2*cosh(sqrt(d*x + c)*b + a) - (c™2%e”(sqrt(d*x + c)*b + a)/b +
c"2xe” (-sqrt(d*x + c)*b - a)/b - 2x((d*x + c)*b"2xe"a - 2*sqrt(d*x + c)*bx

e"a + 2*xe"a)*ckxe”(sqrt(d*x + c)*b)/b"3 - 2x((d*x + c)*b~2 + 2xsqrt(d*x + c)

xb + 2)*c*xe”(-sqrt(d*x + c)*b - a)/b"3 + ((d*x + c)"2*b"4*e"a - 4x(d*x + c)
~(3/2)*b"3xe"a + 12x(d*x + c)*b"2xe"a - 24xsqrt(d*x + c)xb*e"a + 24*e"a)*e”
(sqrt(d*x + c)*b)/b~5 + ((d*x + c)”2*b~4 + 4*x(d*x + c)~(3/2)*%b"3 + 12x(d*x

+ ¢c)*b”"2 + 24xsqrt(d*x + c)*b + 24)*e”(-sqrt(d*x + c)*b - a)/b~5)*b)/d"2

Fricas [A] time = 1.80244, size = 169, normalized size = 1.01

2 ((b3dx +6 b)\/dx + ¢sinh (\/dx +cb+ a) - (3 b2dx + 2 b%c + 6) cosh (\/dx +cb+ a))

bid?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(a+tb*(d*x+c)~(1/2)),x, algorithm="fricas")

[Out] 2*%((b~3*d*x + 6%b)*sqrt(d*x + c)*sinh(sqrt(d*x + c)*b + a) - (3*b~2*d*x + 2
*b~2%c + 6)*cosh(sqrt(d*x + c)*b + a))/(b~4*d"2)

Sympy [A] time = 0.713937, size = 151, normalized size = 0.9

2 .
Peoshin forb =01
¥2 cosh (u+b\/E)

ford=0

otherwise

2
2xVc+dx sinh (a+h\/c+dx) 4c cosh (a+b\/c+dx) 6x cosh (a+b\/c+dx) + 12Vc+dx sinh (a+b\/c+dx) 12 cosh (a+h\/c+dx)

bd b242 b2d b342 b4d?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(a+b*(d*x+c)**(1/2)),x)

[Out] Piecewise((x**2*cosh(a)/2, Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (xx*2xcosh(a
+ b*xsqrt(c))/2, Eq(d, 0)), (2*x*sqrt(c + d*x)*sinh(a + b*sqrt(c + d*x))/(bx*

d) - 4xcxcosh(a + bxsqrt(c + d*xx))/(bx*2xdx*2) - 6*xx*xcosh(a + b*sqrt(c + dx

x))/ (b**2%d) + 12+sqrt(c + d*x)*sinh(a + b*sqrt(c + d*x))/(b**3*xd**2) - 12%
cosh(a + b*xsqrt(c + d*x))/(b*x4*xd**2), True))

Giac [B] time = 1.50521, size = 782, normalized size = 4.68

((de+cb+a)hzc—abzc—bzcsgn((\/dx+cb+a)b—ab)—(\/dx+cb+a)3+3 (\/dx+cb+a)2a—3 (\/dx+ch+a)a2+a3+3 (\/dx+cb+a)zsgn((\/dx+cb+a)b—ab)—6 (\/d_
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(a+bx(d*x+c)~(1/2)),x, algorithm="giac")

[Out] -(((sqrt(d*x + c)*b + a)*xb~2*c - a*xb~2+c - b~ 2xc*sgn((sqrt(d*x + c)*b + a)*
b - a*b) - (sqrt(d*x + c)*b + a)~3 + 3x(sqrt(d*x + c)*b + a) 2*a - 3*(sqrt(
d*xx + c)*b + a)*a”2 + a”3 + 3*(sqrt(d*x + c)*b + a) 2xsgn((sqrt(d*x + c)*b
+ a)xb - axb) - 6x(sqrt(d*x + c)*b + a)*axsgn((sqrt(d*x + c)*b + a)*b - axb
) + 3*xa”2xsgn((sqrt(d*x + c)*b + a)*b - axb) - 6*sqrt(d*x + c)*b + 6xsgn((s
grt(d*x + c)*b + a)*b - a*b))*e”((sqrt(d*x + c)*b + a)*sgn((sqrt(d*x + c)*b
+ a)*b - axb) - axsgn((sqrt(d*x + c)*b + a)*b - axb) + a)/(b"3*d) - ((sqrt
(d*x + c)*b + a)*xb”2%c - axb”2%c + b~ 2*c*ksgn((sqrt(d*x + c)*b + a)*b - axb)
- (sqrt(d*x + c)*b + a)~3 + 3*(sqrt(d*x + c)*b + a) 2xa - 3*(sqrt(d*x + c)
xb + a)*a”2 + a”3 - 3*(sqrt(d*x + c)*b + a) " 2*sgn((sqrt(d*x + c)*b + a)*b -
axb) + 6x(sqrt(d*x + c)*b + a)*axsgn((sqrt(d*x + c)*b + a)*b - axb) - 3xa”
2xsgn((sqrt(d*x + c)*b + a)*b - axb) - 6xsqrt(d*x + c)*b - 6*xsgn((sqrt(d*x
+ c)*xb + a)*b - axb))*e”(-(sqrt(d*x + c)*b + a)*sgn((sqrt(d*x + c)*b + a)*b
- axb) + axsgn((sqrt(d*x + c)*b + a)*b - a*b) - a)/(b~3*d))/(b*d)
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3.61 fcosh (a + bVc + dx) dx

Optimal. Leaf size=54

2Vc + dx sinh (a +bVc+ dx) 2 cosh (a +bVc + dx)

bd b2d

[Out] (-2*Cosh[a + bxSqrt[c + d*x]])/(b~2*d) + (2+Sqrt[c + d*x]*Sinh[a + bxSqrtl[c
+ d*x]])/(b*d)

Rubi [A] time = 0.0472882, antiderivative size = 54, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 14, number of rules _

integrand size
0.286, Rules used = {5311, 5305, 3296, 2638}

2V + dx sinh (a +bvVe + dx) 2 cosh (a +bVc + dx)

bd b2d

Antiderivative was successfully verified.

[In] Int[Cosh[a + bxSqrtlc + d*x]],x]

[Out] (-2*Cosh[a + bxSqrtlc + d*x]])/(b~2*xd) + (2%Sqrtlc + d*x]*Sinh[a + b*Sqrtlc
+ d*x]])/(b*d)

Rule 5311

Int[((a_.) + Cosh[(c_.) + (d_)*(u_ )" (m_)]*(b_.))"(p_.), x_Symbol] :> Dist[
1/Coefficient[u, x, 1], Subst[Int[(a + b*Cosh[c + d*x"n])~p, x], x, ul, x]
/; FreeQ[{a, b, c, d, n}, x] && IntegerQ[p] && LinearQ[u, x] && NeQ[u, x]

Rule 5305

Int[((a_.) + Cosh[(c_.) + (d_)*(x_)"(m_)]*x(_.))"(p_.), x_Symbol] :> Modul
e[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k - 1)*(a + b*xCoshl[c + dxx~ (k*
n)])7p, x], x, x~(1/k)], x]]1 /; FreeQ[{a, b, c, d}, x] && FractionQ[n] && I
ntegerQ [p]

Rule 3296

Int[((c_.) + (@_)*x_))"(m_.)*sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x) " (m - 1)*Cos[
e + f*xx], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, 0]

Rule 2638
Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, x]

Rubi steps
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Subst ( f cosh (u + b\/E) dx, x,c + dx)

fcosh (a+b\/c+dx) dx = 7
2 Subst (fx cosh(a + bx) dx, x, Vc + dx)

d
_ 2Vc + dx sinh (a + bV + dx) 2 Subst (f sinh(a + bx) dx, x, Vc + dx)

bd bd
2 cosh (a + bV + dx) 2V + dx sinh (a + bV + dx)
=— +
b2d bd

Mathematica [A] time = 0.0607152, size = 50, normalized size = 0.93

2 (b\/c + dx sinh (a +bvVe+ dx) — cosh (a +bVc+ dx))

bd

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + bxSqrtl[c + d*x]],x]

[Out] (2x(-Cosh[a + b*Sqrt[c + d*x]] + bxSqrt[c + d*x]*Sinh[a + b*Sqrt[c + d*x]])
)/ (b™2%d)

Maple [A] time = 0.01, size = 63, normalized size = 1.2

) (a + bVdx + c) sinh (a + bVdx + c) — cosh (a + bVdx + c) —asinh (a + bVdx + c)

dab?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b*(d*x+c)~(1/2)),x)

[Out] 2/d/b~2*((a+b*(dxx+c) " (1/2))*sinh(a+b*x(d*x+c)~(1/2))-cosh(a+b*x(d*xx+c)~(1/2)
)-axsinh (a+bx (d*x+c) ~(1/2)))

Maxima [B] time = 1.11139, size = 149, normalized size = 2.76

dxro)2et—2 \arrcbet2 el VEHD) ((avi o2 a0 Vivrebe2)elVaRreb-a)
b (e x;r; Sk + (v x; 2 —2(dx + c) cosh (\/dx +cb + a)

B 2d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/2)),x, algorithm="maxima"

[Out] -1/2%(bx(((d*x + c)*b~2%e"a - 2xsqrt(d*x + c)*b*e”a + 2xe~a)*e” (sqrt(d*x +
c)*b)/b~3 + ((d*x + c)*b"2 + 2*sqrt(d*x + c)*b + 2)*e~(-sqrt(d*x + c)*b - a
)/b73) - 2x(d*x + c)*cosh(sqrt(d*x + c)*b + a))/d
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Fricas [A] time = 1.62225, size = 112, normalized size = 2.07

2 (\/dx + c¢bsinh (\/dx +cb+ a) — cosh (\/dx +cb + u))

b2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/2)),x, algorithm="fricas")

[Out] 2x(sqrt(d*x + c)*b*sinh(sqrt(d*x + c)*b + a) - cosh(sqrt(d*x + c)*b + a))/(
b~2*d)

Sympy [A] time = 0.558324, size = 65, normalized size = 1.2

x cosh (a) forb=0A(b=0Vvd=0)
x cosh (a + b\/E) ford =0
2Vc+dx sinh (u+ch+dx) 2 cosh (a+b\/c+dx) .

™ - Er otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)**(1/2)),x)

[Out] Piecewise((x*cosh(a), Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (x*cosh(a + bxsqrt
(c)), Eq(d, 0)), (2xsqrt(c + d*x)*sinh(a + b*sqrt(c + d*x))/(b*d) - 2*cosh(
a + bxsqrt(c + d*x))/(b**2%d), True))

Giac [B] time = 1.45542, size = 282, normalized size = 5.22

((Wb + El)b — ab - bsgn ((\/mb + a)b _ ab))e((\/Mbﬂz)sgn((Mbﬂl)b—ab)—asgn((\/Mb+a)b—ab)+a) ((\/dx_+
b3d -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/2)),x, algorithm="giac")

[Out] ((sqrt(d*x + c)*b + a)*b - a*b - bxsgn((sqrt(d*x + c)*b + a)xb - axb))xe” ((
sqrt(d*x + c)xb + a)*sgn((sqrt(d*x + c)*b + a)xb - axb) - axsgn((sqrt(d*x +

c)*b + a)*b - a*b) + a)/(b"3*d) - ((sqrt(d*x + c)*b + a)*b - axb + b*sgn((
sqrt(d*x + c)*b + a)*b - axb))*e”(-(sqrt(d*x + c)*b + a)*sgn((sqrt(d*x + c)

*b + a)*b - axb) + axsgn((sqrt(d*x + c)*b + a)xb - axb) - a)/(b~3xd)
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cosh(a+ch+dx)ci

X

362 |

Optimal. Leaf size=124

X

cosh (a + b\/E) Chi (b (\/_ - M)) + cosh (a - b\/E) Chi (b (\/E + M)) —sinh (a + b\/E) Shi (b (\/_ ~Ve+d

[Out] Cosh[a + b*Sqrt[c]]*CoshIntegral [bx(Sqrt[c] - Sqrtlc + d*x])] + Cosh[a - bx
Sqrt [c]1*CoshIntegral [b*(Sqrt[c] + Sqrtlc + d*x])] - Sinh[a + b*Sqrt[c]]*Si
nhIntegral [b*(Sqrt[c] - Sqrtl[c + d*x])] + Sinh[a - b*Sqrt[c]]*SinhIntegrall
b*(Sqrt[c] + Sqrtlc + dxx])]

Rubi [A] time = 0.289778, antiderivative size = 124, normalized size of antiderivative =
1., number of steps used = 10, number of rules used = 5, integrand size = 18, number of rules

= 0.278, Rules used = {56365, 5293, 3303, 3298, 3301}

cosh (a + bYE) Chi (b Ve ~ Ve dx) ) + cosh (a — bve) Chi (b (Ve + Vet dx) ) - sinh (a + byE) Shi (b (Ve - Ve +

integrand size

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*Sqrtlc + d*x]]/x,x]

[Out] Cosh[a + b*Sqrt[c]]*CoshIntegral [bx(Sqrt[c] - Sqrtlc + d*x])] + Cosh[a - Dbx
Sqrt[c]]*CoshIntegral [b*(Sqrt[c] + Sqrtlc + d*x])] - Sinh[a + b*Sqrt[c]]*Si
nhIntegral [bx(Sqrt[c] - Sqrtlc + d*x])] + Sinh[a - b*Sqrt[c]]*SinhIntegrall
b*(Sqrt[c] + Sqrtlc + d*x])]

Rule 5365

Int[((a_.) + Cosh[(c_.) + (d_)*(u_)"(m_)]*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/Coefficient[u, x, 1] (m + 1), Subst[Int[(x - Coefficient[u, x,
0])"mx(a + b*Cosh[c + d*x"n])"p, x], x, ul, x] /; FreeQ[{a, b, ¢, 4, n, p}
, x] &% LinearQ[u, x] && NeQ[u, x] && IntegerQ[m]

Rule 5293

Int[Cosh[(c_.) + (d_)*(x_)]I*(x_)"(m_.)*x((a_) + (b_)*x )" (n_))"(p_), x_Sy
mbol] :> Int[ExpandIntegrand[Cosh[c + d*x], x"m*(a + b*x"n)"p, x], x] /; Fr
eeQ[{a, b, c, d}, x] && ILtQ[p, 0] && IntegerQ[m] && IGtQ[n, 0] && (EqQ[n,
2] || EqQlp, -11)

Rule 3303

Int[sin[(e_.) + (£_)*(x )]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - c*xf)/d]l, Int[Sin[(cxf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(cxf)/d + fxx]/(c + d*xx), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz_])*(f_.)*x(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - cxf*xfzxI, 0]

Rule 3301
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Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(cxf*xfz)/d + f*xfz*x]/d, x] /; FreeQ[{c, 4, e, f, fz
}, x] &% EqQldx(e - Pi/2) - cxf*xfz*xI, 0]

Rubi steps

X —-Cc+Xx

f cosh (a + bm) i = Subst [f cosh (a + b\/E)

dx,x,c+ dx]

h
= 2 Subst (IM dx,x,Vc + dx)

-+ x?

_> Subst cosh(a + bx) N cosh(a + bx) i, 2 Ne tdx

-x) 2(Vera)
= — Subst ( cosh(a al bx) dx,x,Nc+ dx) + Subst ( w dx,x, Ve + dx)

Ve +x

cosh (b+/c + bx

= cosh (a - b\/E) Subst ( Ve ) dx,x,Vc +dx |- cosh (a + b\/E) Subst f
\e+x

= cosh (a - bVE) Chi b (Ve + Ve dx) ) + cosh (a-+ be) Chi by - bV + dx) + sinl

Mathematica [A] time = 0.492219, size = 127, normalized size = 1.02

%e‘”‘b\/z (ez(Hb\/E)EprntegralEi (b (Vc +dx - \/E)) + e*"ExplIntegralEi (b (\/c +dx + \/E)) + ExplIntegralEi (b

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*Sqrtlc + d*x]]/x,x]

[Out] (E"(-a - b*Sqrtlc])*(ExpIntegralEi[b*(Sqrtlc] - Sqrtl[c + d*x])] + E~(2x(a +
bxSqrt [c]))*ExpIntegralEi[b*(-Sqrt[c] + Sqrtlc + dxx])] + E~(2%b*Sqrt[c])*

ExpIntegralEi[-(b*(Sqrt[c] + Sqrtlc + d*x]))] + E~(2xa)*ExpIntegralEi [b*(Sq

rt[c] + Sqrtlc + d*x]1)]1))/2

Maple [F] time = 0.02, size = 0, normalized size = 0.
1
f p cosh (a + bVdx + c) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b*(d*x+c)~(1/2))/x,x)

[Out] int(cosh(a+b*(d*x+c)~(1/2))/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f cosh (Wb + a)

X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cosh(atb*(d*x+c)~(1/2))/x,x, algorithm="maxima")

[Out] integrate(cosh(sqrt(d*x + c)*b + a)/x, x)

Fricas [B] time = 1.84215, size = 547, normalized size = 4.41

% (Ei (Wb - «/ﬁ) +Ei (—Wb ; \/ﬁ)) cosh (a ; bzc) ; % (Ei (mb ; «/E) +Ei (_mb Y/

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/2))/x,x, algorithm="fricas")

[Out] 1/2*%(Ei(sqrt(d*x + c)*b - sqrt(b™2xc)) + Ei(-sqrt(d*x + c)*b + sqrt(b~2%c))
)*cosh(a + sqrt(b™2xc)) + 1/2x(Ei(sqrt(d*x + c)*b + sqrt(b~2*c)) + Ei(-sqrt

(d*x + c)*b - sqrt(b~2xc)))*cosh(-a + sqrt(b”2*c)) + 1/2%x(Ei(sqrt(d*x + c)*

b - sqrt(b”™2*c)) - Ei(-sqrt(d*x + c)*b + sqrt(b~2*c)))*sinh(a + sqrt(b~2x*c)

) - 1/2%(Ei(sqrt(d*x + c)*b + sqrt(b™2*c)) - Ei(-sqrt(d*x + c)*b - sqrt(b~2
*c)))*sinh(-a + sqrt(b~2*c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh (a + bM)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)**(1/2))/x,%)

[Out] Integral(cosh(a + b*sqrt(c + d*x))/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f cosh (\/cmb + a)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/2))/x,x, algorithm="giac")

[Out] integrate(cosh(sqrt(d*x + c)*b + a)/x, x)
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coﬁ1a+b\@13§
[ ( )

x2

3.63

Optimal. Leaf size=182

dx

bdsinh (a — by/c) Chi (b (Ve + Ve + dx)) , bdsinh (a+ bye) Chi (b (Ve - Ve +dx))  bd cosh (a + byc) Shi (b

2+/c 2+/c 2+/c

[Out] -(Cosh[a + b*Sqrtlc + d*x]]/x) - (b*d*CoshIntegral [b*(Sqrt([c] + Sqrtlc + dx
x])]*Sinh[a - b*Sqrtlc]])/(2xSqrtlc]) + (b*d*CoshIntegral [b*(Sqrtl[c] - Sqrt

[c + d*x])]*Sinh[a + b*Sqrt([c]])/(2*Sqrtlc]) - (b*d*Cosh[a + b*Sqrt[c]l]*Sin
hIntegral [bx(Sqrt[c] - Sqrtlc + d*x])])/(2+Sqrtlc]) - (b*d*Cosh[a - b*Sqrt[
c]]*SinhIntegral [bx(Sqrt[c] + Sqrtlc + d*x])])/(2xSqrtlc]l)

Rubi [A] time = 0.382418, antiderivative size = 182, normalized size of antiderivative =
1., number of steps used = 11, number of rules used = 6, integrand size = 18, number of rules

= 0.333, Rules used = {5365, 5289, 5280, 3303, 3298, 3301}

b sinh (a - byc) Chi (b (Ve + Ve + dx)) , bdsinh (a+ bye) Chi (b (Ve - Ve +dx))  bd cosh (a + byc) Shi (b

integrand size

e e e

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*Sqrtlc + d*x]]/x"2,x]

[Out] -(Cosh[a + b*Sqrtlc + d*x]]/x) - (b*d*CoshIntegral [b*(Sqrtl[c] + Sqrtlc + d*
x])]1*Sinh[a - b*Sqrtlc]])/(2xSqrtlc]) + (b*d*CoshIntegral [b*(Sqrt[c] - Sqrt

[c + d*x])]1*Sinh[a + bxSqrt[c]])/(2*Sqrtlc]) - (b*d*Cosh[a + b*Sqrt[c]]*Sin
hIntegral [bx(Sqrt[c] - Sqrtlc + d*x])])/(2+Sqrtlc]) - (b*d*Cosh[a - bx*Sqrt[
c]1*SinhIntegral [b*(Sqrt[c] + Sqrtlc + d*x])])/(2xSqrt[c])

Rule 5365

Int[((a_.) + Cosh[(c_.) + (d_)*x(u )" (@ )]*(b_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/Coefficient[u, x, 11 (m + 1), Subst[Int[(x - Coefficient[u, x,
0])"mx(a + b*Cosh[c + d*x"n])"p, x], x, ul, x] /; FreeQ[{a, b, ¢, 4, n, p}
, x] &% LinearQ[u, x] && NeQ[u, x] && IntegerQ[m]

Rule 5289

Int[Cosh[(c_.) + (d_.)*(x_)]1*((e_)*(x_))"(m_.)*x((a_) + (b_)*x(x_)"(n_)) " (p
_), x_Symbol] :> Simp[(e"m*(a + b*x"n) (p + 1)*Cosh[c + d*x])/(b*nx(p + 1))
, x] - Dist[(d*e"m)/(b*n*x(p + 1)), Int[(a + b*xx™n)~(p + 1)*Sinh[c + d*x], x
1, x]1 /; FreeQ[{a, b, ¢, d, e, m, n}, x] && IntegerQ[p] &% EqQ[m - n + 1, O
1 && LtQlp, -1] && (IntegerQ[n] || GtQ[e, 01)

Rule 5280

Int[((a_) + (b_.)*(x_ )" (@ ))"(p_)*Sinh[(c_.) + (d_.)*(x_)], x_Symbol] :> In
t [ExpandIntegrand[Sinh[c + d*x], (a + b*x"n)"p, x], x] /; FreeQ[{a, b, ¢, d
}, x] && ILtQ[p, 0] && IGtQ[n, 0] && (EqQ[n, 21 || EqQlp, -11)

Rule 3303

Int[sinl(e_.) + (f_)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e — cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
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)/d], Int[Cos[(c*f)/d + fxx]/(c + dx*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x )]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - cxfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(c*f*fz)/d + fxfzxx]/d, x] /; FreeQl{c, d, e, f, fz
}, x] &% EqQld*(e - Pi/2) - cxf*xfz*xI, 0]

Rubi steps

f cosh (a +bVc+ dx) e = dSubst (f cosh (a + b\/§)

2 Cer a7 dx,x,c + dx]

(2d) Subst [f w dx,x,Vc + dx]

(-

cosh (a + bVc + dx inh
=- ( " ) — (bd) Subst (fwdx,x,\/c+dx)

c— x?

cosh (a +bvVe+ dx) sinh(a + bx)  sinh(a + bx)
_ - d d
. (bd)Subst[f(z\/E(\/__x)+2\/E(\/E+x)J x,x, Ve + x)

cosh (a + bV + dx) (bd) Subst ( il snh(@+bn) 5y v e + dx) (bd) Subst ( [ sinh(a-+bx

— \/E—x \/E+x
X 2\/2 2\/2
cosh (a N bm) (bd cosh (a - b\/E)) Subst (f % dx, x, Vc + dx) (bd(
cosh (a+ bV +dx)  bdChi (b(yec + Ve +dx))sinh (a - by)  bdChi (bye - bVc A
=- - +
x 24/c 2-

Mathematica [A] time = 1.75491, size = 199, normalized size = 1.09

e (—bdxe‘b\/EEprntegralEi (b (\/_ — Ve + dx)) + bdxe?V*ExplntegralEi (—b (\/c +dx + \/E)) —24Jce™® V”d") + e (
4nJex

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*Sqrtlc + d*x]]/x"2,x]

[Out] (((-2*%Sqrtlc])/E~(bxSqrtlc + d*x]) - (bxd*x*ExpIntegralEi[b*(Sqrt[c] - Sqrt
[c + d*x])])/E~(bxSqrt[c]) + bxd*E~ (b*Sqrt[c])*x*ExpIntegralEi[-(b*(Sqrt[c]

+ Sqrtlc + d*x]))])/E"a + E"a*x(-2xSqrt[c]*E~(b*Sqrt[c + d*x]) + b*d*E~(bx*S
grt [c])*x*ExpIntegralEi [b*(-Sqrt[c] + Sqrtl[c + d*x])] - (b*d*x*ExpIntegralE
i[b*x(Sqrtlc] + Sqrtlc + d*x])]1)/E~(b*Sqrtlc])))/(4*Sqrt[c]*x)
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Maple [F] time = 0.021, size = 0, normalized size = 0.

1
f? cosh (a + bVdx + c) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+bx(d*x+c)~(1/2))/x"2,x)

[Out] int(cosh(a+b*(d*x+c)~(1/2))/x"2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*(d*x+c)”~(1/2))/x"2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.90036, size = 759, normalized size = 4.17

4 ccosh (\/mb + a) - (\/ﬁdei (\/mb - \/ﬁ) — Vb2cdxEi (—\/mb + \/ﬁ)) cosh (a + bzc) + (\/E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(atb*(d*x+c)~(1/2))/x"2,x, algorithm="fricas")

[Out] -1/4x(4xcxcosh(sqrt(d*x + c)*b + a) - (sqrt(b~2*c)*d*x*Ei(sqrt(d*x + c)*b -
sqrt (b™2*c)) - sqrt(b~2*c)*d*x*Ei(-sqrt(d*x + c)*b + sqrt(b~2xc)))*cosh(a

+ sqrt(b™2xc)) + (sqrt(b~2*c)*d*x*Ei(sqrt(d*x + c)*b + sqrt(b™2*c)) - sqrt(
b~2%c) *d*xx*Ei (-sqrt(d*x + c)*b - sqrt(b~2xc)))*cosh(-a + sqrt(b~2*c)) - (sq

rt (b~2*c) *d*x*Ei (sqrt (d*x + c)*b - sqrt(b™2*c)) + sqrt(b~2*c)*d*x*Ei(-sqrt(

d*x + c)*b + sqrt(b”2*c)))*sinh(a + sqrt(b”™2*c)) - (sqrt(b~2*c)*d*x*Ei(sqrt

(d*x + c)*b + sqrt(b™2*c)) + sqrt(b~2*c)*d*x*Ei(-sqrt(d*x + c)*b - sqrt(b~2
*xc)))*sinh(-a + sqrt(b~2xc)))/(c*x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

cosh (a + bVe + dx
[ ( )

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b*(d*x+c)**(1/2))/x**2,x)

[Out] Integral(cosh(a + bxsqrt(c + d*x))/x**2, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

dx

f cosh (Wb + a)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b*(d*x+c)~(1/2))/x"2,x, algorithm="giac")

[Out] integrate(cosh(sqrt(d*x + c)*b + a)/x"2, x)
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3.64 fx2 cosh (a + bVl + dx) dx

Optimal. Leaf size=537

6c2 sinh (a + bV + dx) 6c2V/c + dx cosh (a + bV + dx) 168(c + dx)? sinh (a + bV + dx) 5040(c + dx)*3 si
ERE B ¥E " ERE " b

[Out] (720*c*Cosh[a + b*x(c + d*x)~(1/3)])/(b"6%d"3) - (120960%(c + d*x)~(1/3)*Cos

hla + bx(c + d*x)~(1/3)]1)/(©"8%d"3) - (6*xc™2x(c + d*x)~(1/3)*Cosh[a + bx*x(c

+ d*x)~(1/3)1)/(~2%d"3) + (360*%c*(c + d*x)~(2/3)*Cosh[a + bx(c + d*xx)~(1/3

)1)/(b™4%d"3) - (20160*(c + d*x)*Coshl[a + b*(c + d*x)~(1/3)]1)/(b"6%d"3) + (

30xc*k(c + d*x)~(4/3)*Cosh[a + b*x(c + d*x)~(1/3)]1)/(b"2%d"3) - (1008*(c + dx

x)~(5/3)*Cosh[a + b*x(c + d*x)~(1/3)]1)/(b™4*xd~3) - (24*(c + d*x)~(7/3)*Cosh[

a + bx(c + d*x)~(1/3)]1)/(1"2%d"3) + (120960*Sinh[a + b*x(c + d*x)~(1/3)1)/(b

~9%d"3) + (6*c”2*Sinh[a + bx(c + d*x)~(1/3)])/(b"3*d"3) - (720*c*(c + d*x)~

(1/3)*Sinh[a + b*(c + d*x)~(1/3)]1)/(b"5%d"3) + (60480*(c + d*x)~(2/3)*Sinh[

a + bx(c + d*x)~(1/3)1)/(b"7*d"3) + (3*xc™2*(c + d*x)~(2/3)*Sinh[a + b*(c +

d*x)~(1/3)1)/(b*d~3) - (120*c*(c + d*x)*Sinh[a + b*x(c + d*x)~(1/3)]1)/(b~3%d

~3) + (5040*(c + d*x)~(4/3)*Sinh[a + b*x(c + d*x)~(1/3)]1)/(b"5*d"~3) - (6xc*(

c + d*x)~(5/3)*Sinh[a + b*x(c + d*x)~(1/3)]1)/(bxd"3) + (168*(c + d*xx) 2*Sinh

[a + bx(c + d*x)~(1/3)]1)/(b~3%d"3) + (3*(c + d*x)~(8/3)*Sinh[a + b*(c + d*x

)7(1/3)1)/ (b*d~3)

Rubi [A] time = 0.703941, antiderivative size = 537, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 23, number of rules used = 6, integrand size = 18, e o e

_ 0.333, Rules used = {5365, 1593, 5287, 3296, 2637, 2638}
6c2 sinh (a +bVc + dx) 6c2V/c + dx cosh (a + bV + dx) 168(c + dx)? sinh (a +bVc + dx) 5040(c + dx)*3 si
+ +

b3d3 b2d3 b3d3 b

integrand size

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[a + bx(c + d*x)~(1/3)],x]

[Out] (720*c*Coshl[a + bx(c + d*x)~(1/3)]1)/(b"6%d"3) - (120960*(c + d*x)~(1/3)*Cos
hla + bx(c + d*x)~(1/3)]1)/(b"8*%d"3) - (6%c”2x(c + d*x)~(1/3)*Cosh[a + bx*(c
+ d*xx)~(1/3)1)/(b"2%d"3) + (360*c*x(c + d*xx)~(2/3)*Coshl[a + bx(c + d*xx)~(1/3
)1)/(b~4%d"3) - (20160*(c + d*x)*Coshl[a + b*(c + d*x)~(1/3)]1)/(b"6%d"3) + (
30xc*k(c + d*x)~(4/3)*Cosh[a + b*x(c + d*x)~(1/3)]1)/(b"2%d"3) - (1008*(c + dx
x)7(5/3)*Cosh[a + b*x(c + d*x)~(1/3)]1)/(b™4*xd~3) - (24*(c + d*x)~(7/3)*Coshl[
a + bx(c + d*x)~(1/3)]1)/("2*d"3) + (120960*Sinh[a + b*x(c + d*x)~(1/3)1)/(b
“9%d"3) + (6*c”2*Sinh[a + bx(c + d*x)~(1/3)])/(b"3*d"3) - (720*c*(c + d*x)~
(1/3)*Sinh[a + b*(c + d*x)~(1/3)]1)/(b"5%d"3) + (60480*(c + d*x)~(2/3)*Sinh[
a + bx(c + d*x)~(1/3)1)/(b"7*d"3) + (3*xc™2*(c + d*x)~(2/3)*Sinh[a + b*(c +
d*x)~(1/3)1)/(b*d~3) - (120*c*(c + d*x)*Sinh[a + b*(c + d*x)~(1/3)]1)/(b~3%d
~3) + (5040*(c + d*x)~(4/3)*Sinh[a + b*x(c + d*x)~(1/3)]1)/(b"5%d"3) - (6xc*(
c + d*x)~(5/3)*Sinh[a + b*(c + d*x)~(1/3)]1)/(b*d"3) + (168*(c + d*x) 2*Sinh
[a + bx(c + d*x)~(1/3)]1)/(b~3%d"3) + (3*(c + d*x)~(8/3)*Sinh[a + b*(c + d*x
)7(1/3)1)/ (b*d~3)

Rule 5365

Int[((a_.) + Cosh[(c_.) + (d_)*(u_ ) (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/Coefficient[u, x, 11 (m + 1), Subst[Int[(x - Coefficient[u, x,
0])"mx(a + b*Cosh[c + d*x"n])"p, x], x, ul, x] /; FreeQ[{a, b, ¢, 4, n, p}
, x] &% LinearQ[u, x] && NeQ[u, x] && IntegerQ[m]
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Rule 1593

Int[(u_)*x((a_.)*x(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*xp)*(a + bxx"(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - pl]

Rule 5287

Int[Cosh[(c_.) + (d_)*(x_)]*((e_)*(x_))"(m_.)*((a_) + (b_)*(x_)"(n_))" (p
_.), x_Symbol] :> Int[ExpandIntegrand[Cosh[c + d*x], (e*x) m*(a + b*x"n) p,
x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, O]

Rule 3296

Int[((c_.) + (@_)*x_))"(m_.)*sinl[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]

Rule 2638
Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, x]

Rubi steps
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Subst (f(—c + x)? cosh (a + b\%) dx, x,c + dx)

fxz cosh (a + Ve + dx) dx = e

2
3 Subst (f (—cx + x4) cosh(a + bx) dx, x, Ve + dx)
2
3 Subst (fx2 (—c + x3) cosh(a + bx) dx, x, Vc + dx)
3 Subst ( il (czx2 cosh(a + bx) — 2cx® cosh(a + bx) + x8 cosh(a + bx)) dx, x, Nlc + d:
3 Subst ( [ 18 cosh(a + bx) dx, x, Ve + dx) (6¢) Subst ( [ x° cosh(a + bx) dx, x, v
- P B &
3c2(c + dx)?3 sinh (a + bV + dx) 6¢(c + dx)*? sinh (u + bV + dx) 3(c + dx)8
B b ) o "
6¢2\/c + dx cosh (u + bV + dx) 30c(c + dx)*3 cosh (a + bV + dx) 24(c + d:
+ —_
b2d3 b2d3
6¢2/c + dx cosh (a + bV + dx) 30c(c + dx)*3 cosh (a + bV + dx) 24(c + d:
+ -
b243 b243
6¢2V/c + dx cosh (a +bVe + dx) 360c(c + dx)%3 cosh (a + bV + dx) 30c(c +
+ +
b243 b*d3
6¢2V/c + dx cosh (a + bV + dx) 360c(c + dx)*3 cosh (a +bVc + dx) 30c(c +
+ +
b2d3 b*d3
720c cosh (a + bV + dx) 6c2/c + dx cosh (a + bV + dx) 360c(c + dx)%3 cos|
- T ) 2 " b
720c cosh (u + bV + dx) 62/ + dx cosh (a + bV + dx) 360c(c + dx)?3 cosl
B e ) P " bid
720c cosh (a +bVe + dx) 120960+c + dx cosh (a +bVe + dx) 6c2V/c + dx cos
B bod> - b33 - b
720c cosh (a + bV + dx) 120960+/c + dx cosh (a + bV + dx) 6¢2/c + dx cos

bods b8ds b

Mathematica [A] time = 0.685854, size = 381, normalized size = 0.71

3(sinh(a) + cosh(a)) (2b6 (902 + 36cdx + 28d2x2) + BBd2x2(c + dx)?3 — 267dxc + dx(3c + 4dx) — 24b5(c + dx)?B(9

Antiderivative was successfully verified.

[In] Integrate[x”2#Cosh[a + b*(c + d*x)~(1/3)],x]

[Out] (3*(40320 - 40320%b*(c + d*x)~(1/3) + 20160*b~2x(c + d*x)~(2/3) + b™8*d"2*x
“2%(c + d*x)"(2/3) - 2xb"Txd*x*(c + d*x) " (1/3)*(3*c + 4xdxx) + 240%b"4*(c +
d*x) " (1/3)*(6*xc + T*d*x) - 24*b~5*x(c + d*x)~(2/3)*(9*c + 14*d*x) - 240*b~3
*(27*c + 28*d*x) + 2*%b"6x(9*%c”2 + 36*c*kd*x + 28*d"2*x"2))*(Cosh[a] + Sinh[a
1)*(Cosh[b*(c + d*x)~(1/3)] + Sinh[b*x(c + d*xx)~(1/3)]) + (40320 + 40320%b*(

c + d*x)~(1/3) + 20160*b~2*x(c + d*x)~(2/3) + b~™8*d"2*x"2*(c + d*x)~(2/3) +
2%b7T7*d*x*k (¢ + d*x) " (1/3)*(3*%c + 4*d*x) + 240*b~4x*x(c + d*x)~(1/3)*(6%c + 7%

d*x) + 24*b"5x(c + d*x)~(2/3)*(9*c + 14*xd*x) + 240%b~3*(27*c + 28*d*x) + 2%
b76x(9*c”2 + 36%ckd*x + 28*d"2*x"2))*(-3*Cosh[a + b*(c + d*x)~(1/3)] + 3%Si

nhl[a + bx(c + d*x)~(1/3)]1))/(2%b~9%d"3)
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Maple [B] time = 0.016, size = 1815, normalized size = 3.4

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*cosh(a+b*(d*x+c)~(1/3)),x)

[Out] 3/d"3/b"3*(c"2*a"2xsinh(a+b*(d*x+c) ~(1/3))+1/b"6*a~8*sinh (a+b*(d*x+c)~(1/3)
)+1/b76% ((a+b* (d*x+c) ~(1/3)) "8*sinh (a+b* (d*x+c) ~(1/3))-8* (a+b* (d*x+c)~(1/3)
) “7xcosh(a+b* (d*x+c) ~(1/3) ) +56* (a+bx (d*x+c) ~(1/3)) ~6*sinh (a+b* (d*xx+c)~(1/3)
)=336% (a+b* (d*x+c) ~(1/3)) “5*xcosh (a+b* (d*x+c) ~(1/3))+1680* (a+b* (d*x+c)~(1/3)
) “4xsinh (a+b* (d*x+c) ~(1/3))-6720* (a+b* (d*x+c) ~(1/3)) “3*cosh(a+b*x(d*x+c) " (1/
3))+20160* (a+b* (d*x+c) "~ (1/3)) "2*sinh (a+b* (d*x+c) ~(1/3))-40320* (a+b* (d*x+c)~
(1/3) ) *cosh(a+bx (d*x+c) ~(1/3))+40320*sinh (a+b* (d*x+c) ~(1/3)))+c 2% ((a+b* (d*
x+c)~(1/3) ) "2xsinh (a+b* (d*x+c) ~(1/3) ) -2*x(a+bx (d*x+c) ~(1/3) ) *cosh(a+b* (d*x+c
)~ (1/3))+2*sinh(a+b* (d*x+c) ~(1/3)))-8/b"6*a"7* ((a+b* (d*x+c)~(1/3))*sinh(a+b
*(dxx+c) " (1/3))-cosh(a+bx (d*x+c) ~(1/3)))-2*xc™2*ax ((a+b* (d*x+c) " (1/3) ) *sinh(
a+b*x (d*x+c) ~(1/3))-cosh(a+b*x(d*xx+c) ~(1/3)))+2/b " 3*xa"5*c*xsinh (a+b* (d*x+c) " (1
/3))-2/b"3xc*x((a+b* (d*x+c) ~(1/3)) "5*sinh (a+b* (d*x+c) " (1/3))-5* (a+b* (d*x+c)”
(1/3))~4*cosh(a+b* (d*x+c) ~(1/3) ) +20* (a+b* (d*x+c) ~(1/3)) "3*sinh (a+b* (d*x+c)~
(1/3))-60*(a+b* (d*x+c) ~(1/3) ) "2xcosh (a+b* (d*x+c) ~(1/3) ) +120* (a+b* (d*x+c) ~ (1
/3))*sinh (a+b* (d*x+c) ~(1/3))-120*cosh (a+b* (d*x+c) ~(1/3)))+28/b"6*xa~6* ((a+b*
(d*x+c)~(1/3)) "2*sinh(a+b*x (d*x+c) ~(1/3))-2* (a+b* (d*x+c) ~(1/3) ) *cosh (a+b* (d*
x+c) " (1/3))+2*sinh (a+b*x (d*x+c) ~(1/3)))-8/b " 6*a* ((a+b* (d*x+c) ~(1/3)) “7*sinh(
a+b* (d*x+c) ~(1/3) ) -7+ (a+bx (d*x+c) ~(1/3)) “6*cosh(a+bx (d*x+c) ~(1/3) ) +42* (a+b*
(d*x+c)~(1/3)) "b*sinh(a+b* (d*x+c) ~(1/3))-210* (a+b* (d*x+c) ~(1/3)) “4x*cosh(a+b
*(dxx+c) " (1/3))+840%* (a+b* (d*x+c) ~(1/3) ) "3*sinh (a+b* (d*x+c) ~(1/3))-2520* (a+b
*(dxx+c) " (1/3)) "2*xcosh(a+b* (dxx+c) ~(1/3))+5040%* (a+b* (d*x+c) ~(1/3) ) *sinh(a+b
* (d*x+c) " (1/3))-5040*cosh (a+b* (d*x+c) ~(1/3)))+28/b"6*xa~2* ((a+b* (d*x+c) ~(1/3
)) " 6xsinh (a+b* (d*x+c) ~(1/3))-6*(a+b* (d*x+c) ~(1/3)) "5*xcosh(a+b* (d*x+c)~(1/3)
)+30% (a+b* (d*x+c) ~(1/3)) “4*xsinh (a+bx (d*x+c) ~(1/3))-120* (a+b* (d*x+c) ~(1/3))~
3*xcosh(a+bx (d*x+c) ~(1/3))+360* (a+b* (d*x+c) ~(1/3)) "2*sinh(a+b* (d*x+c) " (1/3))
-720% (a+b* (d*x+c) ~(1/3) ) *cosh(a+b* (d*xx+c) ~(1/3))+720*sinh (a+b* (d*x+c) ~(1/3)
))-56/b"6*a"3* ((a+b*(d*x+c) " (1/3)) "5*sinh (a+b* (d*x+c) ~(1/3))-5* (a+b* (d*x+c)
~(1/3)) "4*cosh(a+b*x (d*x+c) "~ (1/3))+20* (a+b* (d*x+c) ~(1/3)) ~3*sinh (a+b* (d*x+c)
~(1/3))-60* (a+b* (d*x+c) ~(1/3)) "2*cosh(a+b* (d*x+c) ~(1/3) ) +120* (a+b* (d*x+c) ~(
1/3))*sinh (a+b* (d*x+c) ~(1/3))-120*cosh (a+b* (d*x+c) ~(1/3)))+70/b"6*a~4*((a+b
*(dxx+c) " (1/3)) "4xsinh (a+b* (dxx+c) ~(1/3) ) -4* (a+b* (d*xx+c) ~(1/3)) “3*cosh(a+b*
(d*x+c)~(1/3))+12*(a+b* (d*x+c) ~(1/3)) "2*sinh (a+b* (d*x+c) ~(1/3) ) -24* (a+b* (d*
x+c) " (1/3))*cosh(a+b* (d*x+c) ~(1/3))+24xsinh (a+b* (d*x+c)~(1/3)))-56/b"6%a 5%
((a+b*x(d*x+c)~(1/3))"3*sinh(a+b*(d*x+c)~(1/3))-3*(a+b* (d*x+c) ~(1/3)) "2*cosh
(a+b* (d*x+c) ~(1/3) ) +6* (a+b*x (d*xx+c) ~(1/3) ) *sinh (a+b* (d*x+c) ~(1/3))-6*cosh(a+
b* (d*x+c)~(1/3)))-20/b"3*c*xa~2* ((a+b* (d*x+c) ~(1/3)) "3*sinh(a+b* (d*x+c) ~(1/3
))=3*(a+b* (d*x+c) " (1/3)) "2*cosh (a+b* (d*x+c) ~(1/3) ) +6* (a+b* (d*x+c) ~(1/3) ) *si
nh (a+b* (d*x+c) ~(1/3))-6*cosh (a+b*x (d*x+c) ~(1/3)))+20/b"3*a"3*c* ((a+b* (d*x+c)
~(1/3)) " 2*sinh(a+b* (d*x+c) ~(1/3))-2*x(a+b* (d*x+c) ~(1/3)) *cosh(a+b* (d*x+c) ~ (1
/3))+2*xsinh (a+b* (d*x+c)~(1/3)))-10/b"3*a"4*c* ((a+b* (d*x+c) ~(1/3))*sinh (a+bx*
(d*x+c)~(1/3))-cosh(a+b*x(d*x+c) ~(1/3)))+10/b"3*c*a*x((a+b* (d*x+c) ~(1/3)) “4*s
inh(a+b* (d*x+c) ~(1/3) ) -4x*x(at+b*(d*xx+c) ~(1/3)) "3xcosh(a+b* (d*xx+c) ~(1/3))+12%(
a+b* (d*x+c) " (1/3) ) "2*xsinh (a+b* (d*x+c) ~(1/3)) -24* (a+b* (d*x+c) ~(1/3) ) *cosh(a+
bx (d*x+c)~(1/3))+24*sinh (a+b* (d*x+c)~(1/3))))

Maxima [A] time = 1.24137, size = 867, normalized size = 1.61

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*cosh(a+bx(d*x+c)~(1/3)),x, algorithm="maxima")

[Out] 1/6*%(2%d"3*x"3*cosh((d*x + ¢c)~(1/3)*b + a) + (c"3*xe”((d*x + c)~(1/3)*b + a)
/b + ¢c”3*%e”(-(d*x + ¢c)~(1/3)*b - a)/b - 3*%((d*x + c)*b"3*e"a - 3*%(d*x + ¢c)~
(2/3)*b"2%e"a + 6x(d*x + c)~(1/3)*b*e"a - 6*e”a)*c 2*xe” ((d*x + ¢)~(1/3)*b)/
b™4 - 3*x((d*x + c)*b~3 + 3*k(d*x + c)~(2/3)*b"2 + 6%(d*x + c)~(1/3)*b + 6)*c
“2%e” (-(d*x + ¢c)"(1/3)*b - a)/b"4 + 3*x((d*x + c)"2*b"6xe"a - 6%(d*x + c)~(5
/3)*¥b"B*xe"a + 30x(d*x + c)~(4/3)*b"4*e"a - 120%x(d*x + c)*b"3*e"a + 360*(d*x
+ ¢c)7(2/3)*b"2xe"a - 720%(d*x + c)~(1/3)*bxe”a + 720%e"a)*c*xe” ((d*x + c)~(
1/3)*b)/b~7 + 3*%((d*x + c)"2%b"6 + 6x(d*x + c)~(5/3)*%b"5 + 30x(d*x + c)~(4/
3)*%b~4 + 120%(d*x + c)*b~3 + 360x(d*x + c)~(2/3)*%b"2 + 720*%(d*x + c)~(1/3)*
b + 720)*cxe” (-(d*x + ¢c)~(1/3)*b - a)/b~7 - ((d*x + c)~3*b~"9*e"a - 9x(d*x +
c)”(8/3)*%b"8xe"a + 72x(d*x + c)~(7/3)*b"7*e"a - 504*x(d*x + c) 2*b"6%e"a +
3024*(d*x + ¢c)~(5/3)*b"5*e"a - 15120*%(d*x + c)~(4/3)*b"4*e"a + 60480*(d*x +
c)*b"3*xe"a - 181440*(d*x + c)~(2/3)*b"2*e"a + 362880*(d*x + c)~(1/3)*b*e"a
- 362880*e~a)*e” ((d*x + ¢c)~(1/3)*b)/b~10 - ((d*x + c)~3*b"9 + 9x(d*x + c)~
(8/3)*%b78 + 72*x(d*x + c)~(7/3)*b~7 + 504*(d*x + c)~2*b"6 + 3024x(d*x + c)~(
5/3)*%b”5 + 15120%(d*x + ¢)~(4/3)*b"4 + 60480*(d*x + c)*b~3 + 181440*(d*x +
c)~(2/3)*%b"2 + 362880*(d*x + c)~(1/3)*b + 362880)*e”(-(d*x + ¢c)~(1/3)*b - a
)/b~10)*b) /d"3

Fricas [A] time = 1.79513, size = 468, normalized size = 0.87

2 1
3 (2 (3360 BPdx + 3240 b3 +12 (14 b%dx + 9 boc)(dx + c)3 + (4b7d%x? + 3b7cdx + 20160 b) (dx + c)§) cosh ((dx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcosh(a+b*(d*x+c)~(1/3)),x, algorithm="fricas")

[Out] -3*(2*(3360*b~3xd*x + 3240%b~3*c + 12*(14*xb~5xd*x + 9*b~5*c)*(d*x + c)~(2/3
) + (4*b7T7*d72%x72 + 3*b”"7*xckxdxx + 20160%b)*(d*x + c)~(1/3))*cosh((d*x + c)
~(1/3)*b + a) - (56*b"6xd"2*xx"2 + T2*¥b"6*c*kd*x + 18*b"6*xc”2 + (b~8*%d"2*x"2

+ 20160*b"2)*x(d*x + ¢)~(2/3) + 240*%(7*b~4*d*x + 6*xb~4*c)*(d*x + c)~(1/3) +
40320)*sinh((d*x + c)~(1/3)*b + a))/(b~9%d"3)

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz cosh (a + Ve + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(a+b*(d*x+c)**(1/3)),x)

[Out] Integral(x**2xcosh(a + bx(c + d*x)**(1/3)), x)

Giac [B] time = 3.7203, size = 2920, normalized size = 5.44

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2xcosh(a+b*(d*x+c)~(1/3)),x, algorithm="giac")

[Out] 3/2*((((d*x + ¢c)~(1/3)*b + a) " 2*b"6*xc”™2 - 2x((d*x + c)~(1/3)*b + a)*a*b”~6*c
T2 + a”2*%b"6*xc”2 - 2x((d*x + ¢)~(1/3)*b + a) 5*b"3*c + 10*x((d*x + c)~(1/3)*
b + a) 4*xaxb~3*c - 20*%((d*x + c)"(1/3)*b + a) 3*a"2*%b"3*c + 20%x((d*x + c)~(
1/3)*b + a)~2%a~3*%b"3*c - 10x((d*x + c)~(1/3)*b + a)*a~4*b~3*c + 2*xa~5xb~ 3%
c - 2%((d*x + ¢c)”(1/3)*b + a)*b"6*c”2 + 2*a*xb”6*c”2 + ((d*x + c)~(1/3)*b +
a)”8 — 8x((d*x + c)~(1/3)*b + a)~7*a + 28%((d*x + c)~(1/3)*b + a)"6*%a"2 - 5
6% ((d*x + ¢c)~(1/3)*b + a)~5*xa~3 + 70x((d*x + c)~(1/3)*b + a)~4*a~4 - 56*((d
xx + c)~(1/3)*b + a)~3*%a”5 + 28x((d*x + c)~(1/3)*b + a)~2xa”"6 - 8*((d*x + c
)7(1/3)%b + a)*a”7 + a8 + 10x((d*x + ¢)~(1/3)*b + a) 4*b~3*c - 40*x((d*x +
c)~(1/3)*b + a) " 3*axb~3*xc + 60*x((d*x + c)~(1/3)*b + a)~2*xa"2xb~3*c - 40*((d
*x + ¢)7(1/3)*b + a)*a~3*b"3xc + 10*a"4*b"3*c + 2*b"6xc”2 - 8x((d*x + ¢c)~(1
/3)*¥b + a)”7 + 56x((d*x + ¢c)~(1/3)*b + a)”6*xa — 168*x((d*x + ¢c)~(1/3)*b + a)
~5*xa”2 + 280%((d*x + c)~(1/3)*b + a)~4*a~3 - 280*((d*x + c)~(1/3)*b + a) ~3x
a~4 + 168*((d*x + c)~(1/3)*b + a)~2%a~5 - B6*x((d*x + c)~(1/3)*b + a)*a™6 +
8*a”7 - 40*((d*x + c)~(1/3)*b + a)~3*b~3xc + 120*%((d*x + c)~(1/3)*b + a) 2%
axb”3*xc - 120%((d*x + ¢c)~(1/3)*b + a)*a 2*b”~3*c + 40*a~3*b~3*c + 56*((d*x +
c)~(1/3)*b + a)”6 - 336x((d*x + c)~(1/3)*b + a)~b*xa + 840*((d*x + c¢)~(1/3)
*b + a)”4*a”2 - 1120*x((d*x + ¢)~(1/3)*b + a)~"3*a"3 + 840*((d*x + ¢c)~(1/3)*b
+ a)72xa”4 - 336%x((d*x + ¢c)7(1/3)*b + a)*a”5 + 56*xa~6 + 120x((d*x + c)~(1/
3)*b + a) 2xb"3xc - 240%((d*x + c)~(1/3)*b + a)*axb~3*c + 120*a"2*b~3*c - 3
36%((d*x + ¢c)~(1/3)*b + a)~5 + 1680*((d*x + c)~(1/3)*b + a)~4*a - 3360*x((dx*
x + ¢c)7(1/3)*b + a)”3*xa"2 + 3360%((d*x + c)~(1/3)*b + a) 2*a"3 - 1680*((d*x
+ ¢c)"(1/3)*b + a)*a~4 + 336*a”5 - 240*((d*x + c)~(1/3)*b + a)*b~3*c + 240%
a*b”~3xc + 1680*((d*x + c)~(1/3)*b + a)~4 - 6720%((d*x + c)~(1/3)*b + a)~3xa
+ 10080*((d*x + ¢c)~(1/3)*b + a)~2xa”2 - 6720*%((d*x + c)~(1/3)*b + a)*a~3 +
1680*a”4 + 240*b~3*c - 6720%((d*x + c)~(1/3)*b + a)~3 + 20160*x((d*x + c)~(
1/3)*%b + a)”2*xa - 20160*%((d*x + c)~(1/3)*b + a)*a™2 + 6720*a~3 + 20160*((d*
x + ¢c)"(1/3)*b + a)”2 - 40320%((d*x + c)~(1/3)*b + a)*a + 20160*a"2 - 40320
*x(d*x + c)~(1/3)*b + 40320)*e~((d*x + c)~(1/3)*b + a)/(b~8*d~2) - (((d*x +
c)~(1/3)*b + a) " 2*%b"6*c”2 - 2x((d*x + ¢)~(1/3)*b + a)*a*xb™6*xc”2 + a~2xb"6xc
"2 - 2x((d*x + c)~(1/3)*b + a)”~5xb~3*c + 10*%((d*x + c)~(1/3)*b + a) 4*axb~3
*c — 20%((d*x + ¢c)"(1/3)*b + a)~3*a"2%b"3*c + 20%x((d*x + c)~(1/3)*b + a) 2%
a~3*%b"3*%c - 10x((d*x + ¢c)~(1/3)*b + a)*a~4*b"3*c + 2*xa"5xb~3xc + 2% ((d*x +
c)~(1/3)*b + a)*b"6xc”2 - 2*axb”6xc”2 + ((d*x + c)”(1/3)*b + a)”8 - 8*((d*x
+ ¢c)~(1/3)*b + a)~7*a + 28%((d*x + c)~(1/3)*b + a)~6*a"2 - 56x((d*x + c)(
1/3)*b + a)~5*%a”3 + 70x((d*x + c)~(1/3)*b + a)~4*a"4 - 56x((d*x + c)~(1/3)*
b + a)”3*xa”5 + 28%((d*x + c)~(1/3)*b + a)"2*¥a"6 — 8x((d*x + c)~(1/3)*b + a)
*¥a”7 + a”8 - 10x((d*x + ¢c)~(1/3)*b + a) 4*b"3*c + 40*x((d*x + ¢c)~(1/3)*b + a
)~3%axb~3xc - 60x((d*x + c)~(1/3)*b + a) " 2*%a~2xb~3xc + 40*((d*xx + c)~(1/3)*
b + a)*a~3%b”3*xc - 10*a~4*b”"3%c + 2*xb"6*c”2 + 8x((d*x + ¢c)~(1/3)*b + a)~7 -
56%((d*xx + c)~(1/3)*b + a)~6*a + 168x((d*x + c)~(1/3)*b + a)~5xa~2 - 280%(
(d*x + ¢c)~(1/3)*b + a)~4*a~3 + 280*((d*x + ¢c)~(1/3)*b + a)~3*xa~4 - 168*((d*
x + ¢c)"(1/3)*b + a)~"2xa”5 + 56*%((d*x + c)~(1/3)*b + a)*a”™6 — 8*a”7 - 40x((d
*x + ¢)”(1/3)*b + a)"3*b"3xc + 120*%((d*x + c)~(1/3)*b + a) " 2*xa*xb~3*c - 120%
((d*x + c)~(1/3)*b + a)*a™2%b~3*c + 40*a~3*b~3xc + 56x((d*x + ¢c)~(1/3)*b +
a)"6 - 336x((d*x + c)~(1/3)*b + a)~bxa + 840*((d*x + c)~(1/3)*b + a)~4x*a”2
- 1120%((d*x + c)~(1/3)*b + a)~3*a"3 + 840*((d*x + c)~(1/3)*b + a) 2*a"4 -
336x((d*x + ¢)”"(1/3)*b + a)*a”5 + 56xa”6 — 120%((d*x + c)~(1/3)*b + a)~2%b~
3kc + 240*x((d*x + ¢)~(1/3)*b + a)*axb™3*c — 120*%a~2*¥b~3*c + 336*%((d*x + c)~
(1/3)%b + a)~5 - 1680*%((d*x + c)~(1/3)*b + a) 4*a + 3360*((d*x + c)~(1/3)*b
+ a)”3*%a”"2 - 3360*x((d*x + c)~(1/3)*b + a)~2*xa~3 + 1680*((d*x + c)~(1/3)*b
+ a)*a”™4 - 336*a”5 - 240*%((d*x + c)~(1/3)*b + a)*b~3*c + 240*a*b”3*c + 1680
*((d*x + ¢c)”(1/3)*b + a)~4 - 6720%((d*x + c)~(1/3)*b + a)~3*a + 10080*((d*x
+ ¢c)"(1/3)*b + a)"2*a"2 - 6720x((d*x + ¢c)~(1/3)*b + a)*a”3 + 1680*a"4 - 24
0*%b~3*c + 6720%((d*x + c)~(1/3)*b + a)~3 - 20160*x((d*x + c)~(1/3)*b + a) 2%
a + 20160*((d*x + ¢c)~(1/3)*%b + a)*a™2 - 6720*%a~3 + 20160*((d*x + c)~(1/3)*b
+ a)”2 - 40320%((d*x + c)~(1/3)*b + a)*a + 20160*%a~2 + 40320*x(d*x + c)~(1/
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3)*b + 40320)*e” (-(d*x + c)7(1/3)*b - a)/(b~8*d"2))/(b*d)
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3.65 fxcosh (a + b\/3 c + dx) dx

Optimal. Leaf size=261

60(c + dx) sinh (a + bV + dx) 360c + dxsinh (a + bV + dx) 6csinh (a + bV + dx) 15(c + dx)*3 cosh (a +
B2 " e ) P ) X

[Out] (-360*Cosh[a + b*x(c + d*x)~(1/3)])/(b"6*xd"2) + (6*c*(c + d*x)~(1/3)*Coshla
+ bx(c + d*x)~(1/3)1)/(b"2%d"2) - (180*(c + d*x)~(2/3)*Cosh[a + b*(c + d*x)
~(1/3)1)/(1"4%d"2) - (15%(c + d*x)~(4/3)*Cosh[a + b*x(c + d*x)~(1/3)])/(b~2x

d"2) - (6xcxSinh[a + bx(c + d*x)~(1/3)]1)/(b~3*d"2) + (360*(c + d*x)~(1/3)*S
inh[a + b*(c + d*x)~(1/3)]1)/(b"5*%d"2) - (3*c*(c + d*x)~(2/3)*Sinh[a + bx*(c

+ d*x)~(1/3)]1)/(b*xd~2) + (60%(c + d*x)*Sinh[a + b*(c + d*x)~(1/3)]1)/(b~3*d"~

2) + (3x(c + d*x)~(5/3)*Sinh[a + b*x(c + d*x)~(1/3)]1)/(b*d"2)

Rubi [A] time = 0.318965, antiderivative size = 261, normalized size of antiderivative =
1., number of steps used = 13, number of rules used = 5, integrand size = 16, number of rules

= 0.312, Rules used = {56365, 5287, 3296, 2637, 2638}

60(c + dx) sinh (a + bV + dx) 360Vc + dx sinh (a + bV + dx) 6¢ sinh (a + bV + dx) 15(c + dx)*? cosh (a +
a2 " e ) P ) ¥

integrand size

Antiderivative was successfully verified.

[In] Int[x*Cosh[a + bx(c + d*x)~(1/3)],x]

[Out] (-360*Cosh[a + b*(c + d*x)~(1/3)])/(b"6%d"2) + (6*c*(c + d*x)~(1/3)*Cosh[a
+ bx(c + d*x)~(1/3)]1)/(b"2%d"2) - (180*(c + d*x)~(2/3)*Cosh[a + b*(c + d*x)
~(1/3)1)/(0~4xd"2) - (15x(c + d*x)~(4/3)*Cosh[a + bx(c + d*x)~(1/3)])/(b~2x%

d"2) - (6%c*Sinh[a + b*(c + d*x)~(1/3)]1)/(b~3*d"2) + (360*(c + d*x)~(1/3)*S
inh[a + bx(c + d*x)~(1/3)]1)/(1"5%d"2) - (3*cx(c + d*x)~(2/3)*Sinh[a + b*(c

+ d*x)~(1/3)1)/(bxd"2) + (60*(c + d*x)*Sinh[a + b*(c + d*x)~(1/3)]1)/(b"3*d"”

2) + (3%(c + d*x)~(5/3)*Sinh[a + b*(c + d*x)~(1/3)]1)/(b*d"~2)

Rule 5365

Int[((a_.) + Cosh[(c_.) + (d_)*x(u )" (@ )]*(b_.))"(p_)*(x_)"(m_.), x_Symbo
1] :> Dist[1/Coefficient[u, x, 1] (m + 1), Subst[Int[(x - Coefficient[u, x,
0]) "m*x(a + b*Cosh[c + d*x"n])"p, x], x, ul, x] /; FreeQ[{a, b, ¢, d, n, p}
, x] &% LinearQ[u, x] && NeQ[u, x] && IntegerQ[m]

Rule 5287

Int[Cosh[(c_.) + (d_)*(x_)]*((e_)*x(x_)) " (m_.)*((a_) + (b_)*(x_)"(n_)) (p
_.), x_Symbol] :> Int[ExpandIntegrand[Cosh[c + d*x], (e*x) m*(a + b*x"n) p,
x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, O]

Rule 3296

Int[((c_.) + (@_D)*x_))"(m_.)*sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, 0]

Rule 2637
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Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;

FreeQ[{c, 4}, x]

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, x]

Rubi steps

fxcosh(a +b\/3c+dx) dx =

Mathematica [A]

Subst (f(—c + x) cosh (a + b\%) dx,x,c+ dx)

72
3 Subst (f x2 (—c + x3) cosh(a + bx) dx, x, Vc + dx)
3 Subst ( il (—cx2 cosh(a + bx) + x° cosh(a + bx)) dx, x, Ve + dx)
3 Subst ( [ x° cosh(a + bx) dx, x, Ve + dx) (3c) Subst ( [ %% cosh(a + bx) dx, x, Ve
= 42 - 42
3c(c + dx)?? sinh (a + bV + dx) 3(c + dx)®° sinh (a +bVc + dx) 15 Subst ( ]
a b2 " b2 )
6¢c + dx cosh (a +bVc + dx) 15(c + dx)*? cosh (a + bV + dx) 3c(c + dx)?3
- b2 B D22 -
6cVc + dx cosh (u + bV + dx) 15(c + dx)*? cosh (a + bV + dx) 6c sinh (a +b
- 22 B 22 - D32
6¢c + dx cosh (a + Ve + dx) 180(c + dx)?3 cosh (a + bV + dx) 15(c + dx)*3
- D22 B DA B
6¢c + dx cosh (a +bVc + dx) 180(c + dx)%3 cosh (a + bV + dx) 15(c + dx)*3
- b2 B DA -
360 cosh (a + bV + dx) 6¢c + dx cosh (a + bV + dx) 180(c + dx)?3 cosh (1
a bod2 " P2 ) e

time = 0.375067, size = 118, normalized size = 0.45

3b (b4dx(c +dx)?B + 2b2(9¢ + 10dx) + 120 + dx) sinh (a + bV + dx) -3 (b4\/3 ¢ + dx(3c + 5dx) + 60b(c + dx)??

bod?

Antiderivative was successfully verified.

[In] Integrate[x*Cosh[a + b*(c + d*x)~(1/3)],x]

[Out] (-3%(120 + 60*b~2%x(c + d*x)~(2/3) + b~ 4x(c + d*xx)~(1/3)*(3%c + 5%d*x))*Cosh
[a + bx(c + d*x)~(1/3)] + 3%xb*(120%(c + d*x)~(1/3) + b 4xd*x*x(c + d*xx)~(2/3
) + 2%b"2%(9%c + 10%d*x))*Sinh[a + bx(c + d*x)~(1/3)])/(b"6%xd"2)

Maple [B]

time = 0.013, size = 659, normalized size = 2.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(a+b*x(d*x+c)~(1/3)),x)
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[Out] 3/d72/b73*(1/b~3*((a+b*(d*x+c) " (1/3)) "5*xsinh(a+b* (d*x+c) ~(1/3))-5*x(a+b*x (d*x
+c) " (1/3)) “4*xcosh(a+b* (d*x+c) ~(1/3))+20* (a+b* (d*x+c) ~(1/3)) “3*sinh (a+b* (d*x
+¢c)~(1/3))-60*(a+b* (d*x+c) ~(1/3)) "2*xcosh(a+b* (d*x+c) ~(1/3))+120%* (a+b* (d*x+c
)~ (1/3))*sinh(a+b*x(d*x+c) ~(1/3))-120*cosh(a+b*(d*x+c) ~(1/3)))-5/b"3*a*x((a+b
*(d*x+c) " (1/3)) “4*sinh (a+b* (d*x+c) ~(1/3)) -4* (a+b* (d*x+c) ~(1/3)) "3*cosh(a+b*
(d*x+c)~(1/3) )+12*x (a+b* (d*x+c) ~(1/3)) "2*sinh (a+b* (d*x+c) ~(1/3)) -24%* (a+b* (d*
x+c) " (1/3))*cosh(a+bx(d*xx+c) ~(1/3))+24*sinh(a+b* (d*x+c)~(1/3)))+10/b"3*a~2%
((at+b*(d*x+c)~(1/3) ) "3*sinh(a+b*x(d*x+c) "~ (1/3))-3*(a+b* (d*x+c) ~(1/3)) "2*cosh
(a+b* (d*x+c) ~(1/3))+6* (a+bx (d*x+c) ~(1/3) ) *sinh (a+b* (d*x+c) ~(1/3) ) -6*cosh(a+
b* (d*x+c)~(1/3)))-10/b"3*a~3* ((a+b*x (d*x+c) ~(1/3)) "2*sinh(a+b* (d*x+c)~(1/3))
-2% (a+b* (d*x+c) " (1/3) ) *cosh(a+b* (d*x+c) " (1/3) ) +2*sinh (a+b* (d*x+c) ~(1/3)))+5
/b~ 3*a"4* ((a+b*x (d*x+c) ~(1/3) ) *sinh(a+b* (d*x+c) ~(1/3))-cosh(a+b* (d*x+c) ~(1/3
)))-1/b~3*a"bxsinh (a+b* (d*x+c) ~(1/3))-c*x ((a+bx (d*x+c) ~(1/3)) "2*sinh (a+b* (d*
x+c) " (1/3))-2*x(at+b*(d*xx+c) " (1/3)) *cosh(a+bx (d*x+c) ~(1/3) )+2*sinh (a+b* (d*x+c
)7 (1/3)))+2*a*xc*k ((a+bx (d*x+c) ~(1/3) ) *sinh (a+b* (d*x+c) ~(1/3) ) —cosh (a+b* (d*x+
c)~(1/3)))-c*xa”2*sinh (a+b*x(d*x+c)~(1/3)))

Maxima [A] time = 1.11862, size = 498, normalized size = 1.91

1

% % 2 1 [(dx+c) 3 b]
1 N , |t 4wﬁmﬁtﬂﬂﬂﬁ#M%MH@%ﬂﬁﬂw Z“MHM
cce
)_ b

2 d%x? cosh ((dx +c)3b+a + - - - _

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(a+b*(d*x+c)~(1/3)),x, algorithm="maxima"

[Out] 1/4*(2*xd~2*xx"2*xcosh((d*x + ¢c)~(1/3)*b + a) - (c™2*e”((d*x + ¢c)~(1/3)*b + a)
/b + c”2%e”(-(d*x + ¢)"(1/3)*b - a)/b - 2%((d*x + c)*b"3*e"a - 3*x(d*x + c)~
(2/3)*b"2%xe"a + 6x(d*x + c)~(1/3)*b*e"a - 6*e”a)*c*xe” ((d*x + ¢)~(1/3)*b) /b~

4 - 2%((d*x + c)*b~3 + 3x(d*x + ¢)~(2/3)*b"2 + 6x(d*x + c)~(1/3)*b + 6)*c*e
“(-(d*x + ¢c)”(1/3)*b - a)/b"4 + ((d*x + c) " 2*b"6*xe"a - 6x(d*x + c)~(5/3)*b”
5xe~a + 30*%(d*x + c)”~(4/3)*b"4xe"a - 120*%(d*x + c)*b"3*xe"a + 360*(d*x + c)~
(2/3)*b"2%e"a - 720x(d*x + c)~(1/3)*b*e”a + 720*e"a)*e” ((d*x + c)~(1/3)*b)/

b~7 + ((d*x + ¢)72%b"6 + 6x(d*x + c)~(5/3)*b"5 + 30*%(d*x + c)~(4/3)*b™4 + 1
20%(d*x + c)*b”3 + 360*x(d*x + ¢)~(2/3)*b"2 + 720x(d*x + c)~(1/3)*b + 720)*e
“(-(d*x + ¢c)~(1/3)*b - a)/b"7)*b)/d"2

Fricas [A] time = 1.7847, size = 296, normalized size = 1.13

2 1 1 2
3((60@x + 312 + (b'dx + 3b%c)(dx + )3 +120) cosh (dx + 3b + a) - ((dx + )3b7dx + 20 Bdx + 181 +120
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(a+bx(d*x+c)~(1/3)),x, algorithm="fricas")

[Out] -3*x((60x(d*xx + ¢c)~(2/3)*%b"2 + (5xb"4xd*xx + 3*b"4x*xc)*(d*x + c)~(1/3) + 120)*
cosh((d*x + c)~(1/3)*b + a) - ((d*x + c)~(2/3)*b"5xd*x + 20*b~3*xd*x + 18%b~
3xc + 120%(d*x + ¢)~(1/3)*b)*sinh((d*x + c)~(1/3)*b + a))/(b~6xd"2)



229

Sympy [F] time = 0., size = 0, normalized size = 0.

fxcosh (a + b\/3c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(xxcosh(a+b*(d*x+c)**(1/3)),x)

[Out] Integral(x*cosh(a + bx(c + d*x)**x(1/3)), x)

Giac [B] time = 2.30918, size = 954, normalized size = 3.66

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(a+b*(d*x+c)~(1/3)),x, algorithm="giac")

[Out] -3/2%((((d*x + c)~(1/3)*b + a)~2xb~3*c - 2x((d*x + c)~(1/3)*b + a)*axb~3*c
+ a"2%b"3%c - ((d*x + c)~(1/3)*b + a)~5 + 5x((d*x + ¢c)"(1/3)*b + a)~4*a - 1
Ox((d*x + ¢c)~(1/3)*b + a)~3*a”2 + 10x((d*x + ¢)~(1/3)*b + a)~2*a”"3 - 5x((dx*
X +¢c)"(1/3)*b + a)*a”™4 + a5 - 2x((d*x + ¢c)~(1/3)*b + a)*b"3*c + 2*a*xb~3*c
+ 5% ((d*x + ¢c)~(1/3)*b + a)”4 - 20*x((d*x + c)~(1/3)*b + a) 3*xa + 30*x((d*x
+ ¢)7(1/3)*b + a)"2xa"2 - 20*%((d*x + c)~(1/3)*b + a)*xa~3 + 5*xa~4 + 2*b”3*c
- 20%((d*x + ¢c)~(1/3)*b + a)~3 + 60*x((d*x + c)~(1/3)*b + a)~2xa - 60*((d*x
+ ¢)7(1/3)*b + a)*a~2 + 20%a~3 + 60*((d*x + c)~(1/3)*b + a)~2 - 120*%((d*x +
c)”(1/3)*b + a)*a + 60*a”"2 — 120*x(d*x + c)~(1/3)*b + 120)*e”~((d*x + c)~(1/
3)*b + a)/(b75xd) - (((d*x + ¢c)~(1/3)*b + a) " 2*xb"3*c - 2% ((d*x + c)~(1/3)*b
+ a)*axb”"3*c + a”2*xb"3*c - ((d*x + ¢c)~(1/3)*b + a)~5 + 5x((d*x + c)~(1/3)*
b + a)T4xa - 10*%((d*x + ¢c)~(1/3)*b + a)~3*xa”2 + 10x((d*x + ¢c)~(1/3)*b + a)~
2%a”3 - Bk ((d*x + ¢c)~(1/3)*%b + a)*a™4 + a”5 + 2%((d*x + c)~(1/3)*b + a)*b~3
*c — 2%a*xb”3*c - 5x((d*x + ¢)~(1/3)*b + a)”4 + 20x((d*x + ¢)~(1/3)*b + a)~3
xa — 30%((d*x + c)~(1/3)*b + a)~2*%a"2 + 20%x((d*x + c)~(1/3)*b + a)*a~3 - bx
a4 + 2*%b73*c - 20%x((d*x + ¢)~(1/3)*b + a)~3 + 60x((d*x + ¢c)~(1/3)*b + a)~2
*a - 60*%((d*x + ¢c)~(1/3)*b + a)*a”2 + 20*a”3 - 60*x((d*x + ¢c)~(1/3)*b + a)~2
+ 120%((d*x + ¢c)~(1/3)*b + a)*a - 60*a”"2 - 120*x(d*x + c)~(1/3)*b - 120)*e”
(-(d*x + c)~(1/3)*b - a)/(b~5%d) )/ (b*d)
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3.66 [ cosh(a+bVc+dx)dx

Optimal. Leaf size=85

6 sinh (a + bV + dx) 6 + dx cosh (a + bV + dx) 3(c + dx)?3sinh (a +bVe + dx)
- +
b3d b2d bd

[Out] (-6%(c + d*x)~(1/3)*Cosh[a + bx(c + d*xx)~(1/3)]1)/(b~2%d) + (6%Sinh[a + b*(c
+ dxx)~(1/3)1)/(073*%d) + (3*(c + d*x)~(2/3)*Sinh[a + b*(c + dxx)~(1/3)])/(
bxd)

Rubi [A] time = 0.0797936, antiderivative size = 85, normalized size of antiderivative =
14 number of rules

1., number of steps used = 5, number of rules used = 4, integrand size =

0.286, Rules used = {5311, 5305, 3296, 2637}

6sinh (a + bV + dx) 6c + dx cosh (a +bVc + dx) 3(c + dx)%3 sinh (a +bVc + dx)
- +
b3d b2d bd

integrand size

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x(c + d*x)~(1/3)],x]

[Out] (-6*x(c + d*xx)~(1/3)*Coshl[a + bx(c + d*x)~(1/3)]1)/(b"2%d) + (6%Sinh[a + bx(c
+ d*x)~(1/3)1)/(b73*%d) + (3*x(c + d*x)~(2/3)*Sinh[a + bx(c + d*x)~(1/3)])/(
b*d)

Rule 5311

Int[((a_.) + Cosh[(c_.) + (d_)*(u_ ) (@ )I*(_.))"(p_.), x_Symbol] :> Dist[
1/Coefficient[u, x, 1], Subst[Int[(a + b*Cosh[c + d*x"n])~p, x], x, ul, x]
/; FreeQ[{a, b, c, d, n}, x] && IntegerQ[p] && LinearQ[u, x] && NeQ[u, x]

Rule 5305

Int[((a_.) + Cosh[(c_.) + (d_)*x_)" (@ )]*x(M_.))"(p_.), x_Symbol] :> Modul
e[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k - 1)*(a + b*Cosh[c + d*x~ (k*
n])7p, x], x, x°(1/k)], x]] /; FreeQl{a, b, c, d}, x] && FractionQ[n] && I
ntegerQ[p]

Rule 3296

Int[(Cc_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fxx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + f*xx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 2637
Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;

FreeQ[{c, d}, x]

Rubi steps
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Subst (f cosh (a + b{’/&) dx,x,c+ dx)

fcosh(a + bV3c+dx) dx =

d
3 Subst ( f x? cosh(a + bx) dx, x, m)
d
3(c + dx)%3 sinh (a + bm) 6 Subst ( [ xsinh(a + bx) dx, x, m)
bd bd
6/c + dx cosh (a + bm) N 3(c + dx)?3sinh (a + bm) N 6 Subst (f cosl
b2d bd
6/c + dx cosh (a + bm) 6 sinh (a + bm) 3(c + dx)?3sinh (a +bVe
a bd " bd " bd

Mathematica [A] time = 0.0767914, size = 65, normalized size = 0.76

3 (bz(c +dx)?3 + 2) sinh (a + bV + dx) — 6bVc + dx cosh (a + bV + dx)
b3d

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x(c + d*x)~(1/3)],x]

[Out] (-6xbx(c + d*x)~(1/3)*Coshl[a + bx(c + d*x)~(1/3)] + 3*%(2 + b™2*x(c + dx*xx)~(2
/3))*Sinh[a + bx(c + d*x)~(1/3)])/(b~3%d)

Maple [A] time = 0.011, size = 133, normalized size = 1.6

3 (a+b\/3dx+c)zsinh(a+b\/3dx+c)—2 (a+b\/3dx+c)cosh(a+b\/3dx+c)+2 sinh(a+b\/3dx+c)—2a((a+l
db3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b*(d*x+c)~(1/3)),x)

[Out] 3/d/b~3*((a+bx(d*x+c)~(1/3)) " 2*sinh(a+b*x (d*x+c)~(1/3))-2*(a+b* (d*x+c)~(1/3)
)Y*cosh(a+b*x(d*xx+c) ~(1/3))+2*sinh(a+b*x (d*x+c) " (1/3))—2*a* ((a+b* (d*x+c) " (1/3)
)*sinh (a+b*(d*x+c) " (1/3))-cosh(a+b* (d*x+c) " (1/3)))+a"2*sinh(a+b*x (d*x+c) " (1/

3)))

Maxima [A] time = 1.07512, size = 184, normalized size = 2.16

1
2 1 [(dx+c) 3b
]e

1
< 1 ) 2 1 [—(dx+c)§b—a]
(dx+c)b3e™=3 (dx+c) 3 b2e+6 (dx+c) 3 be?—6 ¢” ((dx+c)b3+3 (dx+c) 3 b%+6 (dx+c)3 b+6}3

bt + bt

b ~2(dx + ¢) cosh ((dx

2d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b*(d*x+c)~(1/3)),x, algorithm="maxima")
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[Out] -1/2*%(bx(((d*x + c)*b~3*e"a - 3*(d*x + c)~(2/3)*b"2%e"a + 6*x(d*x + c)~(1/3)
*bxe"a - 6*e”a)*e” ((d*x + ¢)~(1/3)*b) /b4 + ((d*x + c)*b~3 + 3*(d*x + ¢c)~(2
/3)*¥b72 + 6x(d*x + ¢c)~(1/3)*b + 6)*e”(-(d*x + ¢c)~(1/3)*b - a)/b"4) - 2*x(d*x

+ c)*cosh((d*x + c)~(1/3)*b + a))/d

Fricas [A] time = 1.7728, size = 159, normalized size = 1.87

1 1 2 1
3 (2 (dx + ¢)3b cosh ((dx +o)3b+ a) - ((dx +o)3PR + z) sinh ((dx +o)3b+ a))
- b3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/3)),x, algorithm="fricas")

[Out] -3*(2*(d*x + c)~(1/3)*b*cosh((d*x + c)~(1/3)*b + a) - ((d*x + ¢c)~(2/3)*b"2
+ 2)*sinh((d*x + ¢)~(1/3)*b + a))/ (b~ 3%*d)

Sympy [A] time = 1.58895, size = 95, normalized size = 1.12

x cosh (a) forb=0Ad=0
x cosh (a + b\%) ford=0
x cosh (a) forb=0
3(c+dx)§sinh(a+b%613}) 6%@13§cosh(a+b%61§}) 6shqh(a+b%613}) _

= - =y + = otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b*(d*x+c)**(1/3)),x)

[Out] Piecewise((x*cosh(a), Eq(b, 0) & Eq(d, 0)), (xxcosh(a + bxc**x(1/3)), Eq(d,
0)), (x*cosh(a), Eq(b, 0)), (3x(c + d*x)**(2/3)*sinh(a + b*(c + d*x)**(1/3)

)/ (b*xd) - 6%(c + d*x)**(1/3)*cosh(a + b*x(c + d*x)**(1/3))/(b*x*2xd) + 6*sinh

(a + bx(c + dxx)**x(1/3))/(b**3*d), True))

Giac [A] time = 1.41726, size = 173, normalized size = 2.04

1 2 1 1 ((dx+c) % b+u) 1 2 1
3(((dx+ )b+ a) —2((dx+c)3b + a)a +a? —2(dx + ¢)3b +2)e 3(((dx+ )b+ a) —2((dx+c)3b +

203 :
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/3)),x, algorithm="giac")

[Out] 3/2*(((d*x + ¢c)~(1/3)*b + a)”2 - 2x((d*x + ¢c)~(1/3)*b + a)*a + a2 - 2x(d*x
+ ¢c)7(1/3)*b + 2)*e” ((d*x + c)~(1/3)*b + a)/(b~3*d) - 3/2*x(((d*x + c)~(1/3

)¥b + a)”2 - 2% ((d*x + ¢c)7(1/3)*b + a)*a + a”2 + 2x(d*x + c)~(1/3)*b + 2)x*e
“(=(d*x + ¢c)~(1/3)*b - a)/(b~3*d)
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cosh(a+lr%c+dx)

X

3.67

Optimal. Leaf size=232

dx

cosh (a + b\%) Chi (b (\3’/_ - m)) + cosh (a + (—1)2/319\3/5) Chi (—b ((—1)2/3\3/5 - m)) + cosh (u — V=103

[Out] Cosh[a + bxc~(1/3)]*CoshIntegral [bx(c~(1/3) - (c + d*x)~(1/3))] + Coshla +
(-1)~(2/3)*bxc~(1/3)]*CoshIntegral [- (b*((-1)~(2/3)*c~(1/3) - (c + d*x)~(1/3

)))] + Coshl[a - (-1)7(1/3)*b*xc~(1/3)]*CoshIntegral [bx((-1)~(1/3)*c~(1/3) +

(c + d*x)~(1/3))] - Sinh[a + b*c~(1/3)]1*SinhIntegral [b*(c~(1/3) - (c + d*x)
~(1/3))] - Sinh[a + (-1)7(2/3)*b*c~(1/3)]*SinhIntegral [bx((-1)~(2/3)*c~(1/3

) - (c + d*x)~(1/3))] + Sinh[a - (-1)7(1/3)*b*c~(1/3)]*SinhIntegral [b*((-1)
~“(1/3)*c”(1/3) + (c + d*x)~(1/3))]

Rubi [A] time = 0.517844, antiderivative size = 232, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 5, integrand size = 18, number of rules

= 0.278, Rules used = {5365, 5293, 3303, 3298, 3301}

cosh (a + b\%) Chi (b (f/_ - m)) + cosh (a + (—1)2/3b\3/5) Chi (—b ((—1)2/3% - m)) + cosh (a — V=101

integrand size

Antiderivative was successfully verified.

[In] Int[Cosh[a + bx(c + d*x)~(1/3)]1/x,x]

[Out] Coshl[a + b*c~(1/3)]*CoshIntegral [bx(c~(1/3) - (c + d*x)~(1/3))] + Coshl[a +
(-1)"(2/3)*b*xc~(1/3)1*CoshIntegral [-(b*((-1)~(2/3)*c~(1/3) - (c + d*x)~(1/3

)))] + Cosh[a - (-1)7(1/3)*bxc”(1/3)]*CoshIntegral [b*((-1)~(1/3)*c~(1/3) +

(c + d*x)~(1/3))] - Sinh[a + b*c~(1/3)]*SinhIntegral [bx(c~(1/3) - (c + d*x)
~(1/3))]1 - Sinhla + (-1)7(2/3)*b*c~(1/3)]1*SinhIntegral [bx((-1)~(2/3)*c~(1/3

) - (c + d*x)~(1/3))] + Sinh[a - (-1)7(1/3)*b*c~(1/3)]*SinhIntegral [bx((-1)
“(1/3)*c”(1/3) + (c + d*x)~(1/3))]

Rule 5365

Int[((a_.) + Cosh[(c_.) + (d_)*(u_ ) (@ )I*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/Coefficient[u, x, 11 (m + 1), Subst[Int[(x - Coefficient[u, x,
0])"mx(a + b*Cosh[c + d*x"n])"p, x], x, ul, x] /; FreeQ[{a, b, ¢, 4, n, p}
, x] &% LinearQ[u, x] && NeQ[u, x] && IntegerQ[m]

Rule 5293

Int[Cosh[(c_.) + (d_)*(x_)I*x_)"(m_.)*x((a_) + (b_)*x )" ))~(p_), x_Sy
mbol] :> Int[ExpandIntegrand[Cosh[c + d*x], x"m*(a + b*x™n)"p, x], x] /; Fr
eeQ[{a, b, c, d}, x] && ILtQ[p, 0] && IntegerQ[m] && IGtQ[n, 0] && (EqQ[n,
2] || EqQlp, -11)

Rule 3303

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e — cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*f)/d + f*xx]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3298
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Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - cxfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(c*f*fz)/d + fxfzxx]/d, x] /; FreeQl{c, d, e, f, fz
}, x] &% EqQ[d*(e - Pi/2) - cxf*xfz*xI, 0]

Rubi steps

fcosh(a+b\/3c+dx)d q bt(fcosh(a+b\3/§)
x = Subst| [ ————=

dx,x,c+dx
—C+x

X

2
= 3 Subst (fwdx,x, V3c+dx)

—c + x3

h h h
_ BSubst( ( cosh(a + bx) cosh(a + bx) __cos (a + bx) )dx,x, m]

c—x) 3(—\3/—_1\3/5—x) 3((—1)2/3\3/_—9()

h h
= — Subst COS (a+bx)d ,x,V3c+dx)—Subst( de,x, V3c+dx)—Suk
e«

__ (cosh (a + bYc) Subst ( f cosh b‘f bx) dx, x, mn _ cosh (a - \3/—_119\3/2) Sub
= cosh (a + bYc) Chi (béf - bm) + cosh (a - «3/—_119\%) Chi («3/—_1;;% ; bm) :

Mathematica [C] time = 0.0643569, size = 231, normalized size = 1.

1
5 (RootSum [c —#1%&, - sinh(#1b + a)Chi (b (\/3 c+dx— #1)) + cosh(#1b + a)Chi (b (\/3 c+dx— #1)) + sinh(#1b +

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*(c + d*x)~(1/3)]1/x,x]

[Out] (RootSum[c - #173 & , Cosh[a + b*#1]*CoshIntegral[bx((c + d*x)~(1/3) - #1)]
- CoshIntegral[b*((c + d*x)~(1/3) - #1)]xSinh[a + b*#1] - Cosh[a + b*#1]%*S
inhIntegral [b*((c + d*x)~(1/3) - #1)] + Sinh[a + b*#1]*SinhIntegral[b*((c +
d*x)~(1/3) - #1)] & ] + RootSum[c - #1°3 & , Cosh[a + b*#1]*CoshIntegral[b

*((c + d*x)~(1/3) - #1)] + CoshIntegral[b*((c + d*x)~(1/3) - #1)]*Sinh[a +

b*#1] + Cosh[a + bx#1]*SinhIntegral [b*x((c + d*x)~(1/3) - #1)] + Sinh[a + bx*
#1]*SinhIntegral [bx((c + d*x)~(1/3) - #1)] & 1)/2

Maple [F] time = 0.018, size = 0, normalized size = 0.

1
f;cosh (a + b\/gdx+c)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+bx(d*x+c)~(1/3))/x,x)
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[Out] int(cosh(a+b*(d*x+c)~(1/3))/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
cosh ((dx +¢)3b + a)

f dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/3))/x,x, algorithm="maxima")

[Out] integrate(cosh((d*x + c)~(1/3)*b + a)/x, x)

Fricas [B] time = 2.03753, size = 1538, normalized size = 6.63

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b*(d*x+c)~(1/3))/x,x, algorithm="fricas")

[Out] 1/2*Ei(-(d*x + c)~(1/3)*b - 1/2x(b~3*c)~(1/3)*(sqrt(-3) + 1))*cosh(1/2*(b"3
*xc)~(1/3)*(sqrt(-3) + 1) - a) + 1/2*Ei((d*x + ¢)~(1/3)*b - 1/2*(-b~3*c)~(1/
3)*(sqrt(=3) + 1))*cosh(1/2x(-b"3*c)~(1/3)*(sqrt(-3) + 1) + a) + 1/2+#Ei(-(d
*x + c)7(1/3)*%b + 1/2%(b~3%c)~(1/3)*(sqrt(-3) - 1))*cosh(1/2*(b~3*c)~(1/3)*
(sqrt(-3) - 1) + a) + 1/2+%Ei((d*x + c)~(1/3)*b + 1/2x(-b"3*c)~(1/3)*(sqrt (-
3) - 1))*cosh(1/2x(-b~3%c)~(1/3)*(sqrt(-3) - 1) - a) + 1/2*xEi(-(d*x + c)~(1
/3)*%b + (b73*c)~(1/3))*cosh(a + (b~3*c)~(1/3)) + 1/2*xEi((d*x + c)~(1/3)*b +

(-b~3*c)~(1/3))*cosh(-a + (-b~3xc)~(1/3)) + 1/2*Ei(-(d*x + c)~(1/3)*b - 1/
2% (b"3%c) " (1/3) *(sqrt(-3) + 1))*sinh(1/2*(b~3*c)~(1/3)*(sqrt(-3) + 1) - a)
+ 1/2%Ei((d*x + ¢)7(1/3)*b - 1/2*%(-b~3*c)~(1/3)*(sqrt(-3) + 1))*sinh(1/2*(-
b~3%c) " (1/3)*(sqrt(-3) + 1) + a) - 1/2*Ei(-(d*x + ¢c)~(1/3)*b + 1/2%(b~3*c)~
(1/3)*(sqrt(-3) - 1))*sinh(1/2%(b"3*c)~(1/3)*(sqrt(-3) - 1) + a) - 1/2*xEi((
dxx + ¢)7(1/3)*b + 1/2*%(-b~3%c) " (1/3)*(sqrt(-3) - 1))*sinh(1/2*(-b~3*c)~(1/
3)*(sqrt(=3) - 1) - a) - 1/2*Ei(-(d*x + c)~(1/3)*b + (b~3*c)~(1/3))*sinh(a
+ (b7™3%c)~(1/3)) - 1/2*Ei((d*x + c)~(1/3)*b + (-b~3%c)~(1/3))*sinh(-a + (-b
~3%c)~(1/3))

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f cosh (u + b\/3 c+ dx)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)**(1/3))/x,x)

[Out] Integral(cosh(a + bx(c + d*x)**(1/3))/x, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

1
cosh ((dx +c)3b+ a)

f dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/3))/x,x, algorithm="giac")

[Out] integrate(cosh((d*x + c)~(1/3)*b + a)/x, x)
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cosh(a+lr%c+dx)

x2

3.68 dx

Optimal. Leaf size=329

bd sinh (a + b\%) Chi (b (\3/— ~ e+ dx)) B V-1bd sinh (a - \3/—_119\3/5) Chi (b (\3’/—_1\3/5 + e+ dx)) . (-1)%3bd sin

3c23 302/3

[Out] -(Cosh[a + bx(c + d*x)~(1/3)]/x) + (b*d*CoshIntegral[bx(c~(1/3) - (c + d*x)
~(1/3))1*Sinh[a + b*xc~(1/3)]1)/(3*c~(2/3)) - ((-1)~(1/3)*b*d*CoshIntegral [bx
(-1)7(1/3)*c™(1/3) + (c + d*x)~(1/3))]*Sinh[a - (-1)7(1/3)*b*c~(1/3)])/(3x*
c™(2/3)) + ((-1)7(2/3)*b*d*CoshIntegral [-(b*((-1)~(2/3)*c~(1/3) - (c + dxx)
~(1/3)))1*Sinh[a + (-1)7(2/3)*b*c™(1/3)]1)/(3*%c~(2/3)) - (bxd*Cosh[a + bxc™(
1/3)]*SinhIntegral [b*(c™(1/3) - (c + d*x)~(1/3))]1)/(3*c™(2/3)) - ((-1)7(2/3
)*bxd*Cosh[a + (-1)7(2/3)*b*c~(1/3)]1*SinhIntegral [b*x((-1)~(2/3)*c~(1/3) - (

c + d*x)~(1/3))])/(3*c~(2/3)) - ((-1)7(1/3)*b*d*Cosh[a - (-1)7(1/3)*b*c™(1/
3)1*SinhIntegral [b*((-1)~(1/3)*c™(1/3) + (c + d*x)~(1/3))]1)/(3%c~(2/3))

Rubi [A] time = 0.692446, antiderivative size = 329, normalized size of antiderivative =
1., number of steps used = 14, number of rules used = 6, integrand size = 18, number of rules

= 0.333, Rules used = {56365, 5289, 5280, 3303, 3298, 3301}

bd sinh (a + b/c) Chi (b (e - Ve + dx)) ) V-1bd sinh (a - ¥/-1b/c) Chi (b (V-1/c + Vc + dx)) . (~1)2Pbd sin

3¢2/3 3c2/3

integrand size

Antiderivative was successfully verified.

[In] Int[Coshl[a + bx(c + d*x)~(1/3)1/x"2,x]

[Out] -(Cosh[a + bx(c + d*x)~(1/3)]1/x) + (b*d*CoshIntegral[bx(c~(1/3) - (c + d*x)
~(1/3))1*Sinh[a + b*xc~(1/3)]1)/(3*c~(2/3)) - ((-1)~(1/3)*b*d*CoshIntegral [b*
(-1)7(1/3)*c™(1/3) + (c + d*x)~(1/3))]*Sinh[a - (-1)7(1/3)*b*c~(1/3)])/(3x*
c™(2/3)) + ((-1)~(2/3)*bxd*CoshIntegral [-(b*x((-1)"(2/3)*c~(1/3) - (c + dx*x)
~(1/3)))1*Sinh[a + (-1)7(2/3)*b*c™(1/3)])/(3*c™(2/3)) - (b*d*Cosh[a + b*c™(
1/3)1*SinhIntegral [b*(c~(1/3) - (c + d*x)~(1/3))1)/(3*c~(2/3)) - ((-1)~(2/3
)*bxd*Coshl[a + (-1)7(2/3)*b*c~(1/3)]1*SinhIntegral [b*x((-1)~(2/3)*c~(1/3) - (

c + d*x)~(1/3))])/(3*c~(2/3)) - ((-1)7(1/3)*b*d*Cosh[a - (-1)7(1/3)*b*c”(1/
3)1*SinhIntegral [bx((-1)~(1/3)*c”™(1/3) + (c + d*x)~(1/3))1)/(3*c~(2/3))

Rule 5365

Int[((a_.) + Cosh[(c_.) + (d_)*(u ) (@ )I*(M_.))"(p_.)*(x_)"(m_.), x_Symbo
1] :> Dist[1/Coefficient[u, x, 1] (m + 1), Subst[Int[(x - Coefficient[u, x,
0])"m*(a + b*Cosh[c + d*x”n])"p, xJ, x, ul, x] /; FreeQ[{a, b, ¢, d, n, p}
, x] &% LinearQ[u, x] && NeQ[u, x] && IntegerQ[m]

Rule 5289

Int[Cosh[(c_.) + (d_.)*(x_)]*((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_)) " (p
), x_Symbol] :> Simp[(e"m*(a + b*x"n)~(p + 1)*Cosh[c + dxx])/(b*n*x(p + 1))
, x] - Dist[(d*e"m)/(b*n*(p + 1)), Int[(a + b*x™n)~(p + 1)*Sinh[c + d*x], x
1, x] /; FreeQ[{a, b, c, d, e, m, n}, x] && IntegerQ[p] && EqQ[m - n + 1, O
1 && LtQlp, -1] && (IntegerQ[n] || GtQ[e, 01)

Rule 5280
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Int[((a_) + (b_)*x(x_)"(n_)) (p_)*Sinh[(c_.) + (d_.)*(x_)], x_Symbol] :> In
t [ExpandIntegrand[Sinh[c + d*x], (a + b*x"n)"p, x], x] /; FreeQ[{a, b, ¢, d
}, x] &% ILtQ[p, 0] && IGtQ[n, 0] && (EqQ[n, 21 || EqQlp, -11)

Rule 3303

Int[sin[(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e — cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*f)/d + f*xx]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x] &&
NeQ[d*e - cxf, 0]

Rule 3298

Int[sinl[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*xf*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - cxfxfz*xI, 0]

Rule 3301

Int[sinl[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(cxf*xfz)/d + fxfz*x]/d, x] /; FreeQ[{c, 4, e, f, fz
}, x] && EqQ[d*(e - Pi/2) - cxf*fzxI, 0]

Rubi steps

cosh u+b\/3c+dx cosh (a + by/x
f ( 5 )dxzdSubst(fde,x,c+dx]

x (—c +x)?

2
= (3d) Subst [f M dx, x, V3 c+ dx]

-

3

cosh (a + bV + dx inh b
__cosh - )—(bd)subst(fwabc,x,«%mx)

sinh(

_cosh (a + bV + dx) (b Subst f sinh(a + bx) N sinh(a + bx) N
X 3c%3 ({’/E —x) 3¢ (Ve+V-1x) 3P (\3’/5

sinh(a+bx) 3 sinh(a-+bx
cosh (a-+ b dz)  (be) Subst [ 25 v Yo dx) - () Subst( o
- X - 3023 - 323

Je-x

cosh (a R dx) (bd cosh (a + b\%)) Subst (f M dx, x, Vc + dx) (iba
- +

+ —

302/3

X
cosh (a+bVe+dx)  bdChi (b/c - bVc +dx)sinh (a + by/c)  V=1bdChi (V-1b+/c
- + —

X 3c2/3

Mathematica [C] time = 0.497862, size = 211, normalized size = 0.64

- sinh(#lb)Chi(b( M—#l))mosh(#lb)cm(b( m—#l))mnh(#lb)sm(b( m—#l))—cosh(#lb)Shi(b( e

e™" [—bdeootSum [c ~#1°&, o

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + bkx(c + d*x)~(1/3)]1/x72,x]

6x
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[Out] (b*d*x*RootSum[c - #173 & , (E~(a + bx#1)*ExpIntegralEi[bx((c + d*x)~(1/3)
- #DD/#172 & ] + ((=3%x(1 + E7(2%(a + bx(c + d*x)7(1/3)))))/E™(b*(c + d*x)
~(1/3)) - bxdxx*RootSum[c - #173 & , (Cosh[b*#1]*CoshIntegral [bx((c + d*x)~
(1/3) - #1)] - CoshIntegral[b*x((c + d*x)~(1/3) - #1)]1*Sinh[b*#1] - Cosh[b*#
1]1*SinhIntegral [b*((c + d*x)~(1/3) - #1)] + Sinh[bx#1]*SinhIntegral [b*((c +
d*xx)~(1/3) - #1)1)/#172 & ])/E"a)/(6*x)

Maple [F] time = 0.018, size = 0, normalized size = 0.
1
f 2 cosh (a + bVdx + c) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(a+b*x(d*x+c)~(1/3))/x"2,x)

[Out] int(cosh(a+bx(d*x+c)~(1/3))/x"2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(at+b*(d*x+c)~(1/3))/x"2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.14916, size = 2033, normalized size = 6.18

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/3))/x"2,x, algorithm="fricas")

[Out] -1/12%x(2%x(b~3*c)~(1/3)*d*x*Ei(-(d*x + c)~(1/3)*b + (b~3%c)~(1/3))*cosh(a +
(b73%c)~(1/3)) + 2%(-b~3%c) " (1/3)*d*x*Ei((d*x + c)~(1/3)*b + (-b~3*c)~(1/3)
)*cosh(-a + (-b~3*c)~(1/3)) - 2%(b~3*c)~(1/3)*xd*x*Ei(-(d*x + c)~(1/3)*b + (
b~3%c) " (1/3))*sinh(a + (b73*c)~(1/3)) - 2x(-b7"3*c) ~(1/3)*d*xx*Ei ((d*x + c)~(
1/3)*b + (-b~3*c)~(1/3))*sinh(-a + (-b~3%c)~(1/3)) - (b~ 3*c)~(1/3)*(sqrt(-3
)*kdxx + d*xx)*Ei(-(d*x + ¢c)7(1/3)*b - 1/2%(b~3*c)~(1/3)*(sqrt(-3) + 1))*cosh
(1/2%(b73%c) " (1/3)*(sqrt(-3) + 1) - a) - (-b73*c)~(1/3)*(sqrt(-3) *d*x + d*x
)*¥Ei((d*x + ¢)~(1/3)*b - 1/2%(-b~3*c)~(1/3)*(sqrt(-3) + 1))*cosh(1/2x(-b~3*
c)~(1/3)*(sqrt(-3) + 1) + a) + (b™3*c) " (1/3)*(sqrt(-3) *d*x - d*x)*Ei(-(d*x
+ ¢)7(1/3)*b + 1/2%x(b"3*c) " (1/3)*(sqrt(-3) - 1))*cosh(1/2x(b"3xc)~(1/3)*(sq
rt(=3) - 1) + a) + (-b73*c)~(1/3)*(sqrt(-3)*d*x - d*x)*Ei((d*x + c)~(1/3)*b
+ 1/2%x(~b"3*c) ~(1/3) *(sqrt (-3) - 1))*cosh(1/2*(-b~3*c)~(1/3)*(sqrt(-3) - 1
) = a) - (b73%c)~(1/3)*(sqrt(-3)*d*x + d*x)*Ei(-(d*x + ¢)~(1/3)*b - 1/2x(b"
3xc) " (1/3)*(sqrt(-3) + 1))*sinh(1/2*%(b"3*c)~(1/3)*(sqrt(-3) + 1) - a) - (-b
“3%c) " (1/3)*x(sqrt (=3)*xd*x + d*x)*Ei((d*x + c)~(1/3)*b - 1/2*%(-b~3*c)~(1/3)*
(sqrt(-3) + 1))*sinh(1/2*%(-b~3%c)~(1/3)*(sqrt(-3) + 1) + a) - (b~3*c)~(1/3)
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*(sqrt (=3)*xd*x - d*x)*Ei(-(d*x + c)~(1/3)*b + 1/2*%(b"3*c)~(1/3)*(sqrt(-3) -

1)) *sinh(1/2%(b"3%c) ~(1/3)*(sqrt(-3) - 1) + a) - (-b7"3*c)~(1/3)*(sqrt(-3)*
dxx - d*x)*Ei((d*x + c)~(1/3)*b + 1/2x(-b"3*c)~(1/3)*(sqrt(-3) - 1))*sinh(1
/2%(-b~3%c) " (1/3)*(sqrt(-3) - 1) - a) + 12xc*cosh((d*x + ¢c)~(1/3)*b + a))/(
C*X)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f cosh (a + b\/3 c+ dx)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)**(1/3))/x**2,x)

[Out] Integral(cosh(a + b*(c + d*x)**(1/3))/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
cosh ((dx +¢)3b + a)

f 2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(a+b*(d*x+c)~(1/3))/x"2,x, algorithm="giac")

[Out] integrate(cosh((d*x + c)~(1/3)*b + a)/x"2, x)



oI e S R

G W W W W W W W N DN N DN N N N N N N o e e e e e e
NS e W N H OO 0N O R W HEO O NS e Ww N RO ©

Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
"B"],
||Cll] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICll s
"))

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involvesx)

(¥1 = rational functionx)

(*2 = algebraic functionx)
(¥3 = elementary functionx)
(¥4 = special functionx)
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(¥5 = hyperpergeometric functionx)
(¥6 = appell functionx)

(*7 = rootsum functionx)

(¥8 = integrate functionx)

(*¥9 = unknown functionx)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]1],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],3]1]1],
If [Head[expn]===Plus || Headl[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},func]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, funcl

HypergeometricFunctionQ[func_] :=

MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]
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101 | AppellFunctionQ[func_] :=
102 MemberQ [{AppellF1},func]

4.0.2 Maple grading function

1 |# File: GradeAntiderivative.mpl

2 |# Original version thanks to Albert Rich emailed on 03/21/2017

3

4 |#Nasser 03/22/2017 Use Maple leaf count instead since buildin

5 | #Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

6 | #Nasser 03/24/2017 corrected the check for complex result

7 | #Nasser 10/27/2017 check for leafsize and do not call ExpnType()

8 | # if leaf size is "too large". Set at 500,000

9 |#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

10 | # see problem 156, file Apostol_Problems

11

12 |GradeAntiderivative := proc(result,optimal)

13 | local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

14

15 leaf count_result:=leafcount(result);

16 #do NOT call ExpnType() if leaf size is too large. Recursion problem

17 if leaf count_result > 500000 then

18 return "B";

19 fi;

20

21 leaf_count_optimal:=leafcount (optimal);

22

23 ExpnType_result:=ExpnType (result) ;

24 ExpnType_optimal:=ExpnType (optimal) ;

25

26 if debug then

27 print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;

28 fi;

29

30 |# If result and optimal are mathematical expressions,

31 |# GradeAntiderivative[result,optimal] returns

32 | # "F" if the result fails to integrate an expression that

33 | # is integrable

34 | # "C" if result involves higher level functions than necessary

35 | # "B" if result is more than twice the size of the optimal

36 | # antiderivative

37 | # "A" if result can be considered optimal

38

39 #This check below actually is not needed, since I only

40 #call this grading only for passed integrals. i.e. I check

41 #for "F" before calling this. But no harm of keeping it here.

42 #just in case.

43

44

45 if not type(result,freeof('int')) then

46 return "F";

47 end if;

48

49

50 if ExpnType_result<=ExpnType_optimal then

51 if debug then

52 print ("ExpnType_result<=ExpnType_optimal");

53 fi;

54 if is_contains_complex(result) then

55 if is_contains_complex(optimal) then

56 if debug then




57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

73
74

75
76
77
78
79
80
81

83
84
85
86
87
88

90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118

print ("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print ("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF OH OH OHF H H H H H
© 00 N O O WN -

ExpnType := proc(expn)
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119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181

if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn, 'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if

end proc:

ElementaryFunctionQ := proc(func)

member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)

member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)

member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])

end proc:

AppellFunctionQ := proc(func)

member (func, [AppellF1])
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end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Svyvmpy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma ,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]

def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
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else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1l,expn), 'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' *"')
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map [ExpnType
,Apply[List,expn]],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,ml1) #max (5, apply (max,map (ExpnType, [op(expn)]1)))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf count_result = leaf_ count(result)
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leaf_count_optimal = leaf_count(optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != -1:
return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

#
#

Albert Rich to use with Sagemath. This is used to
grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'

#

'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def

def

tree(expr) :
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(1l.35xlen(flatten(tree(anti))))=",round(1.35%len
(flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
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#what it should be compared to Mathematica's

is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath
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def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:

return False

def expnType(expn):
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType(expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType (

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1])) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType (expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))

return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))




145
146

147

148
149
150

151
152
153
154
155

156
157
158
159
160
161
162
163
164
165
166
167
168
169

170
171
172
173
174
175

176
177
178
179
180
181
182
183
184
185
186

187
188
189
190
191
192

251

return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml1) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):
debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf count_result = leaf count(result)
leaf_count_optimal = leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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